A GEOMETRIC SPLITTING THEOREM
JOSE ROSALES-ORTEGA

ABSTRACT. Let G = (G - - - G; be a connected noncompact semisim-
ple Lie group with Lie algebra g = g1 ®g2® - - - ® g; acting topolog-
ically transitive on a manifold M. We obtain a geometric splitting
of the metric on M that consider metrics on each G;. Also we
obtained a result about the isometry group of the manifold G x N,
where N is the universal covering of a leaf N of the normal foliation
to the G-orbits.

1. INTRODUCTION

It is well known that interesting examples of pseudo-Riemannian
manifolds appear when we consider Lie groups with bi-invariant pseudo-
Riemannian metrics. In addition, this class of Lie groups that support
bi-invariant pseudo Riemannian metrics is quite large.

The isometry group of a Lie group G, denoted by I(G), has been the
subject of a systematic study. It is well known that I(G), among other
properties, is a Lie group, see [6].

Under certain conditions it can be proven that a manifold M is
isometric to a product of two manifolds, and this is known as a splitting
theorem, see [8].

Our main goal in this paper is to prove an isometric splitting theo-
rem for the metric of the pseudo Riemannian manifold M on which a
semisimple Lie group G acts.We also calculate the group of isometries
of a product of manifolds that appear in the main result.

The organization of this article is as follows. In section 2 we collect
some basic results about bi-invariant pseudo-Riemannian metrics on
a Lie group G. Also we give the classification of the Ad(G)-invariant
bilinear forms on a semisimple Lie algebra. This is mentioned in [3],
but the generalization to semisimple Lie groups is new, also see [11].

Date: April 10, 2010.
2000 Mathematics Subject Classification. Primary: 53C05; Secondary: 53C10.
Key words and phrases. semisimple Lie groups, bi-invariant metric, local
freeness.
1



2 JOSE ROSALES-ORTEGA

As a consequence we give the classification of the bi-invariant pseudo-
Riemannian metrics on G. In section 3 we give some results about the
foliation given by the G-orbits. In section 4 we show the main

I would like to thank David Lovelady for useful comments that al-
lowed to simplify the exposition of this work.

2. BI-INVARIANT METRICS ON A SEMI-SIMPLE LIE GROUP

We are going to study the geometry of the orbits and the normal
bundle in the case where a semi-simple Lie group G acts on a pseudo
Riemannian manifold M, with the aim of obtaining a description of
the pseudo Riemannian manifold on which the Lie group acts.

The following lemma, although trivial, will be of great importance
in the subsequent results, and therefore we present your proof by the
sake of completeness of the work.

Lemma 1. Let F: g x g — R be a symmetric bilinear form that is
Ad(G)-invariant, then F([X,W],Y) = F(X,[W,Y]) for W, X,Y € g.

The converse holds if G is connected.

Proof. 1t is sufficent to show that F([W, X], X) = 0 for all W, X € g.
If we assume the above observation, then

F(W,X+Y],X+Y)

F(W,X+Y],X)+ F(W,X+Y]Y)
= F([I/Va Y]yX) + F([WaXLY)
= F(X,[W,Y]) — F([W,X],Y) = 0.
We consider the following function f(s) = F(Ad(a(s))X, Ad(a(s))X),
where a(s) = exp(sY) and Y € g.

We affirm that f is constant on each one-parameter subgroup « of G.
Using the Ad(G)-invariance of F' it follows that

£s) =t {£(s + )~ 1)}
~ lim %{F(Ad(a(s + )X, Ad(a(s + ) X)
— F(Ad(a(s)) X, Ad(a(s))X) }
= iy {F(AA(@($), Ad(a(s))X) ~ FAd(a(s) X, Ad(a(s)) X))
0.

From this the direct assertion follows. O
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The classification of the Ad(G)-invariant bilinear forms on a simple
Lie algebra can be found in [4]. The next result gives the classification
of the Ad(G)-invariant bilinear forms on a semisimple Lie algebra.

Theorem 1. Let G be a connected semisimple Lie group such that
Lie(G) =g=g1 D go D --- D gy, where each g; is a simple ideal of the
Lie algebra g. We shall suppose the following:
e The complexification of each g;, fori=1,...,k is simple; and
e The complexification of each g;, fori = k+1,...,1 is not simple
and so there exists a complex structure J; for each g;.
Then every Ad(G)-invariant bilinear form B on g is given by

B=MNDBy &---® \By,
J
> (:u]1€+1ng+1 + M§+lBE:i11) DD (:UllBgz + IUIQBE{;)’
where each By, is the Killing—Cartan form on g;, for i =1,...,1, all
i and i} are real numbers, and ng?(X, Y) = By, (X, J;Y).
Proof. By the previous lemma it follows that B(X, [Y, Z]) = B(|X, Y], Z2),

forall X|Y,Z € g.

On the other hand, it is easy to show the following properties:
[gia gJ] = {0} for all 4 % j? and [ghgl] = i for all 4.

We have for Y € g; there exists Z, W € g, such that Y = [Z, W],
and for X € g; we conclude B(X,Y) = B([X, Z], W) = 0.

Therefore g, L g; for all « # j with respect to B. From this it follows
that B = By, @ --- ® By,.

Now we use the classification of Ad(G)-invariants bilinear forms on
a simple Lie algebra given in [4]. O

Using the previous results we can give a classification of the Bi-
invariant metrics on semisimple Lie groups.

Theorem 2. Let G be a connected semisimple Lie group such that
Lie(G) =g=g1 D gD --- D gy, where each g; is a simple ideal of the
Lie algebra g. We shall suppose the following:
o The complexification of each g;, fori=1,...,k is simple; and
e The complexification of each g;, fori = k+1,...,1 is not simple
and so there exists a complex structure J; for each g;.
Then every Bi-invariant pseudo Riemannian metric ¢ on G is given by

¢ = /\le S D /\kng
J
D (N]f+1ng+1 + M§+1Bg:++1l) PR (MllBgz + I“ZZBQ?)’

where each By, is the Killing—Cartan form on g;, for i =1,...,1, all
i and i are real numbers, and ng?(X, Y) = By, (X, J;Y).
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3. PROPERTIES OF THE FOLIATION GIVEN BY A (G-ACTION

From now on G = G - - - GG; will be a connected noncompact semisim-
ple Lie group with Lie algebra g = g1 @ g2 P --- & g;. We shall suppose
the following;:

e The complexification of each g;, for e = 1,..., k is simple; and
e The complexification of each g;, for i = k+1,...,[ is not simple
and so there exists a complex structure J; for each g;.

We know that G admits bi-invariant pseudoRiemannian metrics and
all of them can be described in terms of the Killing-Cartan form on
each g;.

Let M be a connected finite volume pseudo Riemannian manifold.
We always assume that the action of G on M is analytic , faithful, and
preserves a finite measure on M and the metric.

Definition 1. The dimension of maximal lightlike tangent subspaces
for M will be denoted with mg = min{my, my}, where (my, my) repre-
sent the signature of M, i.e., that m; correspond to the dimension of
maximal timelike tangent subspaces and msy correspond to the dimen-
sion of the maximal spacelike tangent subspaces.

Definition 2. The dimension of maximal lightlike tangent subspaces
for Gi, i = 1,...,1, will be denoted with ny = min{n{,n5}, where
(n',nk) represent the signature of G;.

Gromov remarked in [3] that if (ny, ng) is the signature of the metric
given by the Killing-Cartan form on g, then any other bi-invariant
pseudoRiemannian metric on G has signature given by either (nq,ns)
or (ng,ny).

We will denote with T'O the tangent bundle to the orbits of the G-
action on M. If X € g, we define the infinitesimal generator X* as the
vector field on M induced by X. This new vector field is given by

p

. d
Xy = 2 limoexp (tX) - p.

It is clear that X* is a Killing vector field, and X € T,(G - p), for
p € M. We will use the following map: ¢, : g — T,(Gzx), given by
©.(X) = X}, where v € M.

We will consider the so-called smooth normal bundle TO+. In a
previous paper, [12], we proved that this normal bundle is integrable
under the same conditions on M and G that we will stablish in the
next section.
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4. A GEOMETRIC SPLITTING

Theorem 3. For G and M as before suppose G acts topologically tran-
sitively on M, i.e., there is a dense G-orbit, preserving its pseudoRie-
mannian metric and satisfying ny + -+ + nh = mg. Then the metric
h, of M, restricted to the orbits defines a leafwise pseudo Riemannian
metric which is given by

k l

D fiBu+ Y (fiBy + f2BY),
i=1 j=k+1

where fi, fij, fo; : R = R are G-invariant smooth functions, for all

1=1,....k,and j=k+1,...,1.

Proof. Let x € M and consider ¥ : M — g* ® g* given by the bilinear
symmetric map WV, = h.(@., ) 1 g X g = R. It is know that W, is
Ad(G)-invariant, and we only show that ¥, is independient of x.

Ifz e M, XY € g, and g € G, then because G preserves the
metric, we have W, (X,Y) = hy(dg,, X}, dg,,'Y,,). On the other
hand the fact that dg(X*) = Ad(g)X™* implies h,(dg,,' X;,,dg,. Vo) =
ho(Ad(g~") X}, Ad(g~)Y,"). Based on the previous result, we conclude
that the map ¥ satifies ¥, (X,Y) = ¥, (Ad(¢~ )X, Ad(g~")Y"), which
means that U is G-equivariant. Therefore ¥ is G-invariant, and the
result follows because GG acts topologically transitively on M.

By aresult in [11] the action is locally free everywhere and each orbit
is nondegenerate. Then the metric h on M restricted to each orbit is
nondegenerate, therefore ¥,, the metric induced on G, is Bi-invariant,
then we can use the classification of Bi-invariant pseudo Riemannian

metrics for semisimple groups and the claim follows.
O

The next corollary is an easy consequence of the above and it will
be useful in the main theorem of this work.

Corollary 1. With the same hypothesis of theorem 3, there is a G-
equivariant isometric immersion from G to M when G is considereted
with a bi-invariant pseudo Riemannian metric.

We will need the following result in order to prove some of our theo-
rems. Given a pseudo Riemannian manifold M we will denote with M
a covering space of M, and with Kill(M ,x) the Lie algebra of germs at
x of local Killing vector fields defined in a neighborhood of x.

In [1] it is introduced the concept of H-curve in a connected Rie-
mannian manifold as a piecewise smooth curve all of whose tangent
vectors are perpendiculars to the leaves of a smooth totally geodesic
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foliation of the manifold. We apply this to T'O and its normal bundle.
TO*L.

Theorem 4. For G and M as before suppose G acts topologically
transitively on M and preserves a finite volume pseudo Riemannian
metric. There exists a dense conull subset S C M such that for ev-
ery x € S we have a Lie algebra Kill(M,x) and a homomorphism
pe 1 8 — Kill (M, x) satisfying

e all elements of Kill(M,z) vanish at x.

e p, is an isomorphism onto its image p,(g) = g(x).

o [p:(9), Y] C Y, where Y ={Y*:Y € g}.

Theorem 5. For G and M as before suppose G acts topologically tran-
sitively on M, i.e., there is a dense G-orbit, preserving its pseudoRie-
mannian metric, h, and satisfying ny + - +nk = mq. If S is an open
conull set in M, then with the metric induced by M, the leaves of the
foliation TO lying in a fixed component of S have isometric universal
COVETINGS.

Proof. As the orbits are nondegenerate then dL, (T,(Gz)*) C T,(Gz)*,
for every x € S, and ¢ € G. In fact, for every x € S, we have
T.(9) = T.(Gz) & T, (Gx)*. If v+ € T, (Gx)™*, then dL,(v*) = wh 4w,
where w € T,(Gz). Therefore, h(dL,(v*),v) = h(w,v). On the other
hand, it follows that h(vt,dL,-1v) = 0, and then dL,(v*) € T,(Gx)*.
This proves that the action preserves the normal bundle TO*.

We now prove that G L is a connected component of S if L is a leaf of
the foliation T7O*. Using the same argument that appears in corollary
2.8 in [1], we define an equivalence relation on the leaves of TO+ of S
by saying Ly ~ Lo if Ly = gL, for some g € G. It is easy to prove
that GL = [L], the equivalent class of L. Therefore GL is open in S,
since GL = ¢(G x L), where the local diffeomorphism ¢ : G x L — M
is the restricion of the G-action map to the leaf L. Also, GL is open
because is the complement of the union of open sets. Therefore GL is
a connected component of S.

The theorem is now a direct consequence of the above. 0

The next result is the main theorem of this work, and will give us a
kind of splitting geometric theorem on the manifold M.

We observe this theorem is in spirit, of the same class than theorem
A in [1] and theorem A in [10].

Theorem 6. For G and M as before suppose G acts topologically tran-
sitively on M, i.e., there is a dense G-orbit, preserving its pseudoRie-
mannian metric, h, and satisfying ny + -+ +nb = my. If L is a leaf
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of the normal foliation FLin S, then there is a G-equivariant map
G x L — S that isometrically covers the connected component Sy of S
that contains the leaf L, where G x L is furnished with a metriz k given
as follows.

k l
k=3 fiByu+ Y (fuyBy + f2,BY") + 7,

=1 j=k+1
where fi, f15, f2.j L — R are smooth functions, for alli = 1,...,k,
and j = k+1,...,1 and h” is the metric on the common universal

cover of the leaves of F, induced by the restriction of the metric h on
S to the leaves of the foliation F.

Proof. Let 1 = G x Sy — Sy be the lifted action. We consider L a leaf
of the normal bundle to the orbits in Sy that is mapped onto L by the
covering map g, : Sy — So.

Let ¢ = 9|z, ; denote the restriction of ¢ to G x L. Tt is an easy
consequence of corollary 1 and theorem 5 that ¢ is an isometric immer-
sion of G x L to Sy, where G x L is considered a pseudo Riemannian
manifold with metric, k, given by

k—Zsz + Z (friBy, + fogBY) + 17

j=k+1

We will show that ¢ is injective and that the universal cover ol L is
equal to L.

Using theorem 4.1 from [12] we conclude that the leaves of the foli-
ation FL on Sy and S, are totally geodesic.

For the rest of the proof we are going to use some ideas established
in theorem A of [1].

In the proof of theorem 5 we obtained that GL = Sy. From this it
follows there are open sets V; C G, Vo C L, V, C Sy, for every x € Sy,
such that the map H, : V; x Vo — V, is a diffeomorphism.

If we denote with w5 : V; x Vo — V5, the proyection on the second
factor, then we obtain a submersion 70 H, ! : V, — V5. This submer-
sion locally defines the foliation on Sy given by the G-orbits. Note that
7y 0 H ! is a pseudo Riemannian submersion.

We can obtain, {U,}., an open covering of Sy for which we have
pseudo Riemannian submersions H, : U, — L. For each «, the open
set U, is connected, evenly covered by the universal covering 7 : Sy —
So, and H,(U,) contained in an open set evenly covered by 7 : L— L.
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There exists a pseudo Riemannian submersion H : Sy — L such that
T 0 H|Ua,k = H,om, for every a, and 7= 1(U,,) = kafa’k. The proof of
this is based on known arguments of algebraic topology.

It is concluded that the foliation defined by submersion H is the
foliation defined by the orbits of the action of G on Sp. In particular,
H is a local isometry when is restricted to every leaf L, of the foliation
in L given by F+. Moreover, H|; - L, — L is a bijection. This is
proven by seeing that for each x € f}x, every geodesic  : [0, 1] — L with
6(0) = H(w) can be lifted a geodesic & : [0,1] — L, with 6(0) = w.
Therefore, H|; : L, — Lisa covering map, and L, is the universal
cover of L, for every x € S.

If ¢(g1,21) = &(g2, x2), then g1zy = goxo. By using the fact that
H is G-invariat, it follows that H(z1) = H(g1x1) = H(gews) = H(z2),
therefore z; = .

On the other hand, it is easy to see that g = g;'g» € Stab(z;) and
we can consider V,, C L a normal neighborhood of z;. Let o be a
geodesic from x; to x, where x € V,,. Then H(c(1)) = H(go(1)), so
we obtain o(1) = go(1) € L. Therefore g € Stab(c(1)) and g fixes V,, .
By using that the action is analytic it follows that g fixes L.

Let Stab(L) be denoted the subgroup of G that fixes the points in

L. The map @ : G/Stab(L) x L — Sy given by II <g + Stab(f)),x) =

¢(g, ) is a diffeomorphism. It follows that Stab(ﬁ) = {e}} because So
is simply connected, so we obtain g; = go. Therefore, ¢ is injective.
We obtain the main part of the theorem by performing the following
composition: 7o ¢ : G x §0 — Sp.
O

5. ISOMETRIC SPLITTING

To obtain an isometric splitting, in the case where M is compact, we
will need the following result.

Lemma 2. If G acts topologically transitive on M preserving its pseudo
Riemannian metric and satisfying ng + - - - nly = mq, then the leaves of

the foliation defined by TO are complete for the metric induced by M.

Proof. We know that TO+ is either Riemannian or antiRiemannian,
see [11]. Hence, the foliation by G-orbits on M carries a Riemannian
or antiRiemannian structure obtained from TO*.

On the other hand, using the compactness of M it follows that geo-
desic completeness is satisfied for geodesics orthogonal to the G-orbits,
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then we get the completeness for leaves of the foliation given by 70O+,
see [5]. O

The next theorem describes properties of the manifold M.

Theorem 7. Suposse G acts topologically transitive and by isometries
on M, and satisfying ng = mqg. Let N be a leaf of the foliation defined by
TO*, and consider it as a pseudo Riemannian manifold with the metric
inherited by M. Then the map G x N — M, obtained by restricting the
G-action to N, is a G-equivariant pseudo Riemannian covering map.
Also, we obtained a G-equivariant pseudo Riemannian covering map
G x N — M, where N is the universal covering space of N.

Proof. By lemma 2 we have that /N is a complete manifold. It is know
that G is complete, see chapter IT of [2]. Hence G x N is a complete
pseudo Riemannian manifold. As G x N — M is an local isometry
it follows(see [7]) that G x N — M is a pseudo Riemannian covering
map. The G-invariancy follows of this h - (g,n) = (hg,n).

If we called ® to the map G x N — M, then we obtained a local
isometry ¢ : G x N — M if we defined ¢(g,n) = ¥(g,7(n)).

The map ¢ is G-equivariant because the following:

¢(gl ' (gaﬁ)) = w(glgaﬁ)

= P(g1g,7(n))

g1 ®(g,m(n))

g91-¢(g,n).

O
Definition 3. Let (M, g) be a pseudoRiemannian space. We say that
(M, g) is a pseudoRiemannian symmetric space if each z € M is an
isolated fixed point of an involutive isometry s, of M. Any isometry of

the form s, o s, is called a transvection of M. the group 7' generated
by transvections is called the transvection group of M.

Definition 4. A pseudo-Riemannian symmetric triple is a triple (g, o, B)
consisting of the following objects:

(1) a finite dimensional real Lie algebra g,

(2) an involutive automorphism o of g, and

(3) a symmetric bilinear form B on g, which is non-degenerate and
invariant by 7" and by o.

We will be interested in the following symmetric triple (Lie(T), o, B),
where B is a suitable bilinear form on Lie(T") and o is the differential
at e € T' of the conjugation by some involution sg.
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Definition 5. A connected pseudoRiemannian manifold is called weakly
irreducible if the tangent space in every point has no non-singular
proper subspaces invariant by the holonomy group at that point.

Since G is semisimple, we know that G = G x- - -xGy. The universal
covering space for G is G1 s X Gl It is known that for any bi-
invariant pseudoRiemannian metric on ;, the universal covering space

is weakly irreducible, therefore we can conclude that G; x --- x Gy is
weakly irreducible.

Lemma 3. The universal covering G is weakly irreducible for G =
G1--- Gy a connected noncompact semisimple Lie group, and for any
pseudoRiemannian bi-invariant metric on G.

Theorem 8. Let N be a connected complete Riemannian, or antiRie-
mannian, manifold. Then

Iso(Gy x -+ x Gy x N) = Iso(Gy X --- x G;) x Iso(N)

Proof. The universal covering of Gy X --- X Gy x N is E}Vl X oo X ZJVZ x N

Let N = Ny X N; X -+ x N be the de Rham decomposition of
N as Riemannian manifold. By the de Rham-Wu decomposition for
pseudoRlemanman manifolds, see [?], and by lemma 3 , it follows that

G1 cee X Gl x N has a de Rham decomposition and 1ts is given by
G1><--~><Gl><N0><N1><---><Nk.

It is known that such decomposition is unique up to order. In par-
ticular, every isometry of CTl X +ee X /CTl X Ny x Ny X --- X N permutes
the factors, but since each N; is Riemannian and G is not, then every
1sometry of G1 - X Gl X Ng X N1 x -+ x N}, preserves the factors
Gy x - xGlanle -><Nk.

Now let f € ISO(G1 - X Gy x N) and lift it to an isometry fof
G1 X+ X Gl x N. By the previous arguments, f preserves the product
i.e, if we write f (fl,fg) then fl does not depend on Ny x -+ x Ny
and f; does not depend on Gy 11X X Gl From this we obtain isometries
fi €Iso(Gy x -+ x G) and fy € ISO(N) such that f = (f1, f2).

O
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