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Abstract

Axioms for nonunital spectral triples, extending those introduced in the unital case by
Connes, are proposed. As a guide, and for the sake of their importance in noncommutative
quantum field theory, the spaces R*"¥ endowed with Moyal products are intensively investigated.
Some physical applications, such as the construction of noncommutative Wick monomials and
the computation of the Connes—Lott functional action, are given for these noncommutative
hyperplanes.
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1 Introduction

Since Seiberg and Witten conclusively confirmed [79] that the endpoints of open strings in a
magnetic field background effectively live on a noncommutative space, string theory has given
much impetus to noncommutative field theory (NCFT). This noncommutative space turns out to be
of the Moyal type, for which there already existed a respectable body of mathematical knowledge,
in connection with the phase-space formulation of quantum mechanics [65].

However, NCFT is a problematic realm. Its bane is the trouble with both unitarity and causal-
ity [39,78]. Feynman rules for NCFT can be derived either using the canonical operator formalism
for quantized fields, working with the scattering matrix in the Heisenberg picture by means of
Yang—Feldman—Kaillén equations; or from the functional integral formalism. These two approaches
clash [3], and there is the distinct possibility that both fail to make sense. The difficulties vanish if
we look instead at NCFT in the Euclidean signature. Also, in spite of the tremendous influence on
NCFT, direct and indirect, of the work by Connes, it is surprising that NCFT based on the Moyal
product as currently practiced does not appeal to the spectral triple formalism.

So we may, and should, raise a basic question: namely, whether the Euclidean version of
Moyal noncommutative field theory is compatible with the full strength of Connes’ formulation of
noncommutative geometry, or not.

The prospective benefits of such an endeavour are mutual. Those interested in applications may
win a new toolkit, and Connes’ paradigm stands to gain from careful consideration of new examples.

In order to speak of noncommutative spaces endowed with topological, differential and metric
structures, Connes has put forward an axiomatic scheme for “noncommutative spin manifolds”,



which in fact is the end product of a long process of learning how to express the concept of an
ordinary spin manifold in algebraic and operatorial terms.

A compact noncommutative spin manifold consists of a spectral triple (A, H, D), subject to
the six or seven special conditions laid out in [19] — and reviewed below in due course. Here A is a
unital algebra, represented on a Hilbert space 3, together with a distinguished selfadjoint operator,
the abstract Dirac operator D, whose resolvent is completely continuous, such that each operator
[D,a] for a € A is bounded. A spectral triple is even if it possesses a Z,-grading operator y
commuting with A and anticommuting with D.

The key result is the reconstruction theorem [19, 20] which recovers the classical geometry of
a compact spin manifold M from the noncommutative setup, once the algebra of coordinates is
assumed to be isomorphic to the space of smooth functions C*(M). Details of this reconstruction
are given in [45, Chapters 10 and 11] and in a different vein in [71].

Thus, for compact noncommutative spaces, the answer to our question is clearly in the affirmative.
Indeed the first worked examples of noncommutative differential geometries are the noncommutative
tori (NC tori), as introduced already in 1980 [14,74]. It is a simple observation that the NC torus
can be obtained as an ordinary torus endowed with a periodic version of the Moyal product. The
NC tori have been thoroughly exploited in NCFT [24,92].

The restriction to compact noncommutative spaces (“compactness” being a metaphor for the
unitality of the coordinate algebra A) is essentially a technical one, and no fundamental obstacle to
extending the theory of spectral triples to nonunital algebras was foreseen. However, it is fair to say
that so far a complete treatment of the nonunital case has not been written down. (There have been,
of course, some noteworthy partial treatments: one can mention [41, 73], which identify some of
the outstanding issues.) The time has come to add a new twist to the tale.

In this article we show in detail how to build noncompact noncommutative spin geometries.
The indispensable commutative example of noncompact manifolds is considered first. Then the
geometry associated to the Moyal product is laid out. One of the difficulties for doing this is to
pin down a “natural” compactification or unitization (embedding of the coordinate algebra as an
essential ideal in a unital algebra), the main idea being that the chosen Dirac operator must play a
role in this choice.

Since the resolvent of D is no longer compact, some adjustments need to be made; for instance,
we now ask for a(D — 1)~! to be compact for @ € A and A ¢ spD. Then, thanks to a variation
of the famous Cwikel inequality [27, 81] — often used for estimating bound states of Schrodinger
operators — we prove that the spectral triple

((S(R*M), xe), L2 (R*) & C*", ~id, ® y"),

where 8 denotes the space of Schwartz functions and xg a Moyal product, is 2N*-summable and
has in fact the spectral dimension 2N. The interplay between all suitable algebras containing
(S(R?M), %) must be validated by the orientation and finiteness conditions [19, 20]. In so doing,
we prove that the classical background of modern-day NCFTs does fit in the framework of the
rigorous Connes formalism for geometrical noncommutative spaces.

This accomplished, the construction of noncommutative gauge theories, that we perform by
means of the primitive form of the spectral action functional, is straightforward. The issue of
understanding the fluctuations of the geometry, in order to develop “noncommutative gravity” [12]
has not reached a comparable degree of mathematical maturity, and is not examined yet. As a



byproduct of our analysis, and although we do not deal here with NCFT proper, a mathematically
satisfactory construction of the Moyal-Wick monomials is also given.
The main results in this paper have been announced and summarized in [38].

The first order of business is to review the Moyal product more carefully with due attention paid
to the mathematical details.

2 The theory of distributions and Moyal analysis

In this first paragraph we fix the notations and recall basic definitions. For any finite dimension &,
let ® be a real skewsymmetric k X k matrix, let s - ¢ denote the usual scalar product on Euclidean
R* and let $(R¥) be the space of complex Schwartz (smooth, rapidly decreasing) functions on R*.
One defines, for f, h € §(R¥), the corresponding Moyal or twisted product:

f *xg h(x) == 2n)~* / fx = 30u) h(x +1) e™" d*u d*t, (2.1)

where d*x is the ordinary Lebesgue measure on R¥. In Euclidean field theory, the entries of ©
have the dimensions of an area. Because © is skewsymmetric, complex conjugation reverses the
product: (f @ h)* = h* %@ f*.

Assume O to be nondegenerate, that is to say, o (s,#) := s - Of to be symplectic. This implies
even dimension, k = 2N. We note that ®! is also skewsymmetric; let & > 0 be defined by
6N := det®. Then formula (2.1) may be rewritten as

f *g h(x) = (n6)~2N / Fx+9) h(x +1) e 2507 g2N g 2Ny (2.2)

The latter form is very familiar from phase-space quantum mechanics [40], where RV is
parametrized by N conjugate pairs of position and momentum variables, and the entries of ® have
the dimensions of an action; one then selects

e[ O 1y
G)—hS.—h(_lN 0).

Indeed, the product x (or rather, its commutator) was introduced in that context by Moyal [65],
using a series development in powers of 7 whose first nontrivial term gives the Poisson bracket;
later, it was rewritten in the above integral form. These are actually oscillatory integrals, of which
Moyal’s series development,

~ inylel 1 8f dg
f ) = %N(E) 21 27 ™ 5507 O (23)

is an asymptotic expansion. The development (2.3) holds — and sometimes becomes exact — under
conditions spelled out in [33]. The first integral form (2.1) of the Moyal product was exploited
by Rieffel in a remarkable monograph [75], who made it the starting point for a more general
deformation theory of C*-algebras.

Since the problems we are concerned with in this paper are of functional analytic nature, there
is little point in using the most general ® here: we concentrate on the nondegenerate case and adopt
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the form © = 6S with 6 real. Therefore, the corresponding Moyal products are indexed by the real
parameter 6; we denote them by %4 and usually omit explicit reference to N in the notation.

The plan of the rest of this section is roughly as follows. The Schwartz space $(R?") endowed
with these products is an algebra without unit and its unitization will not be unique. Below, after
extending the Moyal product to large classes of distributions, we find and choose unitizations suitable
for our construction of a noncompact spectral triple, and show that (S(R?Y), %,) is a pre-C*-algebra.
We prove that the left Moyal product by a function f € S(R?") is a regularizing operator on R?".
In connection with that, we examine the matter of Calderén—Vaillancourt-type theorems in Moyal
analysis. We inspect as well the relation of our compactifications with NC tori.

2.1 Basic facts of Moyalology

With the choice ® = 6S made, the Moyal product can also be written

f ko g(x) o= (x6) 2 // F)g(2) ¥ S6=d 2Ny 2N (2.4)

Of course, our definitions make sense only under certain hypotheses on f and g. A good chunk
of Moyal analysis can be found in [43,90], from which we extract the following lemma.

Lemma 2.1. [43] Let f, g € S(R?N). Then
(i) f %08 € S(R*N).

(ii) *g is a bilinear associative product on S(R*N). Moreover, complex conjugation of functions
f = f*is an involution for *g.

(ii1) Let j =1,2,...,2N. The Leibniz rule is satisfied:
ag

P of
6Tj(f *g 8) = o *g 8 + [ *g o, (2.5)

(iv) Pointwise multiplication by any coordinate x ; obeys

0 0 6 0
YU *08) = 20 (58) + 5 G w0 g = () og = 3 %0 g5 20
(v) The product has the tracial property:
1
(8= g [ s x= g [ewaf ) o= o [ 1@ 2 Y,
(vi) Let Lfc = LY(f) be the left multiplication g — f x¢ g. Then limg)q L?g(x) = f(x) g(x), for
x € RV,

Property (vi) is a consequence of the distributional identity lim o ekeleble = 2m)k5(a)s(b),
for a,b € RF; convergence takes place in the standard topology [77] of S(R?Y). To simplify
notation, we put $ := S(R?V) and let 8’ := 8’(R>") be the dual space of tempered distributions. In

view of (vi), we may denote by L? the pointwise product by f.



Theorem 2.2. [43] Ag = (8, %g) is a nonunital associative, involutive Fréchet algebra with a
Jjointly continuous product and a distinguished faithful trace.

Introduce the symplectic Fourier transform F by
Ff(x):=Q2n)™N / f(0)e™> St d*Ny. (2.7)

It is obviously a symmetry, i.e., an involutive selfadjoint operator. Since § x¢ & = (76)~2", the maps
f = (m0)N5 *g f and f +— f *g (70)V§ are unitary, too; they turn out to be

[(76)"5 % f1(y) = (2/0)" Ff(=2y/6),  [f %o (n0)"51(y) = (2/0)" Ff(2y/6).
This prompts us to consider the unitary dilation operators E, given by
Eof (x) =" f(a'x),

and it is immediate from (2.7) that FE, = E;;,F. We also remark that

f %08 =(0/2)"N?Esjg(Egpf %2 Egp2g). (2.8)
Nearly all formulas in this paper simplify when 6 = 2. Thanks to the scaling relation (2.8), it is
often enough, when studying properties of the Moyal product, to work out the case 6 = 2.
2.2 The oscillator basis

Definition 2.1. The algebra Ay has a natural basis of eigentransitions f,,, of the harmonic oscillator,
indexed by m,n € NV. As usual, for m = (my,...,my) € NV, we write |m| := m +--- + my and
m! :=my!---my!. If

H =17 +xj,y) fori=1,...,N and H:=H +Hy+- - +Hy,
then the f,,, diagonalize these harmonic oscillator Hamiltonians:

H; %q fiun = 0(m; + %)fmna Jnn *g Hy = 6(n; + %)fmn (2.9)

They may be defined by

1 .
fmn 1= ——=——=1(a")" *g foo *g a", (2.10)

Volml+inl 15!

—2H/8

where foo is the Gaussian function fyo(x) := 2Ne , and the annihilation and creation functions

respectively are

1 1
a; = —(x;+ixgy) and  a; = —(x; — ixpn). (2.11)
V2 V2
n._ .M nN _ kol *gnNN
One finds that a”" :=a|' ...ay =a]"" *g---*gay .

These Wigner eigentransitions are already found in [46] and also in [6]. (Incidentally, the “first”
attributions in [36] are quite mistaken.) The f,,,, can be expressed with the help of Laguerre functions
in the variables H;: see subsection A.1. The next lemma summarizes their chief properties.
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Lemma 2.3. [43] Let m,n, k,l € NN, Then fun %o fer = Onk fn and Son = Jam- Thus fu, is an
orthogonal projector and f,, is nilpotent for m # n. Moreover, { fyn, fr1) = 2N Suk Oni- The Sfamily
{ fun :myn e NN} ¢ 8 ¢ L2(R?N) is an orthogonal basis.

It is clear that eg := 2}, <k fun, for K € N, defines a (not uniformly bounded) approximate unit
{e K} for Ag.
As a consequence of Lemma 2.3, the Moyal product has a matricial form.

Proposition 2.4. [43] Let N = 1. Then Ay has a Fréchet algebra isomorphism with the matrix
algebra of rapidly decreasing double sequences ¢ = (c,,,,) such that, for each k € N,

00 1/2
(@)= Y P ns e Hlen

m,n=0

is finite, topologized by all the seminorms (ry); via the decomposition f = 3, nenN Crun frnn Of $(R?)
in the { fun} basis.
For N > 1, Ay is isomorphic to the (projective) tensor product of N matrix algebras of this kind.

Definition 2.2. We may as well introduce more Hilbert spaces Gy; (for 5,7 € R) of those f € §'(R?)
for which the following sum is finite:

(o]
2. ) 1y\s 1 2
A% = D) 0 (m+ 3+ 1) lemal”

m,n=0

We define G, for s,  now in R", as the tensor product of Hilbert spaces G,;, ® - - - ® G,1 - In other
words, the elements (277)~N/29=(N+s+)/2 (4 %)_5/ 2(n+ %)_’/ 2 fun (With an obvious multi-index
notation), for m,n € NV, are declared to be an orthonormal basis for Gj;.

Ifg<sandr <tin RV, then$ c G, C G4r € & with continuous dense inclusions. Moreover,
8 = (;serN s topologically (i.e., the projective limit topology of the intersection induces the usual
Fréchet space topology on 8) and 8" = |, ;,crnv G topologically (i.e., the inductive limit topology
of the union induces the usual DF topology on 8’). In particular, the expansion f = 3., ,enV Crun finn
of f € & converges in the strong dual topology.

We shall use the notational convention that if F', G are spaces such that fxg g is defined whenever
f € Fand g € G, then F %4 G is the linear span of the set { f xg g : f € F, g € G }; in many
cases of interest, this set is already a vector space. It is now easy to show that § x4 & = §; more
precisely, the following result holds.

Proposition 2.5. [43, p. 877] The algebra (8, %g) has the (nonunique) factorization property: for
all h € 8 there exist f,g € S such that h = f %4 g.

2.3 Moyal multiplier algebras

Definition 2.3. The Moyal product can be defined, by duality, on larger sets than 8. For T € &,
write the evaluation on g € § as (T, g) € C; then, for f € § we may define T %y f and f x4 T as
elements of 8" by (T ¢ f,g) :=(T, f *xg g) and (f ¢ T, g) := (T, g *¢ f), using the continuity of
the star product on S. Also, the involution is extended to &’ by (T*, g) := (T, g*).



We shall soon argue [43] thatif 7 € 8 and f € 8, then T %g f, f %4 T € C*(R?N).
Consider the left and right multiplier algebras:

MY = {T € 8'(R*N) : T *y h € $(R*") for all h € S(R*N) },
Ml = {T € 8 (R™) : hwg T € S(R*N) for all h € S(R*M) },

and set M? := MY N M.

It is clear from Lemma 2.1(ii) that the map h + T %g h, for T € M9, is adjointable, with adjoint
given by (left) multiplication by 7*. One can then define the Moyal products M% *g & =& and
8 xg MY =& as well.

Theorem 2.6. [9o] M? is a complete nuclear semireflexive locally convex unital *-algebra with
hypocontinuous multiplication and continuous involution. Moreover, in view of the previous propo-
sition, M? is the maximal compactification of Ag defined by duality (see [45, Sec. 1.3]).

This maximal unitization M? of A4 contains, beyond the constant functions (in particular 1 is the
identity), the plane waves. By plane waves we understand all functions of the form x +— exp(ik - x)
for k a 2N-vector. They are important in physics. Also M? contains the Dirac § and all its
derivatives, and all monomials x +— x® for @ € N2V, Clearly M?2 is Fourier invariant, so more
generally FM? = M*/?,

When 6 = 0, the place of MY is taken by the space Oy (“M” for multiplier) of smooth functions
of polynomial growth on R?" in all derivatives.

There is a new way of defining the Moyal product for pairs of distributions lying in the Sobolev-
like spaces Gy [43]. If f = X0 CmnSimn € Gsts 8 = 2 AmnSmn € Ggr and if t + g > 0, then for
Qmn = Dk Cmkdkn, the series h := 3, Qmn fmn cOnverges in G, f *g g is defined, and f *g g = h.
Furthermore, the following useful norm estimates hold:

Ilf *o gllsr < ”f”sq llgll; whenever g +r > 0.

In particular, G; _, is a Banach algebra, for all € R". This is consistent with the previous definition.

Welet G oo := (sern G (With the projective limit topology) and G 4e0 1= U;epy Gsr (With the
inductive limit topology). Then Mi = (sern Gs.+c0 topologically, and the strong (pre-)dual (Mi)’
equals (J;epy G-co topologically. Note in passing that (J\/Eg)’ — Mi with a continuous inclusion.

Yet alternatively, we may work with another algebra of distributions including (8, %), to wit,
the multiplier algebra of Goy = L?(R?") considered in [56,90]. We first record the analogue of
Lemma 2.1.

Lemma 2.7. [43,48,49,90] Let f,g € L>(R*N). Then
(i) For® #0, f %g g lies in L>(R?*N). Moreover, f x¢ g is uniformly continuous.

(i) ¢ is a bilinear associative product on L*(R?*N). The complex conjugation of functions
f — f*is an involution for .



(iii) The linear functional f +— / f(x) dx on 8 extends to Joo(R?N) := L2(R?N) x¢ L*>(R*N), and
the product has the tracial property:

(frg) = (n6) ™ / Frog(x) dx = (x6) ™ / g0 (x) dx = (n6) ™ / £(x) g(x) V.

We are not asserting that h = f xg g is absolutely integrable. We can nevertheless find
u € 8 withu* *xgu =1 and |h| € Jog so that h = u xg |h| and |h| = I* x¢ | with | € Gyp.
Writing ||hlloo,1 = (1, |h]) = ||l||(2)0, we obtain a Banach space norm for Joy such that
I|.f %6 glloo.1 < [1.f1loollglloo-

(iv) limg)g L? g(x) = f(x) g(x) almost everywhere on R*V.

In subsection A.1 itis discussed why Joo ¢ L' (R?Y). Since f € Joo if and only if the Schrodinger
representative o/ (f) is trace-class (see the proof of Proposition 2.9 below), one can obtain sufficient
conditions for f to belong in Jop from the treatment in [29].

Definition 2.4. Let Ag := {T € 8 : T %y g € L>(R*) forall g € L>(R?") }, provided with the
operator norm || L%(T)|lop := sup{ T %g gll2/llgll2 : 0 # g € L>(R*") }.

Obviously Ay = 8 < Ay. But Ay is not dense in Ay (see below), and we shall denote by Ag its
closure in Ag.

Note that Go9 C Ag. This is clear from the following estimate.
Lemma 2.8. [43]If f, g € L*(R*Y), then f %g g € L*(R*N) and ||Llop < (276) /2| f |-

Proof. Expand f = X, , Cojun@mn and g = 3, dn@mn With respect to the orthonormal basis
{@um} = 2r0)™N2{ fon} of L2(R*N). Then

2
Z(Z Cmn dnl)fml = (2”‘9)_1\] Z‘Z Cmn dnl
m, n 2 m, n

< @)™ Y lew P D ldul? = 2xO) NI F13 g3,

m,j k.l

2
I1f %o gll; = (27260)7"

on applying the Cauchy—Schwarz inequality. |

The algebra Ag contains moreover L (RZN ) and its Fourier transform [57], even the bounded
measures and their Fourier transforms; the plane waves; but no nonconstant polynomials, nor
derivatives of 0. The algebra Ay is selfconjugate, and it could have been defined using right Moyal
multiplication instead.

Proposition 2.9. [56,90] (Ag, ||.|lop) is a unital C*-algebra of operators on L?*(R?N), isomorphic
to L(L*(RN)) and including L*(R?N). Also, (Joo)’ = Ag. Moreover, there is a continuous injection
of x-algebras Ag — Ay, but Ay is not dense in Ag, namely AY ¢ A,

Proof. We prove the non-density result. The left regular representation LY of Ay is a denumerable
direct sum of copies of the Schrodinger representation o? on L2(R”) [66]. Indeed, there is a unitary
operator, the Wigner transformation W [36,90], from L?(R?") onto L?>(R") ® L?(R"), such that

WL (HW =0 el



If f e 8, then o?(f) is a compact (indeed, trace-class) operator on L?(RY), and so Ag equals
{WY(T ® 1)W : T compact }, while Ay itself is { W~!(T ® 1)W : T bounded }. Clearly the dual
space is (Ag)’ = Joo. Notice as well that conjugation by W yields an explicit isomorphism between
Ap and L(L?*(RN)). O

Consequently, A is a Fréchet algebra whose topology is finer than the || -||op-topology. Moreover,
it is stable under holomorphic functional calculus in its C*-completion Ag, as the next proposition
shows.

Proposition 2.10. Ay is a (nonunital) Fréchet pre-C*-algebra.

Proof. We adapt the argument for the commutative case in [45, p. 135]. To show that Ay is stable
under the holomorphic functional calculus, we need only check that if f € Ay and 1+ f is invertible
in Ag with inverse 1 + g, then the quasi-inverse g of f must lie in Ag. From f + g+ f xg g =0, we
obtain f xg f +g *xg f + f %9 g *¢ f =0, and it is enough to show that f x4 g x¢ f € Ay, since the
previous relation then implies g x¢ f € Ay, and then g = —f — g ¢ f € Ay also.

Now, Ag C G_, o for any r > N [9o, p. 886]. Since f € G p+r N Gy, for s, arbitrary and p, g
positive, we conclude that f *g g xg f € G psr *9 G-r0 %9 Gt C Gsr3 a8 8 = (g ser Isr» the proof
is complete. O

The Fréchet algebras Ay are automatically good (their sets of quasi-invertible elements are
open); and by an old result of Banach [5], the quasi-inversion operation is continuous in a good
Fréchet algebra. Note that a good algebra with identity cannot have proper (even one-sided) dense
ideals. However, the nonunital (Mg)’ provides an example of a good Fréchet algebra that harbours
Ay as a proper dense left ideal [44].

We noticed already that the extensions M? and Ay of Ay are quite different. Clearly MY is
associated with smoothness; however, even though the Sobolev-like spaces G; grow more regular
with increasing s and ¢ [90], MY includes none of them; in particular, Lz(RzN ) ¢ MY for any 6.

Be that as it may, the plane waves belong both to M? and Ag. One obtains for the Moyal product
of plane waves:

exp(ik -) %g exp(il -) = e 20K exp(i(k + 1)), (2.12)
or, reinstalling the generic Moyal product:
exp(ik -) xg exp(il -) = ez kOl exp(i(k +1)-). (2.13)

Therefore the plane waves close to an algebra, the Weyl algebra. It represents the translation group
of R?V:
(exp(ik -) *q f *g exp(—ik -))(x) = f(x + 6Sk),

for f € Sor f € Goo, say.

2.4 Smooth test function spaces, their duals and the Moyal product

Here there is a fascinating interplay. Recall that a pseudodifferential operator A € ¥DO on R is a
linear operator which can be written as

Ahx) = 2m)* // A1 (&) h(y) €0 dhe dby.
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Let W := {A € ¥DO : c[A] € §¢} be the class of ¥DOs of order d, with
§% .= {0 e C®(R* x R¥) : |a§afa(x,g)| < Crap(1+ €)@V 2 for x € K},

where K is any compact subset of R¥, o, 8 € N, and Ckap is some constant. Also ¥ := | er pd
and ¥~ := M er P?. Recall, too, that a WDO A is called regularizing or smoothing if A € ¥=,
or equivalently [52,80], if A extends to a continuous linear map from the dual of the space of smooth
functions C*(R¥) to itself.

Lemma 2.11. If f € S, then Lfc is a regularizing WYDO.

Proof. From (2.1), one at once sees that left Moyal multiplication by f is the pseudodifferential

operator on R*Y with symbol f(x — gSf). Clearly L? extends to a continuous linear map from

C®(R?N) < & to C*(R?"). The lemma also follows from the inequality
10202 f (x = §SE)| < Crap(1 + €)@V,
valid for all @, 8 € N*V, any compact K ¢ R?", and any d € R, since f € 8. o

Remark 2.12. Unlike for the case of a compact manifold, regularizing ¥YDOs are not necessarily
compact operators. For instance, for each n, L?(f,,) possesses the eigenvalue 1 with infinite
multiplicity, so it cannot be compact.

Definition 2.5. For m € N, f € C"(R¥) — functions with m continuous derivatives —and y, [ € R,
let
Gyim () = sup{ (1 + [x|>)TD2159 ()] . x € R, Ja| < m};

and then let 221 ;» respectively \7:;1 ;» be the space of functions in C " (R¥) for which

(1 + [x|?)THriad/z ge g (x)

vanishes at infinity for all |a| < m, respectively is finite for all x € R¥, normed by dim- Note that
Vi, is Horviéth’s space 8™, [53]. We define

V, = U ﬂ \7;"’ ; and, more generally, V,;:= ﬂ \7;"’ ;
leR meN meN
so that V,, = J;cg V. Particularly interesting cases include the space X := V; of Grossmann—
Loupias—Stein functions [47], whose dual X’ is the space of Cesaro-summable distributions [34],
the space Oc¢ := Vo whose dual O is the space of convolution multipliers (Fourier transforms of
Oum), and the space Or :=V_; [43]. Similarly, K, := V;, and O, := Vy, are defined. We see that

s=(1( )% on=(] v,
meN [eR meN [eR
Following Schwartz, we denote B := Oy, the space of smooth functions bounded together with all
derivatives.

We shall also need B := ), 281,0’ the space of smooth functions vanishing at infinity together
with all derivatives, and the weighted test space D, 2, the space of elements of L?(R?") all of whose
(distributional) derivatives also lie in L? [68,77]; by Sobolev’s lemma, these are in fact smooth
functions and moreover D;> C B [77]: actually if f € D;2, then the (ordinary) Fourier transform
F(f) satisfies (1 + |£]*))F(f) € L? for all integer n, and by the Cauchy—Schwarz inequality
F(f) € L', thus f tends to zero at infinity. In the notation of [84], D,z is H>*.
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There are continuous inclusions D «— V, — V,, < Oy — D’ for y > y’; these are all
normal spaces of distributions, namely, locally convex spaces which include S as a dense subspace
and are continuously included in &’. Also D;2 (density of § in this space follows from density of
the Schwartz functions in L? and invariance of 8 under derivations) and M?, JV[% and M? [90] are
normal space of distributions.

By the way, there are suggestive Tauberian-type theorems for these spaces, establishing when
their intersections with their respective dual spaces are included in 8. Concretely, we quote the
following result from [32].

Proposition 2.13. If C is a space of smooth functions on R*N which is closed under complex
conjugation, and if the pointwise product space KC lies within C, then C N €’ C 8.

In particular, V, NV}, =S fory < 1. Also Oy N 0}, =8 and C* N (C*)" =D c 8.

Now, what can be said about the relation of all these spaces with M?? In [43] it is established
that 07, and a fortiori O, is included in M?, for all 6. Therefore by Fourier analysis O¢ is included
in MY for all 0, and g ¢ f is defined as a tempered distribution whenever f,g € Oc. Growth
estimates may be obtained as follows. It is true that O¢ = |J,cg O, topologically. If g € O, and
f € Oy, the following crucial proposition shows that the O, spaces have similar behaviour under
pointwise and Moyal products.

Proposition 2.14. The space O¢ is an associative x-algebra under the Moyal product. In fact, the
Moyal product is a jointly continuous map from O, X Qg into O, for all r,s € R. Moreover, Ay
is a two sided essential ideal in Oc.

Proof. For the reader’s convenience, we reproduce part of Theorem 2 of [35]. Let f € O, and
g € O,. By the Leibniz rule for the Moyal product, 8*(f %6 &) = Xgiy=a (;) OB f %9 3”g. Hence
we need only show that there are constants C, g, such that

(1+ [x)="21(88 f %0 87 8) (x)] < Crom q0rm (f) qosm (@) (2.14)

for all x € R?V, for large enough m > |B| + |y|. If k € N (to be determined later), we can write

OB K24 2
(0 f %9 078)(x) = (n0) " // (lﬁ(fy;)yk) (lgffzrzf,? (L4 ) (1 +12P) e a5 a?y a?N

_ on [T OPf(x+y) 07g(x+2) T
I //(1+|y|2)’< (1+|z]2)k Pi(dy, 0) [ d™y d™z

— (n)-2N dysip o ay[0Pf(+y) 37g(x +2)
= (x6) //e " Pi(=0y 0Z)[(1+|y|2>k 1+ 1Pk

where Py is a polynomial of degree 2k in both y and z variables. From the elementary estimates
107 (1 + |x]*)7%)| < cox (1 + |x]?)7F it follows that

//‘0[3”‘ Fx+y) 0" g(x +2)
(1+]yPE (1+]z)*

2N d2N

108 f %9 07 g|(x) < Z Chopn d*Ny @
k'’ k" <2k

1+ x+ 372 (1 +|x +2/H)57? 2N
(1+[y[»)* (1+|z[2)%

< Clin d0n (1) a0 () (14 Y2 [Py [ a1y e

<C rsm CIOrm(f) QOsm(g) y dzNZ
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provided m > |B| + |y| + 2k; here the Cauchy inequality 1 + |x + y|* < 2(1 + |x|*)(1 + [y|?) has
been used to extract the x variables. If we now choose k > N + max{r, s}/2 (and therefore take
m > |B|+|y|+2N+max{r, s}), the integrals will be finite. The joint continuity now follows directly
from the estimates (2.14).

That § is a two-sided ideal in O follows from the inclusion O¢ ¢ MY. Essentiality for the ideal
8 = Ay is equivalent [45, Prop. 1.8] to g x¢ & # 0 for any nonzero g € Oy; but if g *g f;,, = 0 for all
m, n, then in the expansion g = 3., , Cyun fun (as an element of §’, say) all coeflicients must vanish,
so that g = 0. |

Similar results hold for V,, when y > 0. Indeed, the Moyal product (f, g) — f *¢ g is a jointly
continuous map from X, X K into K,y; moreover, f xg g — fg € XK, 45—, which is a bonus for
semiclassical analysis (while on the contrary the similar statement for O, X Oy is in general false).
For y < 0, we lose control of the estimates; indeed, Lassner and Lassner [59] gave an example of
two functions in Or whose twisted product can be defined but is not a smooth function, but rather
a distribution (of noncompact support). Also, in the next subsection we prove by counterexample
that O7 ¢ Mi. The integral estimates on the derivatives of g x4 f can be refined to show that in
fact Oy %9 Oc = Op. However, since these estimates depend on the order of the derivatives in a
complicated way, it is doubtful that the twisted product can be extended to O,.

The regularizing property of x4 proved at the beginning of the section can be vastly improved,
as follows.

Proposition 2.15. [43] If T € 8" and f € S, then T g f and f *¢ T lie in Op. Moreover, these
bilinear maps of 8 x & and § x & into Ot are hypocontinuous.

In fact, § x¢ &’ equals (Mg)’ so the latter is made of smooth functions. But (M ) N (M )’ =
(M )N Ma (M ) 2 8;s0 (M )" and (JV[ )’ do not satisfy the conclusion of Proposition 2.13.
(Here ” of course denotes the strong bidual space, not a bicommutant.) As distributions, the
elements of (J\/[ )" and (M )" belong to 0., and a fortiori they are Cesaro summable [34].

Finally, it is important to know when smooth functions give rise to elements of Ag or Ag.
Sufficient conditions are the following (quite strong) results of the Calderén—Vaillancourt type

[36, 54].

Theorem 2.16. The inclusion VZN *1 ¢ Ag holds. In particular, B C Ag. The inclusion Y(Z)(I)V o Ag
also holds. In particular, B c AO Moreover, if b € VZN *1 belongs to A%, then b € Ya}g“.

We have also proved that the function space B is a *-algebra under the Moyal product x4 for
any 6, in which Ay is a two-sided essential ideal. Recall that D;> ¢ B ¢ M?. We shall now show
that D;» is a *=-algebra under the Moyal product as well.

Lemma 2.17. (‘D;2, %y) is a x-algebra with continuous product and involution. Moreover, it is an
ideal in (B, %y).

Proof. The closure under the twisted product follows from the Leibniz rule and Lemma 2.8:

16°(f 0 g)ll2 < (226)"2 (Z) 16% 112 110" lo.

p<a
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This also shows that the product is separately continuous, indeed jointly continuous since D;» is a
Fréchet space. The continuity of the involution f +— f* is immediate.

The fact that D;» is a two sided ideal in B comes directly from the stability of these spaces
under partial derivations and from the inclusion B C Ay given by the previous theorem, since then
|09 f %g 0Pgll» < o forall f € B, g € D;2and all @, B € N?V. O

2.5 The preferred unitization of the Schwartz Moyal algebra

As with Stone—Cech compactifications, the algebras M are too vast to be of much practical use (in
particular, to define noncommutative vector bundles). A more suitable unitization of Ay is given
by the algebra Ay := (B, xy). This algebra possesses an intrinsic characterization as the smooth
commutant of right Moyal multiplication (see our comments at the end of subsection 4.5). The
inclusion of Ay in B is not dense, but this is not needed. ./2[9 contains the constant functions and
the plane waves, but no nonconstant polynomials and no imaginary-quadratic exponentials, such as
/%172 in the case N = 1 (we shall see later the pertinence of this).

Proposition 2.18. /—Tg is a unital Fréchet pre-C*-algebra.

Proof. We already know that B is a unital x-algebra with the Moyal product, and that x4 is
continuous in the topology of the Fréchet space B defined by the seminorms ¢qy,,, for m € N. Its
elements have all derivatives bounded, and so are uniformly continuous functions on R2N | as are
their derivatives: the group of translations 7, f = f(- —y), fory € R2V, acts strongly continuously
on flg (i.e., y = 7, f is continuous for each f).

This action preserves the seminorms g, and it is clear that B is a subspace of the space
of smooth elements for 7, which we provisionally call A;”. The latter space has its own Fréchet
topology, coming from the strongly continuous action. Rieffel [75, Thm. 7.1] proves two important
properties in this setting: firstly, based on a density theorem of Dixmier and Malliavin [30], that
the inclusion B < A7’ is continuous and dense. Secondly, using a “®-twisting” of C*-algebras
with an [R{"—_a}ction which generalizes (2.1), whereby the pointwise product can be recovered as
(B, *0) = (Ag, *_g), one obtains the reverse inclusion; thus, B = A7, (Thus, the smooth subalgebra
is independent of ©.) _

It is now easy to show that Ay, as a subalgebra of the C*-algebra Ay, is stable under the
holomorphic functional calculus. Indeed, since G(7,(f)) = 7,(G(f)) for any function G which

is holomorphic in the neighbourhood of sp LY(f) = sp LY (z,(f)), it is clear that f € Ay entails
G(f) € Ap. O

Clearly the C*-algebra completion of ﬁg properly contains A; it is not known to us whether it

is equal to Ag. At any rate, ﬁg = B is nonseparable as it stands; there is, however, another topology
on B, induced by the topology of C*(R?*") [77, p. 203], under which this space is separable.
That latter topology is very natural in the context of commutative and Connes—Landi spaces (see
subsections 3.3 and 3.4). To investigate its pertinence in the context of Moyal spaces would take us
too far afield. _

An advantage of Ay is that the covering relation of the noncommutative plane to the NC
torus is made transparent. To wit, the smooth noncommutative torus algebra C w(TéN ) can be
embedded in B as periodic functions (with a fixed period parallelogram). In that respect, it is well

14



to recall [76, 87] how far the algebraic structure of COO(TGZ)N ) can be obtained from the integral form

(2.1) of (a periodic version of) the Moyal product. _
Anticipating on the next section, we finally note the main reason for suitability of Ag, namely,

that each [I3, LY(f) ® 1,~] lies in Ay ® Mo~ (C), for f € Ag and Ip the Dirac operator on R?",
The previous proposition has another useful consequence.

Corollary 2.19. (D;2, %g) is a (nonunital) Fréchet pre-C*-algebra, whose C*-completion is Ag.

Proof. The argument of the proof of Proposition 2.10 applies, with the following modifications.
Firstly, 8§ ¢ D;. C Ag with continuous inclusions, so that Ag is indeed the C*-completion of
(D2, %g). Indeed, for the second inclusion one can notice that if f € D>, then W LY(f) W= =
a?(f) ® 1 where o(f) is a Hilbert—Schmidt operator, hence compact. The same conclusion
follows from Theorem 2.16.

Secondly, if f € D;> has a quasi-inverse g € AY, then the previous proposition shows that
g€ Ay, too. Since (D2, *g) is an ideal in Ag by Lemma 2.17, we conclude that f xg g % f € D;2,
which is enough to establish that g € D;». i

A relevant group of inner automorphisms of the “big algebras” M? or Ay is given by the
metaplectic representation. Real symplectic 2N X 2N matrices act on functions by M f(x) :=
f(M~'x). We can consider inhomogeneous symplectic transformations, i.e., affine transformations
leaving the symplectic structure invariant. Let (s, M) denote an element of the inhomogeneous
symplectic group ISp(2N,R), i.e., the semidirect product of the group of translations and the
symplectic group, with group law

(51, M1) (52, Ma) = (M3 's1 + 52, M{ M>),
acting by
(s, M) f(x) = f(M~'x - 5). (2.15)

The equivariance of the twisted product is readily checked:

(s, M) f g (5, M)g = (5. M)(f *¢ ). (2.16)

We concentrate on the homogeneous (0, M) transformations. The symplectic action is realized
by the adjoint *-action of unitaries E(M, -), belonging also to the multiplier Moyal algebra M?.
They constitute a variant of the metaplectic representation; E (M, -) is a distribution on the space of
smooth sections of a nontrivial line bundle over ISp(2N, R), that works like the exponential kernel
of a noncommutative Fourier transform:

E(Ma ) *Qf*g E(M,)* :Mf’ (2'17)

forall f € Sor f € L>(R*N) or even f € §&'. Explicitly, for elements M of Sp(2N, R) which are
“nonexceptional”, i.e., det(1 + M) # 0, there is the presentation

. N 1-M
E(M,x) = " ———exp|-ix - S

Vdet(1 + M) P o(L+M) ")

(2.18)
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Thus, such E(M,.) are imaginary-quadratic exponentials; the quadratic form in the exponent is
actually an important symplectic invariant, solving a modified Hamilton—Jacobi equation, intro-
duced by Poincaré [69] and nowadays all but forgotten. The phase prefactor in (2.18) reflects the
ambiguity inherent in (2.17), which can be reduced to a sign, so that

E(M,")xg E(M',-) = +E(MM’,").

The curious reader can directly check the last two formulas, aided by the method of the stationary
phase; a look at [1,37,89] will help.

In contradistinction to the Weyl algebra, the E(M, -) do not belong to B, and so they yield outer
automorphisms of Ay — and of course of Ayg.

Note that the values exp(£2i6~! (x1xy+1 + - - - + xyX2y)) are never reached by E in (2.18). For
good reason: these functions do not belong to the multiplier algebras M? or Ay, as the following
lemma shows.

Lemma 2.20. Let h,(x) := exp(ia(xlxN+1 + .- +xNx2N))f0ra +0. Then hy € MY, or h, € Ay,
if and only if |a| # 2/6.

Proof. We show this for N = 1, the general case follows immediately. In view of (2.8), it suffices to
consider the case 8 = 2. We must determine whether A, x> f,,, € 8; because of the multiplication
rule (2.6), it is enough to check this for the Gaussian function fy. From (2.4),

1 . . .
ha %2 foo(x) = 2—7T2//exp(laylyz—%zf—%zgﬂ(xl —y1)(x2—22) —i(x2 = y2) (x1 — 21)) d*y d*z.

With u = (y1,y2,21,22), the integral is of the type /exp(—%u - Qu — iu - R,) d*u, where the
quadratic form u - Qu, with RQ > 0, is degenerate if and only if detQ = a* -1 = 0. Thus if
la| = 1, then hy %> foo € S, and also hy %> foo ¢ L2, while if |a| # 1, an explicit calculation shows
that h, %2 foo € S. O

This shows, by the way, that O7 ¢ M? and that the M? and Ay for different 6 are all distinct
spaces of tempered distributions.

Next we look briefly at the derivations of Ay, .12[9. Linear functions, not belonging to B = ng
either, at the infinitesimal level double as Hamiltonians for the translations; quadratic functions
double as Hamiltonians for linear symplectomorphisms. For £ affine quadratic

(A, flxg = 6 {R, [},

that is, the Moyal and Poisson brackets in this case essentially coincide. (Note that the derivations
of Ay corresponding to quadratic Hamiltonians are unbounded.)

On the other hand, all derivations of M? are inner, as is easily proved using the Poincaré lemma
in the distributional context [31]. _

An important task is to compute the Hochschild cohomologies of Ay and Ay, as Connes did for
the NC torus in [15]; we have already seen that they are not entirely trivial. The “big algebras” M?
and Ay, on the other hand, risk having uninteresting cohomology.

Rennie has proposed to equip nonunital noncommutative algebras A like Ag with a “local ideal”
A, c A [73], which would be a noncommutative generalization of the space C.°(M) of smooth
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functions with compact support. A Fréchet algebra A is local in his sense if it has a dense ideal A,
with local units; an algebra A, has local units when, for any finite subset of elements {ay, ..., a}
of A, there exists u € A, such that ua; = a;u = a; fori =1, ..., k.

Certainly the Moyal product %y is not “local” in the ordinary sense: the formulas (2.3) and (2.4)
are two different definitions, as may be noticed in the simple example of a couple f, g with disjoint
supports; then (2.3) gives zero outside the supports; while (2.4) does not. The algebras Ay are not
known to have bilateral ideals; it is very likely that they are simple, and if so, they would not be
local in the sense of [73], either (thus, it is not clear if Rennie’s device can carry the full weight of
noncommutative spin geometry).

However, one can define a useful weaker notion of locality:

Definition 2.6. A Fréchet algebra A is quasilocal if it has a dense *-subalgebra A, with local units.
Here, we choose

Ac = U Acx, where Aq.g = {f €d8: f=

KeN

Cmnfﬁn}-

0<|m|,|n|<K

That is, A, is the algebra of finite linear combinations of the { f,,,, : m,n € NV 3 it possesses local
units, and so Ay is quasilocal.

Rennie further argues that possession of a local ideal in his sense guarantees H-unitality [97] of
the original algebra. Certainly our A, is algebraically H-unital, as it possesses local units [61]. It
would be good to know whether Ay is topologically H-unital.

3 Axioms for noncompact spin geometries
3.1 Generalization of the unital case conditions

To define and construct noncommutative spin manifolds, one starts from an operatorial version of
ordinary spin geometry, that can be generalized to noncommutative manifolds. Ideally, one should
prove a reconstruction theorem, allowing to recover all of the (topological, smooth, geometrical)
concrete structure from the abstract geometry over a suitable commutative algebra; this has been
performed to satisfaction for compact manifolds without boundary [18,19,45,71]. However, to rush
to that at the present stage would not do. It is better for now to patiently listen to what the possible
examples have to say.

As the first part of our task, therefore, we seek a collection of Connes-like axioms for not
necessarily compact noncommutative manifolds. Such a list of conditions should be compatible
with the previous axiomatic framework, and be fulfilled by noncompact commutative manifolds.
We expect it also to encompass other interesting cases. Our main task will then be to prove that
noncommutative Moyal-product algebras constitute one of the examples. (To eventually reach this
goal, we use heavy machinery wholesale; we do not claim to have the “best” proofs.)

The discussion in this section will be relatively informal; a formal proposal is made in the next
section.

We set out by discussing what a real noncompact spectral triple might be. As mentioned in the
Introduction, the basic data (A, H, D) —or (A, H, D, x) — for a spectral triple consist of an algebra
A represented by bounded operators on a Hilbert space I and an unbounded selfadjoint operator D
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on I, such that each commutator [D, a], for a € A (densely defined as an operator on JH) extends
to a bounded operator; it is understood that e Dom D € Dom D.

To get an idea of the difficulties involved in the choice of A, consider the commutative case, say
of the manifold R¥. Depending on the fall-off conditions deemed suitable, the smooth nonunital
algebras that can represent the manifold are numerous as the stars in the sky. The problem is
compounded in the noncommutative case, say when A is a deformation of an algebra of functions.
To be on the safe side, we will take a relatively small algebra at the start of our investigation of the
Moyal examples; during its course, a larger candidate will emerge. _

Also, when A is not unital, we need choose a preferred unitization A. Consideration of the
links to K-theory and K-homology makes it prudent to require that A, A be pre-C*-algebras, whose
K-theories then coincide with those of their respective C*-completions [17].

Denote by K (H) the compact operators on H, and by £? () the Schatten ideal in K ()
defined by a finite norm ||A]|, := Tr(|A|P)"/P, for p > 1. For compact or unital spectral triples, it
is further required that the operator D have compact resolvent, that is, (D — 1)~' must belong to
K(H) for A ¢ sp D. Consequently D must have discrete spectrum of finite multiplicity. Since this
is clearly not the case for the Dirac operator I} on R¥, in the nonunital case we only demand [18]
that a(D — A)~! be compact for ¢ € A. This condition ensures that the spectral triple (A, 3, D)
corresponds to a well-defined K-homology class [51, Chap. 10], and could be termed ‘Axiom o’ for
an — in general noncompact — noncommutative geometry.

We turn to the several conditions which spectral triples must satisfy to yield noncommutative spin
geometries. To formulate the generalization to the noncompact case, we focus first on commutative
geometries. First in line there is a summability condition, namely that the operators a(D?+&%)~! be
not merely compact, but belong to the generalized Schatten class called £¥*, with k an integer; this
is a kind of kth root in the sense of operator products of the Dixmier trace class £'* [17,45]. More
concretely, a compact operator T belongs to £** if its singular values satisfy u, (T) = O(m'/*) as
m — oo,

In the compact commutative case of a k-dimensional spin manifold, choosing D to be the
ordinary Dirac operator I on a spinor space H, one finds that

T @) = € [ atd'x
M
where Tr" denotes any Dixmier trace, for a universal constant Cy. For the noncompact commutative
case, we expect Tr™ (- | 19| %) still to exist for a suitable algebra of integrable functions, and we regard
Tr (- |1p|7%) as a noncommutative integral. These two summability conditions together constitute
Axiom 1.

A further necessary condition was regularity or smoothness of the spectral triple. If 6(T) :=
[|D],T] for an operator T on H, regularity means that each a € A and each [D, a] lies in the
domain of 6" for all n € N. In the commutative case, |IP| is a first-order pseudodifferential operator,
and computing 6" (a) is onerous; it is somewhat easier to handle the (commuting) operations

L(T) = B [P, T],  R(T):=[B>T]|B|™", (3-1)

and one can show that the smooth domain of ¢ equals the common smooth domain of L and R [23].

If f is a Schwartz function acting on L?(R*) ® 2" asan (ordinary) multiplication operator, we
can regard it as a pseudodifferential operator with symbol f(x) ® 1,14/2), and one checks that L"R™ f
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is a bounded pseudodifferential operator of order (at most) zero. On the subject of regularity, the
reader is advised to look at the discussions in [45, Sec. 10.3] and also in [50,73].

There is no obvious need to modify this axiom in the noncompact case. However, at the technical
level, |Ip |_1 1s a somewhat more problematic object than in the compact case, and one must find a
substitute for it.

The condition of finiteness, in the unital case, is that the smooth domain H™ of D in JH be a
finitely generated projective (left) module over the unital algebra A, that is, H*™ =~ A" p for some
projector p = p* = p? in M,,(A) with a suitable m.

In the case of M = RX, under either the pointwise or the Moyal product, the module of smooth
spinors is free since the spinor bundle is trivial. However, when A is nonunital, to get a projective A-
module one should select the projector p in a matrix algebra over the preferred compactification A.
See Rennie [72] for a discussion both of this point and of “pullback modules”. Concretely, if A; is
an ideal of A and if € is a left A-module, its pullback to A; is the left A;-module &; := A €.

The finiteness condition for the nonunital case should then demand that H* densely contains a
pullback of a finite projective A-module to .A; or, better still, that it can be identified with A}’ p, with

A an ideal in A; (thus A is also a unitization of Ay), for some m and some projector p € M, (fT)
Moreover, a hermitian structure should be defined on the module ™ through the noncommutative
integral; we shall see the details of this further on.

We bring up next the axioms having an algebraic flavour. The reality condition is the existence
of an antilinear conjugation operator J on 3 such that a — Ja*J~! gives a second representation
of A on J{ commuting with the original one, and with certain algebraic properties listed in [18,20]
and reviewed later: for the commutative case of spin manifolds, J is just the charge conjugation
operator on spinors. There is no need to modify this axiom in the noncompact case.

The first order condition is that

[[D,a]l,Jb*J7 '] =0, forall a,beA.

For the commutative case this is a simple check, since D = Ip is a first-order differential operator.
There is no need to modify this axiom in the noncompact case.
The orientability condition is that the spectral triple (A, JH, D) carry an algebraic version of
a “volume k-form”, where k is the integer summability exponent (k = 2N in the nondegenerate
Moyal case). Let bgp denote by € A as an element of the opposite algebra A°P, with the product
reversed; this algebraic version consists of a Hochschild k-cycle ¢, that is, a sum of terms of the
form (ap ® bgp) Qa; ® -+ Q ay satisfying b ¢ = 0 (cycle property), that we represent by bounded
operators
wp((ap ® b)) ® a1 ® -+ ® ay) = agJbyJ ' [D,ai] ... [D,axl, (3.2)
and on which we impose 7p(c) = y (orientation), where y is the given Z,-grading operator
on H. We just use y = 1 if k is odd; and, in the even case for ordinary spinors, one uses

x = (=)"yly? oy

For the commutative or noncommutative torus C°°('I]'(f§), with unitary generators uy, ..., ug

satisfying '
Upj = 'Ok ujug, (3.3)

the good Hochschild cycle is known [20, 45] to be

(—i)Lk/2] ~
=0 Z(_l)o—(ua(l)uaﬂ) e (k) ®Ue(1) ®Ug(2) ® ¢ ® U (k) (3-4)
’ o
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where the sum is over all permutations of 1,2, ..., k.

For nonunital algebras, we might expect something similar. However, the fact that the plane
waves belong to B suggests, in the light of the NC torus example, taking the cycle over the unitization
A rather than A itself. This has the happy consequence of bypassing the many difficulties of
Hochschild cohomology for nonunital algebras.

Poincaré duality for a noncompact orientable manifold M is usually expressed as the isomor-
phism between the compactly supported de Rham cohomology and the homology of M, mediated
by the fundamental class [ M]. In noncommutative geometry a K-theoretic version is in order. One
would expect that some kind of compactly supported K-homology of the initial nonunital algebra
A be isomorphic to its K-theory, through a fundamental K-homology class of A ® A°P given by the
spectral triple itself. We shall actually leave aside the final condition of Poincaré duality in K-theory,
since it is not central to the present form of the reconstruction theorem in the compact case [45], and
the details of its reformulation in the nonunital noncommutative case are still somewhat clouded.

3.2 Modified conditions for nonunital spectral triples
Definition 3.1. By a real noncompact spectral triple of dimension k, we mean the data
(‘A5'/2|Taj{aDaJaX)9

where A is an (a priori nonunital) algebra acting faithfully (via a representation sometimes denoted
by ) on the Hilbert space H, A is a preferred unitization of A, acting the same Hilbert space, and
D is an unbounded selfadjoint operator on H such that [ D, a], for each a in A, extends to a bounded
operator on J.

Furthermore, J and y are respectively an antiunitary and a selfadjoint operator, such that y =1
when k 1s odd, and otherwise )(2 =1, ya =ayfora € A,and D y = —y D, satisfying the conditions
which follow.

0. Compactness:
The operator a(D — A)~! is compact fora € A and A ¢ sp D.

1. Spectral dimension:
There is a unique nonnegative integer k, the spectral or “classical” dimension of the geometry,
for which a(D? + £%)~!/2 belongs to the generalized Schatten class £ for each a € A and
moreover Tr* (a(|D| + &)%) is finite and not identically zero, for any £ > 0. This k is even if
and only if the spectral triple is even.

2. Regularity: _
The bounded operators a and [D, a], for each a € A, lie in the smooth domain of the
derivation 6 : T +— [|D|, T].

3. Finiteness: _
The algebra A and its preferred unitization A are pre-C*-algebras. There exists an ideal A,
of A, including A, which is also a pre-C*-algebra with the same C*-completion as A, such
that the space of smooth vectors

C¥(D) = H® = ﬂ Dom(D¥)
keN
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is an A -pullback of a finite projective A-module. Moreover, an A1-valued hermitian structure
(- | -) is implicitly defined on H{* with the noncommutative integral, as follows:

Tr* ((aé | n)(ID] + &)%) = (] ag), (3.5)

where a € A and (-|-) denotes the standard inner product on J. This is an absolute continuity
condition, since (- | -) is a kind of Radon—Nikodym derivative with respect to the functional
Tet (- (|ID] + €)75).

4. Reality: _
There is an antiunitary operator J on JH, such that [a,J b*J‘l] = 0 for all a,b € A (thus
b +— Jb*J~! is a commuting representation on H of the opposite algebra A°). Moreover,
J?=xland JD = +DJ, and also Jy = +yJ in the even case, where the signs depend only
on k mod 8. Here is the table for the even case; see the full table in [45, p. 405].

Nmod4 (O 1 2 3
JP=x1 |+ - — +
(3.6)
JD=+DJ |+ + + +
Jy=xtxJ |+ - + -

5. First order:
The bounded operators [D,a] also commute with the opposite algebra representation:
[[D,a],Jb*J '] =0foralla,b € A.

6. Orientation: _ L
There is a Hochschild k-cycle ¢ on A, with values in A ® A°P. Such a k-cycle is a finite sum
of terms like (a ® b°?) ® a; ® - - - ® ay, whose natural representative by operators on H is
given by mp(c¢) in formula (3.2); the “volume form” mp (¢) must solve the equation

np(c) =y (evencase), or ap(c)=1 (odd case). (3.7)

Finally, a geometry is called connected or irreducible if the only operators commuting with
A and D are the scalars. We are mainly interested in connected noncompact noncommutative
geometries.

The discussion in the previous subsection, and this proposal, are very much in the vein of [41].
We may also keep the concept in that article of “star triples”, a specialization of the spectral triple
to deformations of the algebra of functions on a noncompact manifold, wherein the Dirac operator
(is possibly deformed, but) remains an ordinary (pseudo-)differential operator on that original
manifold. However, the authors of [41] got carried away in that they confused properties of L? with
properties of the Weyl pseudodifferential operator associated (by the Schrodinger representation)
to the “symbol” f. And thus, the dreaded “dimension drop”, apparent there, does not actually take
place. But before going to the Moyal case, we need to reexamine the commutative case.
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3.3 The commutative case

The outcome of the discussion in subsection 3.1 is that the main outstanding issues, in order to
obtain noncompact noncommutative spin geometries, are the analytical ones.

Let A be some appropriate subalgebra of C*(M) and ) be the Dirac operator, with k equal to
the ordinary dimension of the spin manifold M. Let J{ be the space of square-integrable spinors.
Then [ID, f] = ID(f), just as in the unital case, and so the boundedness of [ D, A] is unproblematic.
In order to check whether (A, 3, D, x) is a spectral triple in our sense, one first needs to determine
whether products of the form f(|I§| + )% are compact operators of Dixmier trace class, whose
Dixmier trace is (a standard multiple of) f f(x) d*x. This compactness condition is guaranteed in
the flat space case (taking A = S(R¥), say) by celebrated estimates in scattering theory [81], that
we review in subsection 4.1.

The summability condition is a bit tougher. The Cesaro summability theory of [34] establishes
that, for a positive pseudodifferential operator H of order d, acting on spinors, the spectral density
asymptotically behaves as

SLk/2]

dy(x,x; ") ~
H(x,x;47) 42k

(wres H M4 (yk=d/d o . ),

in the Cesaro sense. Here wres denotes the Wodzicki residue density [45]. (If the operator is not

positive, one uses the “four parts” argument.) In our case, H = a(|IP| + £)~* is pseudodifferential

of order -k, so

221 a(x)
k (2m)*

as I’ — oo in the Cesaro sense; here Q is the hyperarea of the unit sphere in R*. We independently
know that H is compact, so on integrating the spectral density over x and over 0 < A’ < A, we get

dp(x,x;") ~ - (X724,

pLk/2] Qkfa(x) d*x 1
Ng(A) ~ — A .
() K2 7 3d—o®

This holds in the ordinary asymptotic sense, and not merely the Cesaro sense, by the “sandwich”
argument used in the proof of [34, Cor. 4.1]. So finally,

2210y [a(x)d*x 1
An(H) ~ F 2 - as m — oo, (3.8)

and the Dixmier traceability of a(|Ip| + &), plus the value of its trace, follow at once.

The rest is a long but almost trivial verification. For instance, J is the charge conjugation
operator on spinors; the algebra (B, x() is a suitable compactification; the domain H* consists of
the smooth spinors; and so on. See below the parallel discussion for the Moyal case.

The following theorem sums it up.

Theorem 3.1. The triple ($(RF), L>(R*) ® c2, ) on R* defines a noncompact commutative
geometry of spectral dimension k.

What about the nonflat case (of a spin manifold such that D is selfadjoint)? Mainly because the
previous Cesaro summability argument is purely local, everything carries over, if we choose for A
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the algebra of smooth and compactly supported functions. Of course, in some contexts it may be
useful to demand that M also has conic exits.

We want to remark that formula (3.8) for the flat case has been proved by Chakraborty et al
in [11], using an ingenious reasoning involving two Laplacians on R*. Theirs is a kind of “poor
man’s argument” for ours, because what it is really used is that the spectral density has the same
asymptotic behaviour for the two Laplacians. Also, our inference is not confined to flat manifolds,
rather it is directly valid on any decent noncompact manifold (without recourse to “lifting” devices).

3.4 On the Connes-Landi spaces example

An interesting family of compact spectral triples was constructed by Connes and Landi [25],
by isospectral deformation of a commutative spectral triple wherein the Dirac operator is kept
fixed (just as for our Moyal-product example) but the algebra is “twisted”. One starts with a
smooth boundaryless manifold M carrying a smooth effective action of a torus T* of dimension
k > 2. The orbits on which T* acts freely determine maps C*(M) — C*(T*), and with these
maps one can pull back the NC torus structure on C°°(T£) = (C®(Tk), e) to get an algebra
C*(Mg) = (C*(M), ). This algebra is given in fact by a periodic Moyal product just like
(2.1), with the translations replaced by the Tk-action. See [26, 82, 87, 88] for several equivalent
formulations of this construction.

Now, as pointed out in [26], there is no need to assume that the manifold M be compact: we
only need that the group action on M be periodic. Taking M = R¥, we get a noncompact spectral
triple which is not isomorphic to the Moyal product examples considered in this article; one can
regard it as intermediate between the commutative case and the full Moyal cases (with nonperiodic
action).

Concretely, the sphere S?V~! = SO(2N)/SO(2N — 1) carries an effective action of TV, namely
the rotations by elements of a maximal torus of SO(2N); and this extends to a T"-action by
rotations of R?V preserving the radial coordinate ». Each f € § is a function of coordinates
f(ryay,...,an-1,P1,...,¢yN) Where ¢ = (¢1,...,0¢N) € TN, If the equation (2.1) is interpreted
as involving integration over the ¢ ; coordinates only, it defines a new twisted product on 8 (for each
real skewsymmetric N X N matrix ©).

To define a spectral triple over this algebra, we need an operator D which is also T"-invariant.
For instance, one can construct D by extending radially the Dirac operator for (say) the round metric
on S?M~1, with its spinor bundle; it will be necessary to lift the torus action to a doubly covering
action of T" on spinors [26]. It remains to check that B is still a suitable unitization of 8 (note that
abstract smoothness of B is proved like in Section 2 here [87]) in the case of the Connes—Landi
twisted 2N-planes, in order to conclude that these fit into the framework developed in this paper.

4 The Moyal 2N-plane as a spectral triple

There is a natural star triple associated to the Moyal plane and we shall see that it is part of the data
for an even spectral triple fulfilling all required conditions.

Let A = (8(R?V), xg), with preferred unitization A := (B(R?"), %4). The Hilbert space will
be H := L>(R?M) ® c?" of ordinary square-integrable spinors. The representation of A is given by

A — L(H): f L‘} ® 1,~, where L? acts on the “reduced” Hilbert space JH, := L*(R?V).
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In other words, if ¢ € A and ¥ € J{, to obtain n%(a)¥ we just left Moyal multiply ¥ by a
componentwise.

This operator () is bounded, since it acts diagonally on I and ||LfC|| < (270)™N2|| f]l» was
proved in Lemma 2.8. Under this action, the elements of J{ get the lofty name of Moyal spinors.

The selfadjoint Dirac operator is not “deformed”: it will be the ordinary Euclidean Dirac operator
D = —iy*3,, where the hermitian Dirac matrices vyl ...,y satisfying {y*,y"} = 426"
irreducibly represent the Clifford algebra C£(R?*") associated to (R?,7), with n the standard
Euclidean metric.

As a grading operator y we take the usual chirality associated to the Clifford algebra:

X = yane1 = Lo @ (=) Nyly? N,

The notation y,y.; is a nod to physicists’ ys. Thus y? = (=D¥(y!...%*")? = (=1)*N =1 and
xyH=-yx.

The real structure J is chosen to be the usual charge conjugation operator for spinors on R?V
endowed with an Euclidean metric. Here, we only assume that J> = +1 according to the “sign
table” (3.6) and that

J(lg, @ y*)J ™" = —1g;, @ y¥

which guarantees the other requirements of (3.6). In general, in a given representation, it can be
written as
J =CK, (4.1)

where C denotes a suitable 2" x 2V unitary matrix and K means complex conjugation. An explicit
form for J in a particular representation can be found in [98] where all y* are hermitian matrices
with purely imaginary (respectively real) entries when u is even (respectively odd).

An important property of J is

J(LO(f*) ® 1w) T ' = RY(f) ® 1y, (4.2)

where RY(f) = R? is the right Moyal multiplication by f; this follows from the antilinearity of J
and the reversal of the twisted product under complex conjugation.

Lemma 2.1(iii) implies that [, 7%(f)] = —iL (9, f) ® y* =: n%(ID(f)); by Theorem 2.16 this
is bounded for f € Ay = B(R?") —just as in the commutative case.
4.1 The compactness condition

In this subsection and the next, the main tools are techniques developed some time ago for scattering
theory problems, as summarized in Simon’s booklet [81, Chap. 4]. We adopt the convention that
L2(H) = K(H), with [|Alleo := [|Allop-

Let g € L*(R?"Y). We define the operator g(—iV) on 7, as

g(=iV)y =5 (g Fy),

where J is the ordinary Fourier transform. More in detail, for ¢ in the correct domain,
g0 = @ [0 o) Ve dy.

The inequality [|g(=iV)¢|l2 = [|IF'gFl2 < lIgleoll¥ |2 entails that [|g(=iV) [l < [Ig]leo-

24



Theorem 4.1. Let f € A and A ¢ spI). Then, if Rj(Q) is the resolvent operator of Ip, then
()R p(A) is compact.

Thanks to the first resolvent equation, Ry (1) = Rp(A") + (A" =) Rp(A)Rp(A’), we may assume
that 4 = iy with u € R*. The theorem will follow from a series of lemmas interesting in themselves.

Lemma 4.2. If f € Sand 0 # u € R, then

7 ()Rp(in) € K(H0) == 2 (HIRp( i) € K(30).

Proof. Weknow that L(f)* = LY(f*). The “only if”” part is obvious since R (ixt) is a bounded nor-
mal operator. Conversely, if 7%(f)|Rp(iu)|* is compact, then 7%(f)|Rp (i) |*x?(f*) is compact.
Since an operator 7" is compact if and only if 77™ is compact, the proof is complete. O

The usefulness of this lemma stems from the diagonal nature of the action of 7?(f)|Ry (ip))?

on H = H, ® C2"; so in our arguments it is feasible to replace H by H,, n?(f) by Le and to use
2N 42
0

=1 9 instead of the square of the Dirac operator D>

the scalar Laplacian —A := — ),

Lemma 4.3. When f, g € J(,, L? g(—iV) is a Hilbert—Schmidt operator such that, for all real 0,

ILS g(=iV)ll2 = ILG g (=iV)ll2 = 20) ™I £ 112 llglla-

Proof. To prove that an operator A with integral kernel K4 is Hilbert—Schmidt, it suffices to check
that f |K4(x,y)|? dx dy is finite, and this will be equal to ||A||% [81, Thm. 2.11]. So we compute
Kpo(f)g(-ivy- In view of Lemma 2.11,

[L°(f) g(=iV)y1(x) = // flx=§SE) (&) (y) e Vg a?Ny.

(2 )2N

Thus 1
Kpo(p) g-iv)(x:¥) = W / flx— gsg) g(&) €6 PN g,

and f |KLo(f) g(—iv) (X, y)|? dx dy is given by

W /// fx=5458)3(&) f(x—5§50) () "D PNy a?Ny aPNy aPN ¢

= G [ 11 = $OF (@ s e = xy 15 N < . 0

Remark 4.4. As a consequence, we get

[-1l2- lim LY g(=iV) = L) g(=iV).
Lemma 4.5. If f € H, and g € LP(R?N) with2 < p < oo, then L9 g(=iV) € LP(H,) and

1LY g(=iV), < (27) NP GNALLD) | ) g,
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Proof. The case p = 2 (with equality) is just the previous lemma. For p = oo, we estimate
IS g(=iV)lleo < (2720) V2| fll2 Nlglloo: since ILG g(=iV)lleo < IILGlleo llg(=iV) lloo, this follows
from Lemma 2.8 and a previous remark.
Now use complex interpolation for 2 < p < oco. For that, we first note that we may suppose
g > 0: defining the function a with |a| = 1 and g = a|g|, we see that
ILS ¢(=iV)I5 = Te(ILS g(=iV)[?) = Tr(g(=iV) LY. L} g(=iV))

= Tr(|g|(=iV) a(=iV) LY. LG a(=iV) |g|(=iV))

=Tr(a(-iV) |g|(=iV) Lo L9 gl (=iV) a(=iV))

= Tr(IL} 1gl(=iV)*) = 1LY 1] (=iV)]13,
and

ILG g(=iV)lleo = ILG a(=iV) lgl(=iV)lloo = IIL [8](=iV) a(=iV)]|co
<NLG 18l (=iV)lleo lla(=iV) lleo = 1L Ig1 (=i V) lco.

Secondly, for any positive, bounded function g with compact support, we define the maps:
Fp:zm L5 (=iV):S={z€C:0< Rz < 5} = L(H,).

Forally € R, F,(iy) = g‘y” (=iV) € L=(H,) by Lemma 4.3 since g, being compactly supported,

lies in JH,.. Moreover, ||F (i) loo < 27O) N2 £l]5.

Also, by Lemma 4.3, Fp(% +iy) € L2(3,) and ||F,(5 +iy)ll2 = 22) || fll2 lg?/?||2. Then
complex interpolation (see [70, Chap. 9] and [81]) yields F(z) € £L'/R¢(HK,.), for all z in the strip S.
Moreover,

IF, ()11 /%= < IFOS2RIF L) 112% = || fll2(2700)~F (17289 (27r) 2N Re | o2/2 282,
and applying this result at z = 1/p, we get for such g:

1LY g (=D, = 1F(1/p)ll, < (27) N2 P GNP ) g,

We finish by using the density of compactly supported bounded functions in L? (RV). O

Remark 4.6. In the commutative case, if f and g are bounded on R¥, then || f(x) g(=iV)|le <
|| flleo || €]lco- Complex interpolation [8,70,81] leads then to an estimate of the form

1/ () g(=iV)Il, < Cm) ™ P £, llgll,

when p > 2. For f € 8 and for g(y) := 1/+/|y|? + u2, which lies in LP(R*) for all p > k we
conclude that f(x) g(—iV) is compact and in £ for p > k. This already strongly pointed to
compliance with Axiom 1 (verified above using Cesaro summability considerations), since £+ is
larger than L£X but smaller than the intersection of the £ for p > k.

Lemma4.7. If f € Sand 0 # y € R, then n%(f) |R17)(i,u)|2 e LP for p > N.
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Proof. We see that
()R () = (LG © L) (B =iw)™ (B +ip) ™ = LG (<070, + 1)) @ Low.

So this operator acts diagonally on H, ® C?" and Lemma 4. 5 implies that
9 21 N(1/24+1/p) =N (1/2-1/p) d*Ne Vp
L% (=070 +p) 7 ||, < (2m) "0/ TP gmRUISTP IIfIIz(/ —) :
I oo +457, (€&, + )
which is finite for p > N. O

Proof of Theorem 4.1. By Lemma 4.2, it was enough to prove that 7%(f) |R(ix)|* is compact for
a nonzero real u. O

The conclusion is that (A,ﬁ, H, D, x,J) defines a noncompact spectral triple; recall that we
proved in Section 2 that both A and its preferred compactification A are pre-C*-algebras.

4.2 Spectral dimension of the Moyal planes

Theorem 4.8. The spectral dimension of the Moyal 2N -plane spectral triple is 2N.

We shall first establish existence properties. Thanks to Lemma 4.5 and because [ID, 7%(f)] =
—iL%(8,f) ® y*, we see that 77 f) (D*+ &)~ and [P, 7 (f)] (D* + &)~ lie in £P (H) whenever
p > N/I (we always assume & > 0). In the next lemma, we show that [|B], 7(f)] (Ip* + £2)~

has the same property of summability; this will become our main technical instrument for the
subsection.

Lemma 4.9. If f € S and 1 <1 < N, then [|B|, n°(f)] (B* + %)~ € LP(H) for p > N/L.
Proof. We use the following spectral identity for a positive operator A:
g
nJo A2+u @
and another identity for any operators A, B and A ¢ sp A:
[B.(A-D7=(A-D7'[ABl(A-D)7" (4-3)

Hence, for any p > 0,

. T o (L R N
112" () =11+ 01 = 1 [ | SE |

- [ ey )] e
0

n (1Dl +p)? +u (Dl +p)?+p Vi
_1r 1 2 6 1
- ﬂ/o (1B + p)* + p [AB1+ )7 (D) (1B + p)* + p Vi dy “44)
= %/0 m(—ﬂg(é’“@pﬂ = 2i(LY(0,f) @ y") I + 2p[1D], 2% (f)]

— udpu.
X(Ilb|+p)2+ﬂ\/ﬁ #
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This implies that

1
(1B +p)* +

+2p(1B1,"(1)])

(—ﬂg(ﬁ“aﬂf) = 2i(LY (0 f) ® y*) 1P

1
(1B + p)? + u

2 - 1 r=
Jupta’ ) @+, < 1 [
(B +67)

Vi du.
P

Thus, the proof reduces to show that for any f € 8,

1 / 0
T Jo
Since the Schatten p-norm is a symmetric norm, and since, as in the proof of Theorem 4.1, only
the reduced Hilbert space is affected, expression (4.5) is majorized by

l/w S
wJo 1B+ +pull (D> +e2)12

< %/ R B+ 2B+ )+ 07
0

(¢2 + 82)—1

VHdu < . (4.5)
p

_ v ey
(IlD|+p)2+#ﬂ (HP (IB| +p)?+u

3/2 1 1

(EZ +82)l_1/2 ((lml +p)2 +,Lt)1/2
VH dp

Thanks to Lemma 4.5, we can estimate the u-dependence of the last p-norm:

Vi dp

P

7 (f)

7N B+ p)* + )2 + 2712
< (2m) NP g=NA2=1/P) 7|1 ||((|§| +0)2+ ) 22 +e2)"+1/2||p

< C(p, O)[(CIg]+ p)* + )| (|l + 2717

re

with p~! = ¢! +r~! appropriately chosen, these integrals are finite for ¢ > 2N and r > 2N /(21 -1);
forl = %, take r = co and g = p. For such values,

2 (N ABI+ p)? + ) (B + 2712
. 2 oty olaf [ R2N-1 1/q
<P DI Ir o (/o ((R+p)*+p)a/?
rta(4 - Ny
O

= C(p,0,N; )| + &%) 12|, aN/a p 2N = O (p, q,0,N; f) p N

Finally, the integral (4.5) is less than

C'(p.q,0,N f)/oo e,
p7 q, 5 ) /’t?
SRPEPORE

which is finite for ¢ > 2N and p > N/I. This concludes the proof. |

Lemma 4.10. If f € 8, then 7% (f) (|| + €)' 7% (f*) € LN+ (K).
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Proof. This is an extension to the Moyal context of the renowned inequality by Cwikel [27,81,94].

As remarked before, it is possible to replace n* by -A, 7?(f) by L; and H by JH,. Consider

g(=iV) := (V-A+¢&)~!. Since g is positive, it can be decomposed as g = Y, g, Where

g(x) if2" ! < g(x) <2n,
gn(x) = .
0 otherwise.

Foreachn € Z, let A, and B, be the two operators
A, = Z LY g (~iV) LY., B, := Z LY gi(-iV) LY.
k<n k>n
We estimate the uniform norm of the first part:

> gk (-iv)

k<n

< 2r0) M| f132" = 2" c1(6, N f).

[Anlleo < ILGI < 270)IIf113

ng

oo k<n

(o)

The trace norm of B, can be computed using Lemma 4.3:

|Bulli = (Z 8k(—iV))l/2L9* 2 = ‘Le (Z gk(—iV))1/2H2 = 2n)*N£15 (Z gk)l/z :
k>n ! 2 ! k>n 2 ? kon 2
= VAR || D a|| = @0 VIAB D llgxlh
k>n 1 k>n
< @0 MI£13 > Ngxlleo v{supp(gr)},

k>n

where v is the Lebesgue measure on R?Y. By definition, ||gx |l < 2* and

v{supp(gr)} = vix e R?V : 251 < o(x) < 28} < v{x e R?N : (|x| + &)~ = 2% 1y
< 22N (1-k) cs.

Therefore,

|Bull1 < (27r)_2N||f||§221\’c2 Z Hk(1-2N)

k>n
<n e || fIl3 27N = 200N ey (N ),

where the second inequality follows because N > %

We can now estimate the mth singular value p,, of B, (arranged in decreasing order with
multiplicity): ||B,|li = 2o ur(Bn). Note that, for m = 1,2,3,..., ||Bsll1 > Z:o] ux(By) >
m o (By). Thus, wm(By) < ||Bpllim™" < 2"072M) ¢3m~!. Now Fan’s inequality [81, Thm. 1.7]
yields

ﬂm(l‘? g(=iv) LO*) = Um(An + Bn) < p1(An) + ptim(By)

<Al + 1Bullim™ < 2%y + 272N eym!,
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Given m, choose n € Z so that 2" < m~1/2N < 2"*1 Then

,um(Lff g(=iV) L?*) < ¢ m~ 12N 4 c3 m~(I72N/2N =1 c4(6,N; f) m~ 12N
Therefore L? (V-A+¢)7! Lfc* e L2N*(3(,), and the statement of the lemma follows. O

Corollary 4.11. If f, g € 8, then n?(f) (|| + €)' 7%(g) € LPN*(H).
Proof. Consider 7%(f +g*) (|| +&) ' 2(f* + g) and 70 (f +ig*) (1P| + &) ' 7 (f* Fig). O
Corollary 4.12. If h € 8, then n%(h) (|| + &)~! € L2N*(H).

Proof. Let h = f ¢ g. Then
7’ (h) (1Bl +&) " =2°(f) (1B]+ ) 7°(g) + 7°(f) [2%(2). (1B + £)'],
and we obtain from the identity (4.3) that
7' () (1B + &)~ = °(f) (1Bl + &)~ 7%(g) +2°(f) 1B +&) " [|1B]. x°()] (1B] +&)~".

By arguments similar to those of lemmata 4.5 and 4.9, the last term belongs to £? for p > N, and
thus to £2V*, O

Boundedness of (|D] + &) (lD2 + &2)71/2 follows from elementary Fourier analysis. And so the
last corollary means that the spectral triple is “2N*-summable”. We have taken care of the first
assertion of the theorem. The next lemma is the last property of existence that we need.

Lemma 4.13. If f € 8, then n°(£) (|| + &) 2N and n°(£)(D* + £2)~N are in L1 (H).

Proof. Tt suffices to prove that 7%(f) (|| + &)™*N € L£L!*(3(). We factorize f € § according to
Proposition 2.5, with the following notation:

f

S1 %0 f2 = f1 %6 f21 *e f22 = f1 *6 f21 %o f221 %0 f222
o= fi kg fo1 *g fo21 X - - ke f22..21 *g [22..22.

Therefore,

2 (f) (1Bl +8)2N =2 (f1) (Bl +8)”' 7°(f2) (1B] + )N
+72°(f) (1B + &)~ (1B 2" (£)] (1D +8) 7. (4.6)

By Lemma 4.5, 7(f1) (|| + £)~' € £P(H) whenever p > 2N; and by Lemma 4.9, the term
[1D], 7° ()] (|| + €)% lies in LI(F) for ¢ > 1. Hence, the last term on the right hand side of
equation (4.6) lies in £'(3). We may write the following equivalence relation:

2 (N (B +&)7N ~ 2" (f) (1B +8) ' 2" (L) (D] +&) M,

30



where A ~ B for A, B € KX(H) means that A — B is trace-class. Thus,

7 (NPl +8) 2N ~ 2 () (B +8) ' 7 () (1B] +8) !
= 72" (S) (Bl + &) 2% (f) (1Bl + &) 2% (f) (1B + &)+
+ 7' (f) (B +8) ' 7 () (B +8) 7" [1B], 7 (f22)] (1B] + &)V
~ 7 () UB|+ &) 2 (fa) (IB] + &) 7% (f2) (1B] + )N ~
~ 7" () (B + &)~ 7’ () (1Bl + €)' 7 (fa) (1B + )" -+ ¥ (fr220) (1B] + )7
The second equivalence relation holds because 7 (1) (|| + &)~ '7%(f1) (1P| + €)' € LP(H)
for p > N by Lemma 4.5, and [|B|, 7%(f22)] (|| + &) 7N+ € LI(H) for ¢ > 2N/(2N - 1) by

Lemma 4.9 again. The other equivalences come from similar arguments. Corollary 4.11, the Holder
inequality (see [45, Prop. 7.16]) and the inclusion £ () c £!*(H) finally yield the result. O

Now we go for the computation of the Dixmier trace. Using the regularized trace for a ¥DO:
o) = e [ ol e e s
|</\

the result can be conjectured because lima_,o Tra(+)/log(A?Y) is heuristically linked with the
Dixmier trace, and the following computation:

————Tip (2 () (P +H)7V)

2N
= li _ QS 2+ 2\—N d2N dZN
AD% 2N 21 log A / e 25D (el e AT S

_ 2NQZN 2N,
= o / Fx)d

1
lim
Ao 2N Tog A

This is precisely the same result of (3.8), in the commutative case, for k = 2N. However, to establish
it rigorously in the Moyal context requires a subtler strategy. We shall compute the Dixmier trace
of 7%(f) (IP* + €)™V as the residue of the ordinary trace of a related meromorphic family of
operators. For this, recent results of Carey and coworkers [10] extending Connes’ trace theorem
(see [16] and [45, Chap. 7]) come in handy. In turn we are allowed to introduce the explicit symbol
formula that will establish measurability [17, 45], too.

In the language of [50], thus, we seek first to verify that Ay has analytical dimension equal to
2N; that is, for f € Ay the operator 7% (f) (lﬁ2 + &2)74/2 is trace-class if Rz > 2N.

Lemma 4.14. If f € S, then Lfc (ID2 + £2)742 is trace-class for Rz > 2N, and

L) (&)1 = 02 [ 500 (e 462 Ve

Proof. If a(x,¢) € K p([RZk ), for p < —k, is the symbol of a pseudodifferential operator A, then
the operator is trace-class and moreover

TrA = (2n)7F //a(x,f) dfx dke.
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This is easily proved by taking a € S(R?¥) first and extending the resulting formula by continuity;
have a look at [29,67,93] as well.
In our case, the symbol formula for a product of ¥DOs yields, for p > N,

(=)

a!

O'[L?(—A + 82)_p] (x,¢6) = Z

aeNN
= (LY () o [(-A+&)7] (x, )
= f(x = §5¢) (1EP + &),

Ofor[Lf](x.8) 0l [(-A+ &) 7] (x.6)

Therefore, for p > N,

Tr(LG(-A+&7)77) = 2m) 2N // fx=188¢) (1€ +e?) P d*Ne d*Nx

=0 [[ ) (P 7 Ve dx o
We continue with a technical lemma, in the spirit of [73]. Consider the approximate unit
{ex}tken C Ac where ex = Yoqju<k fun- These eg are projectors with a natural ordering:

ek *g ep = e *g eg = eg for K < L, and they are local units for A..

Lemma 4.15. Let f € A, k. Then
7 (f) (B> + )™ = 20(f) (n®(ex) (D + 3" 7%(ex))" € £1(30).

Proof. For simplicity we use the notation e := ex and e, := ex4,. By the boundedness of 7% ( f),
we may assume that f =e € A, k.
Because ¢, xg e = e %y e, = e, it is clear that

7 (e)(B+ )7 (1 =7(en)) = 2%(e) (B + )" [B, 7% (en)] (B +1)7". (4.7)
Also, n%(e) [P, n%(e,)] = [, 7% (e %q e,)] — [P, 7% (e)] 7% (e,) = O because [P, n(e)] 7% (e,) =
[1D, n%(e)] for n = 1 or bigger — see equation (A.1). We obtain
Ap = () (B + )7 [B, 7% (en)] (B + 1)
=n(e)(B + )7 [B. 7% (e)] (D + )7 B, 2% (e,)) (B + 1)
=n%(e) (B + )7 [B.7%(e)]n(e2) (B + )7 [B. 2% (e)|(B+ )" = -
= (%) (B + )7 )([B, 7% (e)] (B + 1)) (B, 2 (e) 1B+ )7') -+ ([ 2% (e) | (D + D)7').

Taking n = 2N here, Aoy appears as a product of 2N + 1 terms in parentheses, each in £2V*1(H)
by Lemma 4.5. Hence, by Holder’s inequality, A,y is trace-class and therefore

() + )7 (1 - 7%(ean)) € L1 (F).
Thus,
n(e) (B + &) (1 = 7%(ean))
=n’(e)(I —ie)~' (1 - n’(eaw) + 7% (ean)) (B +ig) ™' (1 — 7°(ean))
=n(e)(PD —ie) ™' (1 — n%(ean)) (I +ig) ' (1 — 7% (ean))
+7%(e) (D —ie) ' n%(ean) (D +ie) ™ (1 — n%(ean)) € L' (). (4.8)
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That is to say, 7% (e) (ID* + £2)~! ~ n%(e)(ID* + £2)~'n? (eay). Shifting this property, we get

Jr(’w(e)(lD2 +e)™N ~ 719(6)(lﬁ2 + 82)_1719(64N)(ID2 +g2) 7N+
~ 7 (e)(B* + &)1 (ean) (I + %) 7 1 (esn) (D” + 7)™V~ -

~ 7(e)(D* + &) 70 (ean) (D + %) n0(esn) - (7 + £2) 11 (eqp).
By identity (4.3), the last term on the right equals
7% (e) (I +ie) 7l (e) (I — i) '’ (ean) (D* + €)' n(esy) - - - (I + %) ' 7% (eqn2)
+7%(e)(D +ie) "' [B, 7% (&) (B* + %) 1% (ean) (B + £2) ™' 7% (egn) - - - (B + £2) 2% (eyn2).

The last term is trace-class because it is a product of N terms in £7 (J) for p > N and one term
in £4(H) for ¢ > 2N, by Lemma 4.5. Removing the second n?(e) once again, by the ordering
property of the local units ek yields

1’ (e)(B +ie) ' n’ () (B~ ie) ' n’ (ean) (B + 1) ' n (esn) - (B + 1) ' n (euye)
= 7(e)(D* + &%) 7% (e) (B + %) n (esn) - - (B + 1)1 7% (eqn2)
+1l()(B” + )7 (B, 2" ()1 (B — i)™ 7" (ean) (B + 87) ' (esn) - (B +87) 7" (eq).
The last term is still trace-class, hence
() +°) ™ ~ 2’ () (B + &) x () (7 + &%) 2" (esw) -+ (7 + 87 7" (eann).
This algorithm, applied another (N — 1) times, yields the result:
7 (e)(B* + M)V ~ (2% (e) (B + 1) 'l (e))". O
We retain the following consequence.
Corollary 4.16. Tr* (7%(g) [7?(f). (IZ)2 +&%)7N]) = 0 for any g € 8 and any projector f € A..
Proof. This follows from Lemma 4.15 applied to 77( f) (I,‘/)2 +&2)7V and its adjoint. O

Now we are finally ready to evaluate the Dixmier traces.

Proposition 4.17. For f € 8, any Dixmier trace Tr* of n( f) (lﬁ2 +&2)7N is independent of &, and
Te(a () (2 4 69)7) = 22V [r@d= o [ d
2N (2m)2N N! (2n)N ’

Proof. We will first prove it for f € A.. Choose e a unit for f, thatis, e xy f = f xge = f. By
Lemmata 4.13 and 4.15, and because £l (H) lies inside the kernel of the Dixmier trace, we obtain

Tt (2 (f) (B + &)™) = Tt (27 (f) (2% (e) (B* + )27 (e)).
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Lemma 4.15 applied to f = e implies that (n%(e) (lD2 + 82)_17r9(e))N is a positive operator in
L (F), since it is equal to 7 (e) (Dz +&%)7N plus a term in £'(3(). Thus, [10, Thm. 5.6] yields
(since the limit converges, any Dixmier trace will give the same result):

Trt (2% (f) (B* + %) 7N) = lim(s ~ 1) Te[77(f) (2% (e) (B + £2) 2% ()]
_ nﬁl(s — D) Tr(2(f)n? (e) (B> + %) N7’ (e) + Evy), (4.9)

where
Eny = 7°(f) (2% (e)(B* + £3) ' 7%())"* = 2% (£)n° (e) (B + £2) Vo x¥ (e).

Lemma 4.15 again shows that Ey € £ (7).

Now for s > 1, the first term 7% (f) (7% (e) (D% + 82)_17T9(6))NS of Eyy is in £1(H). In effect,
using Lemma 4.5 and since 7r9(<e)(lﬁ2+62)_l € LP(H) for p > N, we get Jrg(e)(lD2+82)_17r9(e) €
LN$(FH). This operator being positive, one concludes that

(7% (e)(B* + 1) '’ (e))"* € £L1(H).
The second term 7% (£)7? (e) (IB* + £2) ™V (e) lies in £!(H) too, because
I (e)(B? + %) ™Vn? ()11 = I1(B* + &) ™22 (e)|3 = IIx” (e) (B* + £33
is finite by Lemma 4.3. So Eyy € £!(3) for s > 1, and (4.9) implies
Tt (20 (f) (B + 1) 7V) = nﬁl(s — D) Te(2()n® () (B* + %) Nn? (e))
- nﬁl(s ~ D) Te(2?(f) (B> + *)7N).
Applying now Lemma 4.14, we obtain

T (2 () (% + £7)7N) = lim(s = 1) Tr(1yw) Tr(L (<A +.67) )
= 2% imGs - 1) [ 700 (e 4227 Ve dx

__ 2N
_N!(ZN)N/f(X)d X,

2 ov-nNs oNg_ N LT(N(s=1))
/(lf| #e) AN = S e

and I'(Na) ~ 1/Na as a | 0 have been used. The proposition is proved for f € A..
Finally, take f arbitrary in 8, and recall that {eg } is an approximate unit for Ay. Since f = gxgh
for some g, h € 8, Corollary 4.16 implies

ITe* (7 (f) — 7% (ex %o f %o ex)) (B +&%) ™)
= [Tr* (2 (f) — n%(ex %o 1)) (B° + D) 7V))]
= |Tr* (2% (g) = n%(ex %9 8)) 7 (W) (B + %))
< I7%(g) = n%(ex %o &) llow Tr*|n” () (B + 2)7V].

where the identity
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Since ||7%(g) — 7% (ex %o g)|leo < (2710)™N/?||g — ek *g gl|2 tends to zero when K increases, the
proof is complete because eg xg f %y eg lies in A, and

/[eK*gf*g eK](x)a’ZNx—>/f(x)d2Nx as K T oo. O

Remark 4.18. Similar arguments to those of this section (or a simple comparison argument) show
that for f € 8,

(2 () 1B+ &)72N) = Tt () (7 + 65 7).
In conclusion: the analytical and spectral dimension of Moyal planes coincide. Lemma 4.13,
Proposition 4.17 and the previous remark have concluded the proof of Theorem 4.8. O

4.3 The regularity condition

Theorem 4.19. For f € ﬁg, the bounded operators n(f) and [Ip, n%( f)] lie in the smooth domain
of the derivation §(T) = [|ID|,T].

The traditional recursive proof [23, 45] does not work in its original form because the useful
transformations L and R are undefined in the noncompact case (i.e., | I#|~! is not available). However,
an analogue of this proof may exist if instead of (3.1) we define L, and R,, for real A4, as

Li() = (1Bl +i) " [B2-], Ra() = (B2 (1B - i)~

Here we prefer to prove the theorem by its north face: this approach is still valid for the
commutative case, compact or not.

Proof of Theorem 4.19. As before, because [P, n%(f)] = —iL?(8,.f) ® y*, it is sufficient to prove
that 7% ( f) lies in the smooth domain of §. For each n € N and p > 0, we may iterate the spectral
identity (4.4) n times, to get for 6" (n( f)):

LI VA 20 0 | !
ﬂ-n/O /0 l—[(llDI S (ad(llD|+p)) (m (f))!;l(ll?|+p)2+ﬂidﬂ" diy,

with an obvious notation for the n-fold iterated commutators.

Because [, 7(f)] = D*(f) + 2 (f) I, with the notation I} (f) := —iL?(, f) ® y*, we can
check that the term with the highest power of I in the expansion of (ad(|I}]| + p)>)" (z?(f)) is
2"p"(f) ID". For the rest of the proof, we consider only such highest-power terms. As in the proof
of Lemma 4.9, all commutators [|I}|, 7%(f)], which appear due to the artificial presence of p, will
be treated as a sum of two first order operators. Hence,

i n ! " - 1 .« ..
wh / L prea P 0w L e gy 4ot
—i OO... a nypn n L \//7._,
_””/ / HnD n<(|zz>|+p>2+z,->zd”” i (4.10)

) /[numup)z ”)(f)]mB(|m|+p>2+a,-dﬂ""'d“
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Using fooo 1(A+1*) 72V dA = n/2, the first term on the right hand side of (4.10) equals

0 n" 1 [ |D| +p ) D"
2D(f)<|zz>|+p)"( /o @Breprs Y =P O

which is a bounded operator.
For the other term, notice that the commutator [H (B +p)?+ )L, D" (f )] can be rewritten
as

-] [cami+p)? + )™ []—[((um +p>2+ﬂ,~),lz>”<f)] [ Jcami+ o2+ 207,
i=1 j=1 k=1

and the highest-power term of this expression is, up to a constant:
n n
[ [cami+p)? + a7 p™ () B> (81 +p)* + 2007
i=1 k=1

So the proof reduces to showing the finiteness of the following norm:

2
)d/ln'--d/ll

i n+l1 3n—-1
L pran 202 (

<™ (Dl / e [ (

nt \/Z "
< O [~ i )

This integral is finite for all n € N and so is the norm since 0 f € .Ag C Ag for |a| < n+1. The
proof is complete. O

r|(|lﬁ|+p)2+ﬁ

3/2+1/2n

3-1/n
b Vi d/li)

+1;)3/2-1/2n

‘(|ID| +p)2+4;

4.4 The finiteness condition

Lemma 4.20. The smooth vectors for I) are given by

C¥ () = H™® = ﬂ Dom(*) ~ D,» ® C?"

keN
Proof. Since D> is the common smooth domain of the partial derivatives d,,, for u = 1,...,2N,
and since I} = —id, ® y*, the conclusion is clear. m]

Take Ay := Dj2; by Lemma 2.17, this is an ideal in Ay. Then H™ is an Aj-pullback of a free
left Ag-module.
On J* there is a natural A;-valued hermitian structure, given by

N
E1m) = & %o, forall &meH™.
j=1
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Because D;> ¢ MY, the hermitian pairing (7%(a)é | )" = a %4 (€ | n)’ is Ag-valued whenever
a € Ay. Proposition 4.17 and Lemma 2.1(v) now imply

T (2 (€ [ )) (B + £2)7Y) = 2;(§22)A;NZ/(§]*977J)(X)612N

1 *
- N'2mN ;1 / T €5 dx

Therefore, (¢ | 1) = N!(27)N(& | )’ is the desired hermitian structure satisfying (3.5). Its
uniqueness can be checked in the same way as in [45, p. 501]. In summary: the inner product on H
is tightly linked to the natural hermitian structure on H{* (D) by means of the resolvent of D and
the noncommutative integral.

Remark 4.21. An obvious integral estimate makes it clear that O, ¢ D;» if and only if » < —N.
Consider, therefore, N := |J,._y O, C D;2. It follows from Proposition 2.14 that N is a x-algebra
for the twisted product g, and that it is also an ideal in Ay = B. This space has already been used
with physical motivations in [58].

4.5 The other axioms for the Moyal 2N -plane

* The signs for the table (3.6) are easily checked in the representation (4.1); indeed, since
neither J nor Ip depend directly on 6, it suffices to check these signs in the commutative case.
The reality property follows at once.

* The first-order property comes directly from (4.2), since

[[B. 72 (£)],In% ()T '] = [2* (B (1)), I (g)J '] = =i [LY (0, f) @ ¥, R (g") ® 1] =

because left and right twisted multiplications commute.

* The orientation property requires a suitable Hochschild 2N-cycle over the preferred unitization
Ag = B. As already mentioned, there is a natural embedding of the noncommutative torus
C OO(Tg) in B as periodic functions. Indeed, the generators u;, j = 1,...,2N, of the NC torus
correspond exactly to the elementary plane waves u;(x) := "/, which are unitary elements
for the twisted product and satisfy the same algebraic relations (3.3). Now the very same
formula (3.4), rewritten with the Moyal product, yields the desired Hochschild 2N-cycle; and
the volume-form relation (3.7) can be checked with the same calculation [45] as for the NC
torus:

(=i)N
(2N )!

Z( D)7 (Uer(1) *0 Uor(2) *a * X U (an) 7 [Bytg1)] -+ [ ugamy] = x.

Here the 7%-representation has been understood.

The plane waves belong not to the Schwartz algebra 8, but rather to its unitization B. No
finite sum of tensors with entries from the “small” algebra will make up a Hochschild cycle ¢
satisfying 75 (¢) = x, because of decay at infinity; thus, if one wants to avoid approximation
sequences both of operators and volume forms, passage to a compactification containing at
least the plane waves is ineluctable.
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The commutant of Ay acting by left multiplication consists of right multipliers. Indeed, it has
been shown [64] that among those operators on L(R>"Y) which are smooth for the adjoint action of
the Heisenberg group, the commutant of R?(8) is exactly L?(B). Right multipliers do not commute
with Ip unless they are scalars. Therefore the Moyal spin geometries are connected. In this respect,
left Moyal quantization behaves like a prequantization [85, 86]: see our remark at the end of the
conclusions section.

Checking back our arguments and estimates, we find that we have proved something stronger
than what we set out to show: most properties hold for A;, which is determined solely by D; and
so, the outcome of the tug-of-war between the operator and the algebra witnessed in the previous
pages is the triumph of the operator, which goes a very long way to determine both the algebra and
the inner product on the triple’s Hilbert space.

Theorem 4.22. The Moyal planes (A, fT, H,Ip,J, x) are connected real noncompact spectral
triples of spectral dimension 2N, for which A, (as introduced in subsections 3.1, 3.2), is equal
to D;2. Moreover, all postulates for noncompact noncommutative geometries except the first are

fulfilled if we replace A by A\ throughout. |

This is the main result of the paper.

5 Moyal-Wick monomials
5.1 An algebraic mould

In this section we put the theory developed in the previous sections to good use in clarifying some
fundamentals of quantum noncommutative field theory. In the NCFT literature, models based
on spacetime equations like (0 + m?)p(x) = g ¢*"(x), where ¢ is a quantized scalar field and » a
suitable integer, are commonplace (we suppress for a while the 6 in the notation for the star product).
However, this is a formal equation, and in practically all the treatments ¢*” is in want of rigorous
definition. The Moyal product does not help with the ordering issue in quantum field theory, and
therefore that equation should be given in normally ordered form

(O+m*)e(x) = g:¢* (x): .

Thus we need a concept of normally-ordered Moyal products of fields, or Moyal-Wick monomials.
Such a definition should work at least for free fields, to serve as basis for a perturbative treatment
of interacting ones.

In order to avoid excessively model-dependent casuistics in the definition of what noncom-
mutative Wick monomials should be, it is imperative to employ an algebraic framework. Such a
framework fortunately exists [2], and it turns out to mesh very well with Connes’ formulation of non-
commutative geometry in terms of spectral triples. We contend with Baez, Segal and Zhou as well
that it is natural to regard those monomials as quadratic form-valued, rather than operator-valued,
distributions; this improves and simplifies the usual definition a la Wightman and Garding [95]. In
turn this will be helpful with the explicit rigorous construction of noncommutative Wick monomials
in the Moyal algebra context, that we perform next, in which A; = D;» is again found to play the
main role. In short: the theory of noncompact spectral triples is born in intimate contact with
quantum field theory.
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According to Segal, the boson quantization of a separable complex Hilbert space H with inner
product (- | -) (assuming the simplest circumstance in which a suitably unique quantum vacuum can
be chosen) consists of a quadruple (X, |0),8,T"), where X = I'(JH) is another separable Hilbert
space; |0) is a distinguished unit vector in X; g is a strongly continuous map from H to the group
of unitary operators on X satisfying:

BOVBW) =B+ V) exp[-iT(v [ V)]

for all v,v" € H, and such that the span of { 8(v)|0) : v € H } is dense in K; and I is a unitary
representation on X of the group of unitaries on I, fulfilling the covariance condition

T(WBWU 'vTWU)™ =p»),

for which |0) is stationary, and such that the infinitesimal generator dI"(A) of the one-parameter
group I'(exp(itA)) is positive selfadjoint on K whenever A is positive selfadjoint on JH. Up to
unitary equivalence, this abstract setting uniquely leads to the standard boson (Hopf) algebra on I,
with the customary construction of the second-quantized operators.

The most important condition on a compact Connes triple, in regard to our subject, is the
finiteness prescription. For the purposes of this paper, where the vector bundle aspect is completely
trivial, we could as well identify A = FH*(D) as vector spaces. In the present nonunital case, in
order to have projective modules an auxiliary multiplier algebra A of A is needed; still H* (D)
must be an A-pullback of a finite projective A-module, and we can keep the identification of A and
H>(D).

Assume, then, that the Hilbert space I for Segal’s framework has been identified. It is clear that
some more structure is required if one is to construct singular operators like the Wick polynomials.
The role of a distinguished operator D — and of its quantum counterpart dI"(D) — is precisely to
determine domains of regularity for them. For technical reasons, in the context of [2] the operator
D must be taken strictly positive: D > & for some & > 0; so in particular it is invertible. The
operator D might not be strictly positive at the outset; but a related operator will do. For instance,
for the scalar case, commutative or not, we may use D := (Ip* + s2)!/2.

Denote K®(D) := Nien Dom(dT(D)*) c K. A typical element of KX (D) is a symmetrized
tensor power of elements of JH{*(D); in fact the algebraic span of such vectors is dense in X (D).
The boson field ¢(v) is just the selfadjoint generator of B(¢v); the Segal field ¢(v) = a(v) + a'(v)
(here a(v) and a'(v) are the usual annihilation and creation operators) is essentially selfadjoint on
K*(D), and it is easy to see that for v € H*(D), it sends K> (D) continuously into itself.

It is advantageous to think of ¢(v) as a quadratic form; we recall how this comes about. Let L
be a dense subspace of J, gifted with a topology stronger than that of 3 (in our case, H* (D) and
K> (D) are given the projective Fréchet space topologies associated to the families of norms || D" (-)||
and ||dT"(D)"(-)||, respectively), and let f be a continuous sesquilinear form on L. One could try to

introduce a Hilbert space operator Tf}f through f(u,v) =: (u | TJ%CV>, defined on elements v of L for

which f(u,v) < ¢, ||lu|| for all u; but that condition might only hold for, say, v = 0. However, if L*
is the antidual of L, then H < L¥ with a continuous embedding, since u +— (u | v) is an antilinear
continuous functional on L, and f defines amap Ty: L — Lt by Trv(u) = f(u,v). The elements
of L% in a concrete representation for J are distributions; and so quadratic forms are generalized
operators. Often, (H™(D))* is denoted H~*(D).
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We refer to [2, Sec. 7.3] for the following estimate: for all v € H, ® € K*(D) and m > 1,
la()®|| < CID™"v|l |dT(D)"P].

From that, and the formula

(P ip(wn) - pOwn): [ @)= <]‘la<w,->l11

Ic{1,....,n} ‘iel¢

l_[a(wj)<l)>, (5.1)

Jjel

with ¥, ® € K*(H) and I = {1,...,n} \ [, it is immediate that one can define a Wick map from
monomials in the free algebra over H™*°(D) to quadratic forms on (D), extending the similar
map in the subalgebra generated by .

To fix ideas in the following, the reader can put 2N = 4. We work on Euclidean space rather than
on Minkowski spacetime, but formal passage to relativistic field theory (where however everything
takes place on-shell) is quite simple. The conservative approach is to have the :¢*" (x): living
in the commutative context, that is, in the boson algebra K = I'(JH) over the Hilbert space H of
square-summable functions on momentum space. As already indicated, K =~ EBZO:O HV", where
V" is identified to the space of complex symmetric functions ®, square-integrable with respect to
the standard volume form d*" p; - - - d*" p,, in R*™". Precisely, the norm on F("” is taken to be

n
”q)(n)”2 ://n‘lq)(n)(pl7’pn)|2nd21vpl
i=1

Then H™ (D) is none other than the space D;. ! Furthermore, it is possible to take w;(x) = 6 (x —x;)
in the above (5.1), as the distribution §(- — x;) belongs to H~*(D) = H>™ = Dl
An outcome of the previous discussion is that the Wick products

p(xn) - p(xn): = 1p(6(x —x1)) -+ - (6(x — xp)):

used by physicists make perfect sense as continuous sesquilinear forms on the corresponding
K*(D), and a fortiori on the space of Fock vectors with finitely many nonvanishing components,
each one belonging to (a symmetrized tensor power of) D, >. The function from R*¥ x (K*(D))?
to C given by

(15X W, @) = (W] i(x1) - o(xp): [ @),

being continuous (indeed, smooth) in xy, ..., x;, can be restricted to the diagonal; and this defines
the (ordinary) Wick monomials :¢’(x): for any /. That is to say,

(W] 0! (0): | @) = (¥ | Coxr) o p(x):, 8(x = x1) - 6(x =)y, | D) (5:2)

is a well-defined expression. Thus, and more important still, we have established that manipulations
with Dirac delta functions — such as the ones we are going to use later to define Moyal-Wick
monomials — are justifiable. In this respect, the good behaviour of D;» under the Moyal product,
as under the ordinary one, becomes crucial. Also, for the same reason that the better algebra
to represent the Moyal plane is (‘D;2, xy) rather than (S, %), the use of Schwartz functions and
tempered distributions in the classic paper by Wightman and Gérding [95], in which Wick products
and Wick monomials were defined as operator-valued distributions, has been revealed as artificial.
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5.2 The noncommutative Wick monomials

For ease of reference, we give here the explicit expression of the ordinary commuting Wick products

[:o(x1) .. go(xo-cb](”)(pl,...,pn)

_ (27{)_Nl Z / / 7 (l 5 Z [P ei(xlm+"'+Xj77j—xj+177j+1—'"—xml)]
—J

J
Xq)(n_HzJ)(nl»,nj,pl»,U’J—Ih,771,,Pn) l—[dank’ (53)

where P runs over all permutations of the momentum variables, and X = {1, ..., 1} ranges over
all subsets of / — j distinct elements of {py, ..., p,}. Consequently, for good measure:

[t @ @) (prr. . p) = [0/ x): @] (p1s .., o)

- NIZ/ / v(ll— 7 QP ]
A

J
X @D (g, i T Tl D) ndwﬂk'

|X|l/

We have used operator rather than sesquilinear-form notation, although :¢(x): @ for ® € K (D)
is not in K, instead it is an (actually rather tame) vector-valued distribution. But it is guaranteed
that (KX*(D) | :¢!(x): | K*(D)) is finite.

Let us now reinstate the Moyal product associated to a k X k skewsymmetric matrix ®; for now,
we assume O to be nondegenerate. Formula (2.2) can be construed as meaning

S(x = 5) %o 6(x — 1) = (1) 2N 20711 (=2i(xOls+107)

The left hand side could of course have been written, somewhat more correctly, as (5 *xg ;) (x).
More generally, an easy two-step induction gives

5(x —x1) *@ -+ k@ 0(X — X2)

— (7'(9)_2Nm eZiZKj(—)”jxi-@_lxj e—2ix-®_1(xl—x2+x3—---—x2m)’ (5.4a)
O(x —x1) *@ - *@ O (X — X2im+1)
= (ng)72Nm ¥ Ziej ()07l O(X —X1 +X2 — X34+ — X2m41)- (5.4b)
These functionals of xi,...,x2, or xi,...,X,+1 belong to (D’LZ)Z’" or respectively (D’Lz)z’"+1 —

recall that the space of rapidly decreasing distributions O, is a subspace of D’Lz [77].

There can be no question of making :¢(x;)---¢(x;): “noncommutative”; so, how are we to
define the Moyal-Wick products :¢*®: (x)?

A “quantum Wick product” was recently introduced in [4]; but it is at variance with Moyal
NCFT, and so is unsuitable for our present purposes. A different course is suggested by the older
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duality theory of [43,90] and the discussion in the previous subsection. Our declared tactics are to
construct :¢*®’: (x) on the very same Fock space of the real scalar field. This would seem to run
against the spirit of noncommutative geometry, but is in fact demanded by our results here so far,
and the treatment in the previous subsection. We posit

1p*l (x) == Cp(xn) - @(x1):, 6(x = x1) %@ -+ - X0 6 (X = X)) .. (55)

to be compared with (5.2).
We may also define Moyal products of Moyal-Wick monomials with suitable scalar functions
or distributions on configuration space:

1p*elt weg h(x) = (1p(x1) - p(x1):, (x = X1) *e -+ ko (x = x;) X h(X))x,,. x
hxg :0*': (x) = Cip(x1) -+ o(x1):, h(x) %0 6(x — X1) *e + * k@ (X = X7))x,... 1

What it is required is that the functional §(x — x) %@ - - - *@ 0(x — x;) *@ h(x), in the xi,...,x;
variables, belong to (7{~=(D))’. A seemingly alternative definition is given by

(29" % h(x), g(x)) = (:¢*®": (x), h %o (X)),
(hxe :¢*®": (x),(x)) = (:¢*": (x), g %o h(x)),

in the spirit of [43,90], for suitable spaces of functions g and distributions 4. The verification that
both kinds of definition coincide is immediate.
Note that the identity

Cp*oli (x), h(x)) = (:p(x1) - (x1):, h(x1) %@ 6(x1 = X2) %@ =+ *@ O (X1 = X))y

affords a definition of the Moyal-Wick monomials a la Wightman and Gérding.
Using now (5.4) together with (5.3) and (5.5), we obtain the completely explicit formula on the
boson Fock space

eV [¢* x)@]™ (p1, .. .. pa)

/ / Z ( )1 Z [ 1x(771+-..+77j—77_f+1—..,—nl)e¥% Ser ’7m'®77r]
=)

|X|=l-

MN

I
(e}

j
_ J
XCID(”_HZJ)(m,...,nj,pl,...,Eﬁ,...,fﬁ,...,pn) rleNnk.

Here in the exponent quadratic in the n’s the — sign applies when r < j or m > j, the + sign
otherwise. In the simplest instance, we get

@ (@2 (), h()®] " (k1 )
= ﬂ il(K] + K2) COS %K]@KQ (I)(n+2)(K1, K2, k], ey kn) dZNkl dZNKQ

n . .
+ Z / [fz(K - lq)eik@kj +h(k; - K)eik/@’(] oM (k,ky, ..., l:j, k) dNk

+ Z h(—k; = ki) cos 1k 0k @2 (k... kjy ks k).

1<j#l<n
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(We underline again that the :@(x1)...¢(x;):, here as in (5.2), are the usual commutative
boson products of fields, with all creation operators to the left of the annihilation operators —
see [9, Sec. 4.1] — as for instance in

2m)*N o (x1) @ (x2) @ (x3):
:/.../[ei(k1x1+kzxz+k3x3)a(kl)a(kz)a(kS)+e—i(k1x1—k2x2—k3x3)a7(kl)a(kz)a(k3)

+ k) g (k)a(ky)a(ks) + e E Rk 0T (k) a(kya (k)

+ e—i(k1X1+k2X2—k3x3)aT(kl)aT(kz)a(ks) + €_i(k1x'_k2x2+k3x3)aT(kl)aT(kg)a(kz)

3
+ ei(k1X1—k2X2—k3X3)aT(kz)a’r(kg)a(kl) + e—i(k1X1+k2X2+k3X3)aT(kl)aT(kz)aT(k3)] l—[ dZNki.
i=1

In turn we are assured that ¢*®!(x) is normally ordered. Had we tried to use in (5.5) the operator
product instead of the normal product, we would have been punished by extra divergent terms of the
type f §(ki — ko) d*Mky d* k-, just as in the commutative case. Thus, as anticipated, the twisted
product does not help with the ordering problem.)

The previous formulae have been obtained under the assumption that det ® > 0. For k = 2N, the
set of nonsingular skewsymmetric k£ X k matrices is open and dense in the set of all skewsymmetric
k x k matrices, and the same formulae are valid when det ® = 0 by continuity. We also conclude their
validity in the case that k is odd, by consideration of an extra dimension with trivial commutation
relations.

6 The functional action

The functional action plays a great role in the applications to physics of noncommutative geometry,
because it reproduces not only the Yang—Mills action but also the full Yang—Mills—Higgs [55,91]
and even, in its more general incarnation [13], the Einstein—Hilbert action.

Here we choose, for the reasons indicated in the introduction, to compute the Connes—Lott
action [16, 21, 22, 63], which notionally is Tr*(F 2 l])_ZN), for F the field strength or curvature
associated to a vector potential @. Due to some ambiguity in the transition to F' from a, unimportant
for the general theory but crucial for physics, we need to deal with “junk”: that is, to quotient by an
ideal living in the representation mrp of the universal differential algebra on J{. Then we show that
the action coincides with the noncommutative Yang—Mills action currently used in Moyal gauge
theory. Of course, physicists have not waited for formal developments of this kind before forging
ahead (see [42], for instance); but for our purposes this is an indispensable check.

We first make some necessary remarks on the bimodule nature of the image of 7p.

6.1 Connes-Terashima fermions

That bimodule nature is completely familiar to customers of Connes’ noncommutative geometry,
and basically means that H{™ can sustain a bimodule action of two algebras. The reconstruction of
the Standard Model Lagrangian in [ 18] uses actions of this type, exchanged by the charge conjugation
operator.
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Independently, in the traditional context of Lie algebras, Terashima [83] summarized to similar
effect some natural methods and restrictions, that were scattered in practice, to introduce noncom-
mutative gauge fields.

First of all, assume an infinitesimal gauge variation given by

0aAu(x) = 0ud(x) = i[Ay, Ay (x),
or explicitly,
1A, (x) = T80 (x) = 5 ([T, TP 1{AL, A"}y () +{T*, T} [AL, 2], (x))

where the T denote the gauge “group” generators, normalized as

Tr(T°T?) = 1 5%,
closing to a Lie algebra

(79, 7] =i f T°,
and [, ‘]«,, {*, - }«, denote the Moyal commutator and anticommutator brackets, respectively. Let
us think of the Lie algebra of SU(n), to fix ideas. Then

1
{Ta,Tb} — _6ab +d?b TC,
n

where the d%” are totally symmetric and real. This is not a linear combination of 7¢’s. Therefore
noncommutative gauge transformations are consistent only for unitary groups (there are some
ways round this obstacle; but they are not very appealing). But then the gauge group of unitary
transformations is identified to the unitary endomorphism group of a module, and we are back in
Connes’ context.

The second remark by Terashima is that the same closure requirement and consideration of the
covariant derivative forces the representation of U(n) to be fundamental or antifundamental. It is
possible, however, for a gauge group to act from the left, say in the fundamental representation,
and (perhaps a different one) from the right in the antifundamental one, with gauge transformations
given by

Y- U(]) *g P *g UFZ)

Again, this is completely natural in the context of algebra bimodules. We remark that already the
chiral anomaly for these fermions has been calculated [62].

We want to add that, even in the context of pure group theory, the concept of bimodule is
called for. We formalize this remark, in the spirit of [96]. By definition, a linear space V is a
(G, H)-bimodule if it carries a left action > of the group G (with the usual continuity or smoothness
conditions) and a right action < of the group H which are compatible, that is to say,

g>(vah)=(g»v)<h,

forg € G, h € H,v € V. A bimodule is irreducible if there is no proper subspace of V stable under
both actions. If V is a G left-module and W is an H right-module, then V® W is a (G, H)-bimodule.
When G = H, interesting bimodules usually have a conjugation operator that exchanges the actions.
In that case, the bimodule is a very canonical object in harmonic analysis: the space of functions on
a group G is a (G, G)-bimodule; and if G possesses a representation on a space W, then V = End W
is a (G, G)-bimodule; but, strangely enough, it does not seem to be in use.
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6.2 The differential algebra

In the Connes—Lott approach one works with the tensor product of some finite dimensional Eigen-
schaften algebra and a spacetime algebra (that here is no longer commutative). We disregard the
Eigenschaften algebra in what follows; in other words, we concentrate on the analytical details of
the U(1) Moyal gauge theory.

In this subsection we do not need to consider the preferred unitization of Ag. Asin [17,21,22],
let Q*Ay := EB peN QP Ay be the universal differential graded algebra over Ay, where QP Ay =
{fodfi...0f, : fi € Ag} and the only constraint on ¢ is to satisfy the Leibniz rule 6( fi *¢ f>) =
O0f1 f» + f10f2 so 6 can be extended on Q°Ay. Since Ay has no unit, we define [17, IIl.1.a]
QYA := Ag®C, which is the minimal unitization of Ag, and §(0& 1) := 0. Moreover (6 f)* := 5 f*.

The representation ¢ of A, by elements of £ () extends naturally to Q°Ag, by

7 QP Ay = L(H) : fobfi...6fp = i 2°(fo) (B 7°(FD)] ... [, 7°(f,)].
Lemma 6.1. If f; € Ay, then ﬁ'g(f() of1.. .6fp) = Lg(f() *¢ 6,Ulf1 *g + kg aupfp) ® yHt ... yHp.
Proof. This follows from [Ip, Lf, ® 1ov] = —iL?(d,f) ® y* and L? LY =L(f %9 g). O

To overcome the unfaithfulness of 7% (even if 77 is faithful), one introduces a graded two-sided
ideal of Q* Ay, namely Junk := P _J' = @peN Jo + 6]5’_1, J§ ={we QA : 7 (w) =0},
and finally

peN
Qp Ag := 7(Q°Ag) /7% (Junk).

Here, the 2-junk is particularly simple since it is isomorphic to 7%(Ay), as we now show.

Proposition 6.2. There is a natural identification #%(J%) ~ n%(Ag) = LY(Ag) ® 1.

Proof. Any w € #%(J?) c #%(Q%Ay) can be written as w = 2jel L8, f/)L%(d,8;) ® y*y" where

1 is a finite set, and satisfies ) ;¢ L(f; *q 0,8;) ® y* = 0. By the Leibniz rule,

w = Z Lg(aﬂ(fj *g 6ng) - f] *g 6yavgj) ® ,y,uyv

jel
= —Z LY(fj % 0,0,8;) ® y'y" = — ZLH(fj *g 0,0,87) @' 1w
jel jel

Hence #%(J?) c n%(Ag) = LI(Ag) ® 1on.

Consider wpnk; = fuk 0 fxn — fmi 0 fin (nO summation) in Q' Ay. In subsection A.2, it is shown
that 7% (wpni;) = 0 and 7 (Swmnir) = % Zj.vzl(kj —1;) L(fun) ® 1o, which is nonzero if |I| # |k]|.
Thus, L?(fun) ® 1w lies in #%(J?) for all m,n € NV. Since { f,,,} is a basis for Ay, we conclude
that 7%(Ag) ~ LI(Ag) ® 1,v € #9(J?). O

It is easy to generalize the above proof, to get the next Corollary.

Corollary 6.3. For p > 2, #%(JP) is the linear span of the elements in #%(QPAg) of the form
L? ® yH .. yHk with k < p — 2 and of the same parity as p.
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6.3 The action

Let p» be the Hilbert space obtained by completion of #9(QP.Ag) under the scalar product
(7 () | #()), = T (7 ()" 7)) (B + ) 7),
for w, w’ € QP Ay. This defines a natural pre-action I(;7) when p =2 and ' = w = 61 + >
I(n) := Tr (7% (w)* 7% (w) (B* + %) 7N). (6.1)

Let P be the orthogonal projector on H » Whose range is the orthogonal complement of 7~r(’7((5Jé7 _1),
and define H, := PJTC,,. Then P extends the quotient map from #%(Q”.Ay) onto Q’I’D Ay, which is

identified with a dense subspace of },. The possible ambiguity in (6.1) due to the unfaithfulness
of #% disappears if we define the functional action (noncommutative Yang—Mills action) as:

N! (2n)N

YM(a) := 3¢ (PRY(F) | PR (F)), (6.2)

where Q;p Ag 3 « = #%(n) and F = 65 + n? is the curvature of the 1-form 7 and g is the coupling

constant. Itis shown in [21,91] that Y M (a) is equal to the infimum of the preaction on alln € Q! Ay
with the same image in Q;D Apg:

YM(a) = %?;T)Ninf{ I(n): 7 () =a}.

This result justifies the notation Y M (@), because this positive quartic functional of n depends only
on its equivalence class in Q}D.Ag, namely a.

Theorem 6.4. Let = —n* € Q1 Ag. Then the Yang—Mills action Y M (@) of the universal connection
8 +n, with a = #%(n), is equal to

1
F* % Fy (x) d*Nx = ——

1
YM(a) = -
(@) v

e / F* (x) Fuy (x) d*Vx,

where F,, = %(6/,AV —8,Au+ [Au AVls,) and A, is defined by @ = LY(A,) ® y*.

_ . _ 076 _
Proof. 1t n = X ;c; f; 6g; for some f;,g; € S and a finite set /, then @ = X ¢; ijLaygj ® vt =

2jel LI(fj *g 0u8;) ® y*. Thus A, := 2 jer fj *6 0,g; and, with a sum over j, k € I understood,
7 (on+1°) = 7°(5f; 68, + (/7 687)(fi 58x))
= 7°(6f; 68 + 1 6(8) %o fi)ogk — (f *a &) 6.fic 681)
= LY, f; *0 0,8; + f; *0 0u(g) %o fx) *o By8k — f; *a 8 *0 Oufi *o Oygk) ® Y*y”
= LY(0,fj %0 Ovgk + fj %0 0ugj %o fx %o Ovgk) ® Y*y”
= LY(0u(f; %0 0v8)) + i %0 0ug) %o fi %0 0,8k) ® 'y = L(f; %9 8,0,8,) @ 1" 1o
= LY(0,A, + Ay %o Ay) ® S[v", ¥ T+ LY (8, A, + Ay %9 Ay) ® 1on
— " LO(f %9 0,0,8) ® Lo
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The two last terms are in 77(J?). Thus,
P(#°(F)) = P(L%(3uAy + Ay %o Ay) ® 57,771
= P(LY(3(9uAy = 0y Au + [Ay, Ayls,) ® Y47
= P(LY(Fu) ®y"y") = L'(Fu) ® ¥y,
where the last equality follows because the junk affects only the scalar part of 7% (Q°®Ay). To repeat:
each w = w,, ® y*y¥ € #%(Q2Ay) can be uniquely decomposed as
W =wuy ® S(YY = YY) + wuy @ (VY + ¥ M)
in 77 (Q%Ag), ® 7% (Q2Ap)s = 7 (Q*Ag), ® 77 (J?), the direct sum of its alternating and symmetric
parts.
Since A, = —Aj,, we also find F};, = —F),, and therefore P(#%(F))* = LY(F,y) ® y*y”. Then
Trt (LY (Fuy %6 Foo) (=A + &)™ @ yHyYyPy7)
= Tr* (LY (Fy %9 Fpo) (A + %) 7Y) t(y*y"y*y7).

But tr(y#y”yPy7) = 2N ("7 — nHPn’” + non’P), so since F,, = —F,,, the Proposition 4.17,
computed with —i'V instead of I, yields

2N! (4m)N 1
YM(a) = —# Trt (LO(F .y %o F*) (-A +&5)™N) = —— / (Fyy %o F*)(x) d*Vx,
8g 4g?
and according to Lemma 2.1(v) the pointwise product can replace the Moyal product. O

Remark 6.5. The action as we have defined it is positive definite, since

2N
1
YM(a) :rgz/ Z | Fuy ()] d*Nx.

H,v=1

7 Conclusions and outlook

We have shown in detail how to build noncompact noncommutative spin geometries. As a conse-
quence, the classical background of present-day NCFTs is recast in the framework of the rigorous
Connes formalism for geometrical noncommutative spaces.

One can wonder about the uniqueness of the constructions presented here. Our detailed scrutiny
shows that appropriate algebras for the spectral triples are to a large extent “selected” by the Dirac
operator itself. The choice of A = § for the original nonunital algebra, made in the flat space
cases, has much to recommend it, not least Fourier invariance and the existence of a body of
tempered distribution analysis. However, an outcome of the study in this paper is that, both in
the commutative and the Moyal-algebra example, a more canonical ‘arrival’ point is the bigger
algebra A := D;2(R?"); we found that nearly everything that works for A works also for A, with
significant improvement of the finiteness axiom; also, A yields the most advantageous framework
for quantization.

We can accommodate an A -triple instead of an A-triple, provided we make a slight modification
of the summability axiom. That is, we use the data (A, A,H, D, J, x), and the suggested new
version of the noncompact noncommutative geometry postulates runs as follows.

47



1’. Spectral dimension, 2nd version:
There is a unique nonnegative integer k, the spectral or “classical” dimension of the geometry,
for which a(|D| + &)~! belongs to the Schatten class £” for p > k whenever a € A, for any
& > 0; and moreover, for a in a dense ideal A of Ay, a(|D| + s)_1 lies in the generalized
Schatten class £** and the trace a — Tr*(a(|D| + £)7¥) is finite and not identically zero.
This k is even if and only if the spectral triple is even.

3. Finiteness, 2nd version: _

The algebras A, and its preferred unitization A are pre-C*-algebras. The space of smooth
vectors JH{* is the A;-pullback of a finite projective A-module. Moreover, an A-valued
hermitian structure (- | -) is implicitly defined on H{* with the noncommutative integral, as
follows:

Tr* ((ag | (ID] +8) %) = (n | aé),

where a € A and (- | -) denotes the standard inner product on H.

In the other postulates A is replaced by A;; they are otherwise unchanged. In our case A could
be taken equal to 8 or larger: Tr*(a(|D| + &)%) < o is valid for a belonging to a larger ideal
of D 12-

Support for enrollment of A; comes from physics, on one hand, and abstract nonsense, on
the other. Langmann and Mickelsson [58] found existence of the quantum scattering matrix for
quantized fermions in external gauge potentials with components precisely in the sibling N of D »;
this is a both strong and significant result. Also, as exploited in Section 5, the more correct and
general approach to the construction of Wick monomials makes use precisely of the smooth domain
of the Dirac operator. The close relation of A, to this smooth domain points to generalizations of
the pseudodifferential calculus in the fully noncommutative context [50, 58].

The orientation condition and the required boundedness of the operators [ D, a] give rather tight
lower and upper bounds (so to speak) on what the preferred compactification of A should be. It
would be good to know whether these two conditions determine such a unitization uniquely. The
following conjecture is strengthened by the result of [64].

Conjecture 7.1. A= B(R>N) is the largest Moyal multiplier algebra of A = D;2(R*N) such that
[1D, a] is bounded for each a € A.

The clever argument in [11] leads one to ponder what kind of boundary conditions one would
impose on Ip (without presumably changing the leading term behaviour of its spectral density)
in order to obtain a compact spectral triple canonically associated to the given noncompact one.
This should allow the anomaly calculations in [42,62] to be made more rigorous. The subject of
noncommutative manifolds with boundary is still in its infancy, however, and we shall not elaborate
the point.

Apart from eventually proving a reconstruction theorem (a rather strenuous task), much remains
to be done. There are probably already enough examples of noncommutative spaces around for
consideration of the “category” of spectral triples to be promising. For instance, NC tori are quotients
of the spaces considered in this paper. A mathematically important question is the computation of
the Hochschild cohomology of Ag. Another is the explicit lifting of (a central extension of) the
group of (nonlinear, in general) symplectomorphisms (or at least, of those connected to the identity)
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to a group of inner automorphisms of M? (or of Ag), which should be irreducibly represented
on J{. In this context, work on the geometry of the gauge algebra in noncommutative Yang—Mills
theories [60] can be pursued.

A A few explicit formulas
A.1  On the oscillator basis functions
For N = 1 and m, n € N, the basic eigentransition f,,,(x1,x7) is explicitly given by

il

( )‘(4H /9)|m n|/2 z(n m) arctan(xz/x;) exp( 2H1/9) L|m—n| (4H1/9),
maxi\m

min(m,n)

2( 1)m1n(m )

with L; being the generalized Laguerre polynomials of order j and H| = %(x% + x%). In general,

Son (X152 xN) = frm (X1, X148) -+ - frnyny (XN, X28).

Also, using the coalgebra formula for the Laguerre polynomials

L,rf”l(u +v) = Z L;(u)Lf(v),

Jj+l=n

one obtains [7] eigenstates for H = Hy +--- + Hy:

H g fyr = fm *o H = 9( )fM,

where

P xan) = " Fmy - S (515 xaw) = 28 (2)M exp(=2H/60) LY (4H6).
|m|=M

It is known that f | fun (x1,X2)| dxy dx; ~ \/n as n — oo. From this, using the closed graph
theorem, it easy to show that there are non-absolutely integrable functions in Jgg [28].

A.2 More junk

Lemma A.1. For m,n, k,1 € NV, let Wpnii := fink O fin — fon1 6 fin € Q' Ay (no summation on k
orl). Then
ﬁg(wmnkl) =0 and ﬁg(dwmnkl) = %(|k| ), Le(fmn) ® low.

Proof. Using the creation and annihilation functions (2.11) we may rewrite the Dirac operator as
follows; we adopt the convention that j = 1, ..., N, and write 9, ;= d/0a; and 65,; =0/ 0a}‘.:

B=- Iny(aa,w )+ iy N (04, — a: )——zZ(y“fa +7% 0),

where J 4+ ivI™Y and v = L (v — jyitNY.
Y= (7 iy Y= =iy
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Lemma 2.1(iv), applied to a; and a’;. respectively, yields

and hence

Letu; := (0,0,...,1,...,0) be the j-th standard basis vector of RY. From the definition (2.10)
of fun, we directly compute:

aj' *g fnn = \lg(mj +1) fm+u_f,n, Jimn *g Cl; = /0n; fm,n—uj’
aj *xg f;nn = Vem] fm—uj,na fmn *ga; = \lg(nj + l) fm,n+uj-

Consequently, ;
lp(fmn) = _5 Z ')’aj (‘\/gnj fm,n—uj - V@(Fﬂj +1) fm+uj,n)
J
+ Y (VO] fonsyn = + [6(n; +1) Son;)- (A.1)

We are now able to compute &% (w i) and 7% (Swpni;). Firstly,
7 (Wmnkt) = 7 (fnk S fen = fint 6 fin) = L°(fink %0 Oy fin = fint %6 O fin) ® ¥*

= éZ(\/%jLe(fmk *0 fin-u;) = AJOCk; + 1) LO(fouk %0 fou;n)
J

O L fout %0 finou;) + O + 1) Lt 0 fisu ) ® Y
+ (VO LY (fonke % fiu) = \0C; + 1) L fonkc 0 fianeu))
~ NOL LY (fint %0 fimuyn) + 7[00 + 1) LSt % finsu,)) ® ¥ = 0.

Secondly, we calculate that

ﬁ9(5wmnkl) = ﬁ9(5fmk 5fkn - 5fml 5fln) = Le(a,ufmk *g avfkn - a,ufml *g avfln) ® ,y,u,yv

equals

%{Z((\/@Le(]‘m,k—w) - ﬂQ(mj + 1) Lg(fmﬂtj’k)) ® ')/aj

7
+ (VOm; LY (fnuy i) = Ok + 1) LY (fnken,)) ® 7“;)
(VO L Finy) = Oy + 1) L fivuy) ® 77

)4
+ (VO L Ficapr) = 001y + 1) L' i, ) © 1)
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= D (VO L fteay) = O + 1) L forvay) @

J
+ (VO] LY fnag) = O + 1) L Fon i) @7
(V8 L i) = By + 1) L frey ) © 77

p
+ (\/@Lg(fl—up,n) - \[G(np + 1) Le(fl,n+up)) ® 'ya;)}_

Using the elementary properties of the f,,,, from Lemma 2.3, this simplifies to

B 1 g Sy
ﬂg(éwmnkl) = 5 Z(kjLe(fmn) ® ,ya_,,ya] + (kj + I)Lg(fmn) ® 7a]7a'/

J
= LY (fun) ® Y9y = (L + DL (frmn) ® yiy%)

1 a4t
) LY(fun) ® ;(kj —1;) (Y yi +y i)

2
:EZ(kj—lj)L"(fmn)mzN. O
;

Acknowledgments

We thank A. Connes, K. Fredenhagen, H. Grosse, F. Lizzi, C. P. Martin, M. Puschnigg, M. Rieffel,
A. Schwarz and A. Wassermann for suggestions and/or helpful discussions, and G. Rozenblum and
T. Weidl for correspondence on matters pertaining to the subject of this paper.

The work of JMGB and JCV was supported by the Vicerrectoria de Investigacién and the
Facultad de Ciencias of the Universidad de Costa Rica. VG and JCV are grateful to Vanderbilt
University for providing a splendid occasion and nice surroundings for discussions. JMGB also
thanks the Université de Provence, and JCV thanks the Abdus Salam ICTP, for their customarily
excellent hospitality during various stages of this work.

References

[1] J.-P. Amiet, P. Huguenin, Mécaniques classique et quantique dans I’espace de phase, Université de Neuchatel,
Neuchatel, 1981.

[2] J.C.Baez, I. E. Segal and Z. Zhou, Introduction to Algebraic and Constructive Quantum Field Theory, Princeton
University Press, Princeton, NJ, 1992.

[3] D. Bahns, S. Doplicher, K. Fredenhagen and G. Piacitelli, “On the unitarity problem in space/time noncommu-
tative theories”, Phys. Lett. B 5§33 (2002), 178-181.

[4] D. Bahns, S. Doplicher, K. Fredenhagen and G. Piacitelli, “Ultraviolet finite quantum field theory on quantum
spacetime”, Commun. Math. Phys. 237 (2003), 221—241.

[5] S.Banach, “Remarques sur les groupes et les corps métriques”, Studia Math. 10 (1948), 178-181.

51



(6]

[7]

(8]

[9]

[10]
[11]

[12]

[13]

[14]
[15]
[16]

[17]
[18]

[19]

[20]

[21]

[22]

(23]

[24]

[25]

[26]

[27]

M. S. Bartlett and J. E. Moyal, “The exact transition probabilities of quantum-mechanical oscillators calculated
by the phase-space method”, Proc. Cambridge Philos. Soc. 45 (1949), 545-553.

F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz and D. Sternheimer, ‘“Deformation theory and quantization II:
Physical applications”, Ann. Phys. (NY) 111 (1978), 111-151.

M. Sh. Birman, G. E. Karadzhov and M. Z. Solomyak, “Boundedness conditions and spectrum estimates for the
operators b(X)a(D) and their analogs”, Adv. in Soviet Math. 7 (1991), 85-106.

Ch. Brouder and R. Oeckl, “Quantum groups and quantum field theory: I. The free scalar field”, Mod. Phys.
Lett. A 17 (2002), 2497—2512.

A. Carey, J. Phillips and F. Sukochev, “Spectral flow and Dixmier traces”’, Adv. Math. 173 (2003), 68—113.

P. S. Chakraborty, D. Goswami and K. B. Sinha, “Probability and geometry on some noncommutative manifolds”,
J. Oper. Theory 49 (2003), 187—203.

A. H. Chamseddine, “Noncommutative gravity”’, Ann. Henri Poincaré 4 (2003), 881-887.

A. H. Chamseddine and A. Connes, “Universal formula for noncommutative geometry actions: unification of
gravity and the Standard Model”, Phys. Rev. Lett. 177 (1996), 4868—4871.

A. Connes, “C*-algebres et géométrie différentielle”, C. R. Acad. Sci. Paris 290 (1980), 599—-604.

A. Connes, “Noncommutative differential geometry”, Publ. Math. IHES 39 (1985), 257—360.

A. Connes, “The action functional in noncommutative geometry”’, Commun. Math. Phys. 117 (1988), 673-683.
A. Connes, Noncommutative Geometry, Academic Press, London and San Diego, 1994.

A. Connes, “Noncommutative geometry and reality”, J. Math. Phys. 36 (1995), 6194—6231.

A. Connes, “Lanotion de variété et les axiomes de la géométrie”’, Course at the College de France, January—March
1996.

A. Connes, “Gravity coupled with matter and the foundation of noncommutative geometry”, Commun. Math.
Phys. 182 (1996), 155-176.

A. Connes and J. Lott, “Particle models and noncommutative geometry”’, Nucl. Phys. B (Proc. Suppl.) 18 (1990),
29—47.

A. Connes and J. Lott, “The metric aspect of noncommutative geometry”’, Cargese Summer Conference, J.
Frohlich et al. (eds.) Plenum Press (1992), 53—93.

A. Connes and H. Moscovici, “The local index formula in noncommutative geometry”, Geom. Func. Anal. §
(1995), 174-243.

A. Connes, M. R. Douglas and A. Schwarz, “Noncommutative geometry and Matrix theory: compactification
on tori”, J. High Energy Phys. 9802 (1998) 003.

A. Connes and G. Landi, “Noncommutative manifolds, the instanton algebra and isospectral deformations”,
Commun. Math. Phys. 221 (2001), 141-159.

A. Connes and M. Dubois-Violette, “Noncommutative finite-dimensional manifolds. I. Spherical manifolds and
related examples”, Commun. Math. Phys. 230 (2002), 539—579.

M. Cwikel, “Weak type estimates for singular values and the number of bound states of Schrodinger operators”,
Ann. Math. 106 (1977), 93—100.

52



(28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]
[36]

(371

(38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

1. Daubechies, “Continuity statements and counterintuitive examples in connection with Weyl quantization”, J.
Math. Phys. 24 (1983), 1453—1461.

M. Dimassi and J. Sjostrand, Spectral Asymptotics in the Semi-Classical Limit, Cambridge University Press,
Cambridge, 1999.

J. Dixmier and P. Malliavin, “Factorisations de fonctions et de vecteurs indéfiniment différentiables”, Bull. Soc.
Math. France 102 (1978), 305—330.

M. Dubois-Violette, A. Kriegl, Y. Maeda and P. W. Michor, “Smooth *-algebras”, Prog. Theor. Phys. Suppl. 144
(2001), 54—78.

R. Estrada, “Some Tauberian theorems for Schwartz distributions”, Publ. Math. Debrecen 61 (2002), 1—9.

R. Estrada, J. M. Gracia-Bondfa and J. C. Vdrilly, “On asymptotic expansions of twisted products”, J. Math.
Phys. 30 (1989), 2789-2796.

R. Estrada, J. M. Gracia-Bondia and J. C. Virilly, “On summability of distributions and spectral geometry”,
Commun. Math. Phys. 191 (1998), 219—248.

H. Figueroa, “Function algebras under the twisted product”, Bol. Soc. Paranaense Mat. 11 (1990), 115—129.
G. B. Folland, Harmonic Analysis in Phase Space, Princeton University Press, Princeton, New Jersey, 1989.

M. Gadella, J. M. Gracia-Bondia, L. M. Nieto and J. C. Virilly, “Quadratic Hamiltonians in phase space quantum
mechanics”, J. Phys. A 22 (1989), 2709—2738.

V. Gayral, “The action functional for Moyal planes”, Lett. Math. Phys. 65 (2003), 147-157.

J. Gomis and T. Mehen, “Space-time noncommutative field theories and unitarity”, Nucl. Phys. B591 (2000),
265-276.

J. M. Gracia-Bondia, “Generalized Moyal quantization on homogeneous symplectic spaces”, in Deformation
Theory and Quantum Groups with Application to Mathematical Physics, J. Stasheff and M. Gerstenhaber, eds.,
Contemp. Math. 134 (1992), 93—114.

J. M. Gracia-Bondia, F. Lizzi, G. Marmo and P. Vitale, “Infinitely many star products to play with”, J. High
Energy Phys. 0204 (2002) 026.

J. M. Gracia-Bondfa and C. P. Martin, “Chiral gauge anomalies on noncommutative R*”, Phys. Lett. B479
(2000), 321-328.

J. M. Gracia-Bondia and J. C. Virilly, “Algebras of distributions suitable for phase-space quantum mechanics I”,
J. Math. Phys. 29 (1988), 869—879.

J. M. Gracia-Bondia, J. C. Virilly and H. Figueroa, “The dual space of the algebra £ (S)”, preprint, San José,
1989.

J. M. Gracia-Bondia, J. C. Virilly and H. Figueroa, Elements of Noncommutative Geometry, Birkhduser Advanced
Texts, Birkhduser, Boston, 2001.

H. J. Groenewold, “On the principles of elementary quantum mechanics”, Physica 12 (1946), 405—460.

A. Grossmann, G. Loupias and E. M. Stein, “An algebra of pseudodifferential operators and quantum mechanics
in phase space”, Ann. Inst. Fourier (Grenoble) 18 (1968), 343—368.

F. Hansen, “Quantum mechanics in phase space”, Rep. Math. Phys. 19 (1984), 361—381.

53



[49]

[50]

[56]
[57]

[58]

[59]
[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

F. Hansen, “The Moyal product and spectral theory for a class of infinite dimensional matrices”, Publ. RIMS
(Kyoto) 26 (1990), 885-933.

N. Higson, “On the Connes—Moscovici residue cocycle”, preprint, Penn. State University, 2003; lectures at the
Clay Mathematics Institute Spring School on Noncommutative Geometry and Applications, Nashville, May
2003.

N. Higson and J. Roe, Analytic K-Homology, Oxford University Press, Oxford, 2000.

L. Hérmander, The Analysis of Partial Differential Operators Il1, Springer, Berlin, 1986.

J. Horvéth, Topological Vector Spaces and Distributions I, Addison-Wesley, Reading, Massachusetts, 1966.
R. Howe, “Quantum Mechanics and partial differential equations”, J. Funct. Anal. 38 (1980), 188-254.

B. Iochum and T. Schiicker, “A left-right symmetric model a la Connes—Lott”, Lett. Math. Phys. 32 (1994),
153—166.

J.-B. Kammerer, “Analysis of the Moyal product in flat space”, J. Math. Phys. 27 (1986), 529—535.
D. Kastler, “The C*-algebras of a free boson field I, Commun. Math. Phys. 1 (1965), 14—48.

E. Langmann and J. Mickelsson, “Scattering matrix in external field problems”, J. Math. Phys. 37 (1996),
3933-3953.

G. Lassner and G. A. Lassner, “Qu*-algebras and twisted product”, BiBoS preprint 246, Bielefeld, 1987.

F. Lizzi, R. J. Szabo and A. Zampini, “Geometry of the gauge algebra in noncommutative Yang—Mills theory”,
J. High Energy Phys. 0108 (2001) 032.

J.-L. Loday, Cyclic Homology, second edition Springer, Berlin, 1998.

C. P. Martin, “The UV and IR origin of non-Abelian chiral gauge anomalies on noncommutative Minkowski
spacetime”, J. Phys. A: Math. Gen. 34 (2001), 9037—9055.

C. P. Martin, J. M. Gracia-Bondia and J. C. Vdrilly, “The Standard Model as a noncommutative geometry: the
low energy regime”, Phys. Reports 294 (1998), 363—406.

S. T. Melo and M. 1. Merklen, “On a conjectured noncommutative Beals—Cordes-type characterization”, Proc.
Amer. Math. Soc. 130 (2002), 1997—2000.

J. E. Moyal, “Quantum mechanics as a statistical theory”, Proc. Camb. Philos. Soc. 45 (1949), 99—124.

J. von Neumann, “Die Eindeutigkeit der Schrodingerschen Operatoren”, Mathematische Annalen 104 (1931),
570-578.

F. Nicola, “Trace functionals for a class of pseudo-differential operators in R"”, Math. Phys. Anal. Geom. 6
(2003), 89—105.

N. Ortner and P. Wagner, “Applications of weighted D’ , spaces to the convolution of distributions”, Bull. Acad.
Pol. Sci. Math. 37 (1989), 579—595.

H. Poincaré, Les méthodes nouvelles de la Mécanique Céleste, vol. 3, Gauthier-Villars, Paris, 1892.

M. Reed and B. Simon, Methods of Modern Mathematical Physics, II: Fourier Analysis, Self Adjointness,
Academic Press, New York, 1975.

A. Rennie, “Commutative geometries are spin manifolds”, Rev. Math. Phys. 13 (2001), 409—464.

54



(771

[78]

[79]

[80o]
[81]

[82]

[83]
[84]
[85]

[86]

[87]

[88]

[89]

[90]

[91]

[92]

A. Rennie, “Poincaré duality and spin© structures for complete noncommutative manifolds”, math-ph/o107013,
Adelaide, 2001.

A. Rennie, “Smoothness and locality for nonunital spectral triples”, K-Theory 28 (2003), 127-165.
M. A. Rieffel, “C*-algebras associated with irrational rotations”, Pac. J. Math. 93 (1981), 415—429.

M. A. Rieffel, Deformation Quantization for Actions of R%, Memoirs of the Amer. Math. Soc. 506, Providence,
RI, 1993.

M. A. Rieffel, “Compact quantum groups associated with toral subgroups”, in Representation Theory of Groups
and Algebras, J. Adams et al, eds., American Mathematical Society, Providence, RI; Contemp. Math. 145 (1993),

465-491.
L. Schwartz, Théorie des distributions, Hermann, Paris, 1966.

N. Seiberg, L. Susskind and N. Toumbas, “Strings in background electric field, space/time noncommutativity
and a new noncritical string theory”, J. High Energy Phys. 0006 (2000) 021.

N. Seiberg and E. Witten, “String theory and noncommutative geometry”, J. High Energy Phys. 9909 (1999)
032.

M. A. Shubin, Pseudodifferential Operators and Spectral Theory, Springer, Berlin, 1980.
B. Simon, Trace Ideals and Their Applications, Cambridge University Press, Cambridge, 1979.

A. Sitarz, “Rieffel’s deformation quantization and isospectral deformations”, Int. J. Theor. Phys. 40 (2001),
1693—1696.

S. Terashima, “A note on superfields and noncommutative geometry”, Phys. Lett. B 482 (2000), 276—282.
F. Treves, Topological Vector Spaces, Distributions and Kernels, Academic Press, New York, 1967.
G. M. Tuynman, “Prequantization is irreducible”, Indag. Math. 9 (1998), 607-618.

L. van Hove, “Sur certaines représentations unitaires d’ un group infini de transformations”, Mém. Acad. Roy.
Belgique CI. Sci. 26 (1951), 1—102.

J. C. Virilly, “Quantum symmetry groups of noncommutative spheres”, Commun. Math. Phys. 221 (2001),
511-523.

J. C. Virilly, “Hopf algebras in noncommutative geometry”, in Geometrical and Topological Methods in Quantum
Field Theory, A. Cardona, H. Ocampo and S. Paycha, eds., World Scientific, Singapore, 2003.

J. C. Vdrilly and J. M. Gracia-Bondia, “Los grupos simplécticos y su representaciéon en la teoria del producto
cudntico. I. Sp(2, R)”, Cienc. Tec. (CR) 11 (1987), 65-83.

J. C. Virilly and J. M. Gracia-Bondia, “Algebras of distributions suitable for phase-space quantum mechanics II:
Topologies on the Moyal algebra”, J. Math. Phys. 29 (1988), 880-887.

J. C. Virilly and J. M. Gracia-Bondia, “Connes’ noncommutative differential geometry and the Standard Model”,
J. Geom. Phys. 12 (1993), 223-301.

J. C. Virilly and J. M. Gracia-Bondia, “On the ultraviolet behaviour of quantum fields on noncommutative
manifolds”, Int. J. Mod. Phys. A14 (1999), 1305—1323.

A. Voros, “An algebra of pseudodifferential operators and the asymptotic of quantum mechanics”, J. Funct. Anal.
29 (1978), 104-132.

55



[04] T. Weidl, “Another look at Cwikel’s inequality”, Amer. Math. Soc. Transl. 189 (1999), 247-254.

[95] A.S. Wightman and L. Garding, “Fields as operator-valued distributions in relativistic quantum theory”, Arkiv
for Fysik 28 (1965), 129—189.

[06] N. J. Wildberger, “Characters, bimodules and representations in Lie group harmonic analysis”, in Harmonic
Analysis and Hypergroups, K. A. Ross et al, eds., Birkhduser, Boston, 1998; pp. 227—242.

[97] M. Wodzicki, “Excision in cyclic homology and in rational algebraic K-theory”, Ann. of Math. 129 (1989),
591-639.

[98] J. Zinn-Justin, Quantum Field Theory and Critical Phenomena, Clarendon Press, Oxford, 2002.



