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QUADRATIC VARIATION FOR CYLINDRICAL MARTINGALE-VALUED

MEASURES
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ABSTRACT. This article focuses in the definition of a quadratic variation for cylindrical
orthogonal martingale-valued measures defined on Banach spaces. Sufficient and necessary
conditions for the existence of such a quadratic variation are provided. Moreover, several
properties of the quadratic variation are explored, as the existence of a quadratic variation
operator. Our results are illustrated with numerous examples and in the case of a separable
Hilbert space, we delve into the relationship between our definition of quadratic variation
and the intensity measures defined by Walsh (1986) for orthogonal martingale measures
with values in separable Hilbert spaces. We finalize with a construction of a quadratic

covariation and we explore some of its properties.
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1. INTRODUCTION

In recent years, there has been an increasing interest in the usage of cylindrical stochastic
processes as models for the perturbation of infinite dimensional systems, in particular of
stochastic partial differential equations (e.g. [14, 21, 23, 30, 32, 33, 35, 37]). In most of
these works, the cylindrical process is a cylindrical martingale, or more generally a cylindrical
semimartingale. A cylindrical martingale M on a Banach space X is a linear operator such
that, for each z* € X*, M(z*) is a (real-valued) martingale. Usually suitable continuity

conditions are required for M.

Another popular alternative for the modeling of the noise of a stochastic partial differential
equation is a martingale-valued measure (e.g. [2, 6, 8, 9, 10, 16]). This concept was
introduced by Walsh in [38] and was motivated by the space-time Gaussian white noise.
Roughly speaking, a martingale-valued measure is a family (M(t,A) : ¢t > 0, A € A) such
that (M(t,A) : t > 0) is a real-valued square integrable martingale for each A € A and
M(t,-) is an L*-valued finitely additive measure on A for each ¢t > 0. Here A is a ring of
Borel subsets of a topological space U. See Definition 3.3 for further details.

Motivated by the above, in this paper we introduce the concept of cylindrical martingale-
valued measures and study some of its properties. This concept is a hybrid between the
definitions of cylindrical martingale and of martingale-measure. Indeed, in this case we
have a family (M(t,A) : t > 0,A € A) such that, for each A € A, (M(t,A) : t > 0) is
cylindrical square integrable martingale on a Banach space X and M(t,-) is an L*-valued

finitely additive measure on A for each ¢t > 0. See Definition 4.1 for further details.

A particular family of cylindrical martingale-valued measures was introduced in earlier
works [1, 15]. There, they developed a theory of stochastic integration and prove existence

and uniqueness of solutions to certain stochastic partial differential equations with these
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cylindrical martingale-valued measures as noise. However, these families of cylindrical
martingale-valued measures were tailor-made to provide a unifying model for cylindrical
and classical Lévy processes. To the extent of our knowledge, no other work have considered

the study of cylindrical martingale-valued measures.

Our treatment of cylindrical martingale-valued measures will be centered around the
concepts of (predictable) quadratic variation and quadratic covariation. Our main
motivation is to introduce a theory that can be used to develop stochastic calculus for

cylindrical martingale-valued measures which admit such a quadratic variation.

In the literature, one can find previous attempts to define a quadratic variation for Banach
space-valued martingales and for cylindrical martingales. We can cite for example [24] for
Hilbert space-valued martingales, [12, 13| for local martingales with values in a separable
Banach space, [26, 27| for the case of some particular classes of cylindrical local martingales,
and [37] for cylindrical continuous local martingales on a Banach space. Indeed, many of
the results obtained in this paper are motivated to generalize those obtained in [37] to the

context of cylindrical martingale-valued measures.

Now we describe our results and the organization of this article. We introduce some
preliminaries in Section 2, placing special emphasis on the concept of supremum of measures,
generalizing the one that was introduced in [37]. The supremum of measures is a relevant tool
for us in building a convenient definition of quadratic variation for cylindrical martingale-
valued measures. However, the results in [37] need to be applied in a more general setting.
For instance, we deal with the supremum for families of random measures (see for example
the proofs of Theorem 3.6 and Lemma 3.9). We also need to be able to talk about the
supremum of a family of sub-additive functions (Theorem 7.12). Lemmas 2.1 and 2.2, as

well as Corollaries 2.3 and 2.4 establish the right generalizations we need.

In Section 3 we study the Hilbert-space valued orthogonal martingale-valued measures. Our
definition is largely based on the original concept introduced by Walsh in [38] for the real-
valued setting. Our main result, Theorem 3.6, shows the existence of an intensity measure
for an H-valued orthogonal martingale-valued measure (M(t,A) : t > 0,A € A), that
is a regularization of (M(A)); by means of a random predictable o-finite measure v on
B(R;)®B(U). We emphasize the main ideas of the original proof of [38] and take advantage
of them to establish a result (Lemma 3.9) that allows us to compare two random measures on
B(R,)®B(U) by comparing them for particular values of t and A € A. Some applications of
this result can be found in Theorem 5.8, Lemma 6.1 and Theorem 7.3. We finalize this section

with a couple of examples, in particular one of a white noise measure (see Example 3.13)
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and the other with a construction of an H-valued orthogonal martingale-valued measure

from an H-valued Lévy process (see Example 3.14).

The definition of cylindrical martingale-valued measures is introduced in Section 4. We
explore the usefulness of the concept by giving some examples. In particular, in Example
4.4 we explore a finite sum of cylindrical martingales with disjoint supports, keeping
orthogonality. Example 4.5 illustrates that many constructions of stochastic analysis can be
modeled with the concept of martingale-valued measures. Finally, in Proposition 4.6 we see
that an H-valued orthogonal martingale-valued measure induces a cylindrical orthogonal
martingale-valued measure in a natural way. See Example 4.7 for a taste of the kind of new

processes that this allows to handle.

The construction and study of properties of the quadratic variation for a cylindrical
martingale-valued measure is carried out in Section 5. We start in Section 5.1 with the
definition of a quadratic variation. Since our definition of cylindrical martingale-valued
measure encloses both the concept of cylindrical martingale and of martingale-valued
measure, we found convenient to formulate our definition of quadratic variation as a
supremum of a family of measures. This follows what is done by Veraar and Yaroslavtsev
in [37], but taking this family of measures as the intensity measures (defined in Section 3)
for the real-valued martingale-valued measures (M (t, A)(z*) : t > 0, A € A), where z* € X*
(see Definition 5.3 for further details).

Our definition allows the existence of several quadratic variation processes. In order to
establish sufficient conditions for uniqueness, we introduce the sequential boundedness
property on the family of intensity measures (v, : 2* € X*) for M(t, A)(z*) (Definition
5.3). This property helps us to obtain a unique simple expression for our quadratic variation
(M), as a supremum of measures on a countable and dense collection of elements in the
unit sphere of X* (see Theorems 5.8 and 5.10). The sequential boundedness property is
obtained in a natural way in the case of cylindrical martingales with continuous paths (see
Example 5.13), thus, generalizing the work in [37] for this case. Moreover, the sequential
boundedness property is a weaker condition than the uniform continuity of the family of

intensity measures (see Proposition 5.7).

The characterizations obtained in the previous results allow us to explicitly construct the
quadratic variation in some cases, for example, in the case of a cylindrical Lévy process
(see Example 5.14) and for the cylindrical measure induced by an H-valued Lévy process
(see Example 5.16). We also include some examples in which some cylindrical martingale

measures do not have a quadratic variation (see Examples 5.15 and 5.17).
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In Section 5.2, the main purpose is to obtain a Radon-Nikodym representation day, =
Qunr d (M) (see Theorem 5.23), where @y takes values in £(X*, X**) and the vector-valued

measure oy corresponds to a covariation operator (5.13).

Our approach is similar in nature to the one in [37], however, we use a (random) vector-valued
measure instead of vector-valued stochastic process, thus implying substantial differences
in the proof. This was necessary due to the irregular nature of M compared to the
cylindrical continuous case in [37]. This representation will be of crucial importance in
the characterization of the class of integrands for the stochastic integral with respect to M,

result to appear elsewhere.

Finally in that section we compute the representation for the cylindrical martingale-valued
measures corresponding to a cylindrical Lévy process and to the one induced by an H-valued
Lévy process (see Examples 5.24 and 5.25). This is also carried out for the class of cylindrical

martingale-valued measures introduced in [1] (see Example 5.26).

In Section 6 we study the relation between the intensity measure of an H-valued
martingale-valued measure and the corresponding quadratic variation of the induced
cylindrical martingale-valued measure. As main results, we obtain that the intensity
measure associated to an H-valued process and the quadratic variation of the induced

cylindrical process are equivalent in the sense of random measures (Theorem 6.7).

Finally, in Section 7 we address the issue of defining a vector measure for the quadratic
covariation of a couple of cylindrical orthogonal martingale-valued measures M and N. In
order to do that, both measures must somehow behave in a synchronized way. We introduce
the concepts of mutual orthogonality and compatibility, which allows us to first define the
sum M + N and to compare the quadratic variation of M + N with those of M and N
(Theorem 7.3).

We define the vector measure oy n associated to the quadratic covariation in terms of a4y
and aj/_n, by using the classical polarization identity. Here, the results of Section 2 on the
supremum of a family of sub-additive non-negative set functions, are crucial to define a
(positive) covariation measure (M, N)), which yields a corresponding quadratic covariation
operator ¢y n which satisfies a Radon-Nikodym representation day n = Qun d (M, N))
(see Theorem 7.15).

2. PRELIMINARIES AND NOTATION

2.1. Stochastic and cylindrical processes. For a Banach space X we denote by X* its

(strong) dual space. In this work, the norm of the underlying Banach space will be often
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denoted by ||-||, but when it is necessary to emphasize the space, we use the notation ||-|| .
We will use the notation H for a Hilbert space with inner product (-,-)y. We identify the
dual of a Hilbert space with the space itself. For a Hausdorff topological space U its Borel
o-algebra will be denoted by B(U).

For any two Banach spaces X and Y, the Banach space of bounded linear operators form
X into Y will be denoted by £(X,Y). We will denote the space of real-valued bounded
bilinear forms on X x Y by Bil(X,Y’). Trace class operators on a Hilbert space H will be
denoted by £1(H).

Throughout this work we assume that (€2, F,P) is a complete probability space equipped
with a filtration (F})ier . that satisfies the usual conditions, i.e. it is right continuous and
Fo contains all subsets of elements in F of P-measure zero. We denote by L°(Q2, F,P) the
space of equivalence classes of real-valued random variables defined on (€, F,P). The space
L°(Q, F,P) will be always equipped with the topology of convergence in probability and in

this case it is a complete, metrizable, topological vector space.

Let X be a Banach space and let (S,X) be a measurable space. A function o : ¥ — X is
called a vector measure, if whenever E; and Ey are disjoint members of ¥ then o(F; U Ey) =
a(Ey) + a(Ey). If, in addition, a(U En> = Z a(E,) in the norm topology of X for all

n=1 n=1
collection (E,) of pairwise disjoint members of ¥, then « is called a countably additive vector

measure or simply, « is countably additive. In any case, the variation of « is the extended

non-negative function || whose value on a set E' € ¥ is defined by

al(2) = sup 3 fla(4)],

Aell

where the supremum is taken over all finite partitions II of E' by members of ¥. If |a(S) <

00, then a will be called a vector measure of bounded variation. (See [11] for further details).
A mapping i : Qx X — [0, 00] will be called a random measure if for all E € ¥, w — p(w, E)
is measurable and for (almost) all w € Q, p(w, -) is a measure on (S, X).

The predictable o-algebra on € x [0,00) (see Chapter 10 in [17]) is denoted by P and for
any 7" > 0 we denote by Pr the restriction of P to 2 x [0,T]. Let (S,%) be a measurable
space and let (y; : t > 0) be a family of random measures on (S, ). We say that (u, : t > 0)
is predictable if for any given A € S the mapping (w,t) — p(w)(A) is predictable.

Let I+ = [0,T] for 0 < T < oo or Iz = [0,00) for T = oco. In either case, denote by M2 the

linear space of all the real-valued, cadlag, mean-zero, square integrable martingales on the
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time interval I7. The space M2 is Banach when equipped with the norm

1/2
2
il = (tsg]pxa (m()] }) .
T

Let X be a Banach space. A cylindrical random variable on X is a linear and continuous
operator Z : X* — L%(Q, F,P). A family of cylindrical random variables Z = (Z; : t € I7)
on X is called a cylindrical stochastic process on X. A cylindrical stochastic process M =
(M, : t € Ir) is called a cylindrical mean-zero square integrable martingale on X is for every
r* € X* we have M(z*) € MA.

Below we review some basic properties of the quadratic (co)variation. See Section 20 in [25]
for proofs and further details.

Let (H,(-,-)m) be a separable Hilbert space and let ¥ = (Y; : ¢ > 0) and Z = (Z; :
t > 0) denote two H-valued square integrable martingales. There exists a unique (up to
indistinguishability) predictable, real-valued process (Y, Z) with paths of finite variation
such that (Y, Z)o =0and (Y, Z)g—(Y , Z) isamartingale. We call (Y, Z) the (predictable)
quadratic covariation of Y and Z. We denote (Y, Y) by (Y) and call it the (predictable)

quadratic variation of Y'; this process is increasing. One can show that for any given ¢t > 0

P
ZE |:<Y;/\t?+1 — Yinen, Zinen, | — ZtAt;L)f{‘ ft;} =Y, Z), (2.1)
j=1
where {0 =t < ] < -+ <t} < ---},>1 is a sequence of partitions of [0, 00) such that

% — 00 as j — oo and 4, = sup; }t;ﬁrl — tﬂ — 0 as n — oo. For any h € H, one can easily
check that Y (h) := ((Y;, h)g : t > 0) is a square integrable real-valued martingale, hence has
(predictable) quadratic variation (Y (h)). We can relate (Y) and (Y (h)) via (2.1) as follows.

Given h,g € H, for any sequence of partitions {0 = t{ < ¢} < --- <t} <---},>1 of [0,00)

as described above, we have
iE [(Y(h)mtyﬂ - Y(h>tAt;?) (Y(g)mtyﬂ - Y(g)mty> ‘ -Ft;?]
j=1

o 2
< Il Y | 7]
j=1

Then taking limits as n — oo and by the uniqueness of limits in probability we conclude
from (2.1) that P-a.e.

Yiner,, — Yiney

Y'(h), Y (9)), < Il gl (Y- (2.2)
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2.2. Supremum of measures. In this section we summarize some results on the supremum
of a family of measures introduced in [37], and try to write them in a more general context
to make them useful when dealing with quadratic variations. For measures p and v defined

on a measurable space (S, Y), we write v < p if
VAeY v(A) < u(A).

This defines a partial ordering on the class M (S, %) of all measures on (S,%). Given
a family (114)aen of measures on (S, 3), there is always a supremum, that is, there exists
€ ML (S,Y) that satisfies

(i) For each av € A, po < fi

(i) If p € M, (S,%) and p, < p for each o € A, then i < p.
The following lemma establishes the existence we have just mentioned. We write it in the
generality we need. We omit the proof, since the one in [37, Lemma 2.6] works perfectly
well if we only start with a family of sub-additive set functions. We refer to [5] for a more

general treatment of the concept.

Lemma 2.1. Let (fta)aca be a family of non-negative, finitely sub-additive set functions on
a measurable space (S,%). For A € ¥, let Z(A) be the collection of finite partitions of A,
by elements of X2. Define the set function i by

j(A) = sup Z sup pa(C), Ael. (2.3)
Mex(4) Loy aeh

Then fi is the smallest (in particular, unique) finitely additive measure on (S, o) that satisfies

[ > o for each o € A. If each p,, is sub-additive, then fi is a measure on (S,Y).

The functions p, might be all finite and still have ji(A) = oo at each nonempty set; an easy
example can be obtained with S finite and u,, = nug, o being the counting measure. But

if there is a finite measure dominating each p,, it follows that f is a finite measure.

We call fi the supremum measure of the family (u,) and denote it by sup u,. Notice that
acA

(supa ) (4) = sup o),
aEN acA
The right hand side is computed, for each A, as the classical supremum of a set of real

numbers, which in general does not define a measure, not even for a family of two measures.

The following lemma is a generalization of Lemma 2.8 in [37] for the case of a family of

random measures.



QUADRATIC VARIATION FOR CYLINDRICAL MARTINGALE-VALUED MEASURES 9

Lemma 2.2. Let (S,X,v) be a measure space, (2, F,P) a probability space. Let F be a
family of measurable functions from Q x S into [0, 00] and (f;)jen a sequence in F. Define

f= sup,>; fj and assume that sup e 5 [ = f. Foreach f € F let iy be the random measure

defined by
B):/f(w,-)du, Bex.

If we define ji(w,-) := sup ez piy(w, ), then fi(w, ) = sup,s; piy, (w,-) and

/ Flw (2.4)

In particular i is a random measure on (S, %, v).

Proof. For fixed w we apply Lemma 2.8 in [37] to obtain both identities. Tonelli’s theorem
allows us to conclude that each fif is a random measure, so the same is true for i because
of (2.4). O

In the case of a countable number of measures, Lemma 2.9 of [37] gives us an expression for

[t as the limit

A(A) = Tim ( sup un) (4).

N—oo 1<n<N

Remark 2.10 in [37] also shows that, in the case S = R and ¥ = By one has

i(a, b] = su sup o (C),
fia,b] = HEI;C;[ 1 1o (C)

where Z is the family of all Riemann-type partitions of (a,b], and the endpoints of the
sub-intervals in such partitions can be taken rational (with the possible exception of a and
b). These ideas have the following useful corollary, which we present in a bit more general

setting, as will be needed afterwards.

Corollary 2.3. The supremum of a countable family of random measures over (R, Bg) is

itself a random measure. Moreover, if p,(w,-) < pni1(w,-) for each n, then for a.e. w

(sup pn (w, )) (A) = lim p,(w, A), A€ B(R).

neN

The following equivalence for an infinite sum of measures is not difficult to establish.

Corollary 2.4. The infinite sum of random measures is a random measure. Moreover

<Z :Un) (A) = pn(A) = <sup > un)

neF

where F' runs over the finite subsets of N.
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3. HILBERT SPACE-VALUED MARTINGALE-VALUED MEASURES

Let H be a separable Hilbert space. In this section we recall the definition of H-valued

martingale-valued measures, originally introduced by Walsh in [38] in the real-valued setting.

Assume that U is a Hausdorff topological space which is Lusin in the sense that it is
homeomorphic to a Borel subset of the line. Let A be a ring of Borel subsets of U. We also

consider an underlying probability space (€2, F,P).

Definition 3.1. A set function N : Q x A — H is called a o-finite L*(Q, F,P; H)-valued

measure if it satisfies:
(i) N is L*valued: E[|N(A)|*] < oo for every A € A.
(ii) N is finitely additive: if A, B € A are disjoint then P-a.e.

N(AUB) = N(A) + N(B).

(iii) N is o-finite: there exists a sequence (Uy,)nen in B(U) such that U, 1 U for each n,
B(U,) € A and

sup E[|N(A)]%] < oo.
AEB(Un)

(iv) N is countably additive on each U, (as an L?*(Q, F,P; H)-valued function): For each
sequence (A;);en in B(U,) decreasing to (), we have E[||N(4,)]*] — 0.

(v) For each A € A, N(A) is the L2-limit of N(ANU,).

As we mentioned before, this definition is based on that of [38]. We have adapted it
to the Hilbert space-valued case and implemented some minor modifications. Property
(v) is treated in [38] as an extension procedure, however, this could actually result in a
modification! of N on some sets A € A; moreover, it is not clear in general if the limit even
exists for every set A € A. We decided to make it part of the definition. We do observe

that this condition would be superfluous if, for instance, NV is countably additive on A.

Remark 3.2. Since our space is Lusin, there exists a sequence of sets that generates B(U).
Given a o-finite mapping N, by taking intersections with the generating countable collection
if necessary, we can assume the sequence (U,,) generates B(U), instead of being increasing.

!Consider U = R and A = {A € B(R) : A is bounded or A° is bounded}. Define the deterministic set
function N(A) = 0 for A bounded and N(A) = 1 for A° bounded. This clearly satisfies properties (i)-(iv)
in Definition 3.1, with U,, = [-n,n]. The extension suggested in [38] implies redefining N(A) = 0 for each

A € B(R). In the same context, define N(A) = |A| for A bounded and N(A) = 1—|A°| when A€ is bounded.
In this case, the L2-limit of N(A NU,,) exists if, and only if, |A] < occ.
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Definition 3.3. An H-valued orthogonal martingale-valued measure is a collection M =
(M(t,A):t>0,A e A) of H-valued random variables satisfying:
(i) For any A € A, M(0,A) =0 P-a.e.
(ii) For any A € A, M(A) = (M(t, A))i>0, is a mean-zero, square integrable H-valued
martingale.
(iii) If t > 0, M(¢t,-) : A — L*(Q,F,P; H) is a o-finite L*(Q2, F,P; H)-valued measure.
(iv) For ¢t > 0, (M(A), M(B)), = 0 whenever A and B in A are disjoint.

By the classical definition, (M (A)), is increasing in ¢ for fixed A. It is also increasing in A

for fixed t, according to the following.

Lemma 3.4. If M is an H-valued orthogonal martingale-valued measure, (M (-)); is additive
on A. More precisely, given A, B € A disjoint we have (M(AU B)); = (M(A)): + (M(B)):
P-a.e. Moreover, for AC B and t > 0 we have (M(A)); < (M(B))¢, P-a.e.

Proof. If A, B € A are disjoint, we have P-a.e.
(M(AUB))y = (M(A)): + (M(B)): + 2(M(A), M(B)): = (M(A)): + (M(B)):
because of the orthogonality. The final assertion follows easily from this. O

Let us consider an H-valued orthogonal martingale-valued measure M. We fix an interval
[0, 7] and define, following [38]:

u(A) = E[|M(T, A)|*] = E(M(A))7], VA€ A (3.1)

Let (U,,) be the sequence corresponding to M (T, -) in (iii) of Definition 3.1. Being the map
t +— E[||M;(A)|’] increasing, the same family (U,) works for all M(t,-), 0 <t < T. In fact,
by Lemma 3.4 y is finitely additive and
Sup )E[||M(t>A)||2] = E[| M(t,U)|") < E[|M(T, U,) ] = ul(Uy) < o0
E n

We summarize it in the following lemma.

Lemma 3.5. Let M be an H-valued orthogonal martingale-valued measure. The finitely
additive measure p defined on A by (3.1), is o-finite. Moreover, u is a (countably additive)
measure on each (U,, B(Uy,)).

The following theorem is our H-valued version of Proposition 2.7 of [38]. Besides the minor

changes due to the H-valued feature, we have decided to include a self-contained proof by
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two reasons. First, there are details in the original proof that we consider important to

emphasize and, second, the ideas of the proof will be crucial to other results in this paper.

Theorem 3.6. Let (My(A) : 0 <t <T,A € A) be an orthogonal H-valued martingale-
valued measure, where A is a sub-ring of B(U). Then there exists a family (1,0 <t < T
of random o-finite measures on (U, B(U)) such that:

(i) (1,0 <t <T) is predictable.

(i1) For all A € A, t — 1 (A) is right-continuous and increasing.
(111) For all0 <t <T and A € A we have P(1,(A) = (M(A)),) = 1.

Proof. Step 1. Since (U, B(U)) is Lusin, there exists h : U — U invertible, where U is a

Step 2.

Borel set on the line, such that both A and h~! are measurable (relative to B(U)
and B(U)). All the elements that define M can be copied down on (U, B(U)), so it

is enough to prove the theorem for U.

According to the previous step, let us assume that U is a Borel set on the line. Notice
that p is a finite measure on each (U, B(U,,)). Suppose we can prove the theorem for
U ="U, and A = B(U,). That means there is a predictable family (Vt(") 0<t<T)
of random measures on (U,, B(U,)), satisfying (i)-(iii) for A € B(U,). Suppose,
moreover, that v7(C) < v (C) for each C' € B(U,). We extend each v to a
measure ;' on (U, B(U)) by

v (C)=v(CNU,)

and then define

vy 1= sup vy;".
n>1

According to Corollary 2.3, (1, : 0 < t < T) is a predictable family of random

measures, and for each C' € B(U) we have

1 (C) = lim 7 (C) = lim v'(C NU,).

n—oo n—oo
Since v} satisfies (iii) in B(U,), given A € A, |[My(ANU)|* = v (ANU,) is a
martingale. Since M;(ANU,) — M (A) in L? and v}(ANU,) = v(A) in L!
(monotone convergence) we conclude that
IM(AN UL = v (AN Un) = [ M(A)* — vi(A)
in L'. This shows that ||M,;(A)||* — 14(A) is a martingale and then

P (A) = (M(A)),) = 1.
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Step 3. By the previous step, it is enough to assume that A = B(U) and p is a finite measure.

Because of the regularity of y, there is an increasing family of compact sets K; C U
such that K = UKj satisfies p(U\K) = E(M(U\K)), = 0. Since (M (U\K)) is a

non-negative random variable, we conclude ((M(U\K)); = 0 a.e. If we prove the

theorem for U = K, we can apply the construction of the second step to obtain a

family of random measures v; defined on (U, B(U)) and concentrated on K. Since

U\K has p-measure zero,

P((A) = (M(A)),) = P((ANK) = (M(AN K)),) =1

for all A € B(U) and all ¢ € [0, T7].

Step 4. Following the reduction in Step 3, we will now prove the theorem for U compact on

the real line, A = B(U) and u(U) < co. We separate this step in several sub-steps.

Step 4.1.

Step 4.2.

We extend M to (R, Bg) so that M;(A) = My(ANU). In particular, M;(A) =0
for ANU = (). For each t € [0, 7] define the random function F; : R — R by

Fy(x) = (M (=00, 2]), .

By Lemma 3.4, each F} is increasing and, for a < b fixed, Fy(b) — Fi(a) is

increasing in ¢. Also, for fixed ¢ and = € (a, b] we have P-a.e.
Fi(x) = Fi(a) < (M((a, b)),

and by right-continuity this holds P-a.e. simultaneously for all ¢ € [0,7] and
x € (a,b] N Q. Taking the expectation, we get

E sup |Fi(x) — Fi(a)|| < p((a,b]). (3.2)
te[0,T],z€(a,b)NQ
Define
Fi(z) :=inf{F,(y): 2 <y € Q,t <se€Q}.

This function is increasing and right-continuous in both variables. The first
assertion is immediate; for the second one, consider rational sequences t,, | t

and x, | x and note that
Fy(a) < Fp,(20) < F,y (201).
We also observe that, for fixed x

P (Fi(z) = Fy(z) for all t € [0,T]) = 1.
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In fact, for t, | t and x,, | * we have
Fi(r) < Fi(x) < F, (2,) = B, (2) + [F, (20) = F, (2)]
where Fy () — Fi(x) by right-continuity and F, (x,) — F;, () — 0 in
probability by (3.2).
Step 4.3. Let v; be the distribution on R generated by F,. Note that v,(R\U) = 0, for
given (a, f] € R\U, there exists € > 0 such that (a, §+¢&] C R\U. This implies
that F; is constant on (o, 3] and therefore v;((c, 3]) = 0. The predictability is

inherited from F} to F'; and then to 14, as we can always work through rational

values of z.

Step 4.4. For fixed t < t/, Fy — F, is increasing. In fact, for a < b the inequality
(Fy — Fi)(a) < (Fy — F;)(b)
is equivalent to
Fi(b) — Fy(a) < Fu(b) — Fu(a)

and this is inherited from F. It follows that v;((a,b]) is increasing and right-
continuous in ¢. A monotone class argument allows us to deduce that v,(A) is
increasing and right-continuous in ¢ for any Borel set A.

Step 4.5. We now prove (444). Let G be the class of those A € B(U) for which ||M,(A)||*—
1i(A) is a martingale. It is clear that (—oo,2] € G, because by Step 2,
vi((—o0,z]) = Fi(z) = (M(—o0,z]), a.e. With z =supU we obtain R € G. It
follows that G contains R and all finite unions of intervals of the form (a,b]. G
is closed under complementation because we can write || M(A)||7 — v,(A°) as

the sum of three martingales:
(IM®)[F = ve(R)] + [IM(A)]; = ve(A)] = 2 (M A), My(A%))
Finally, G is closed under monotone convergence, for if A, 1 A we have in L'
IM(AR)IF = ve(An) = [MA} = vi(A).
We conclude that G = B(U).

To complete the proof, in order for Steps 2 and 3 to work out correctly, we need to observe
that if U; and Uy are compact and U; C Us, then the constructed families v} and v? satisfy

v; < V2 in Uy, in the sense that

P (v (C) < v} (C) for all C € B(Uy)) = 1.
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It is enough to verify it for any interval (a, b], with a, b rational, and that is straightforward

following the construction of Step 4. U

Next corollary constructs a random measure v on B(R,) ® B(U), based on the family
(¢ : t > 0) of random random measures on B(U). We will say that such a random measure

v is predictable if the family (1) is.

Corollary 3.7. Given an H-valued orthogonal martingale-valued measure M = (M(t, A) :
t>0,A € A), there exists a predictable o-finite random measure v on B(R;) @ B(U) such
that for everyt >0 and A € A,

P({we Q:v(w) (0,4 x A) = (M(A)), (w)}) = L.

Proof. First, by a standard argument we can construct a family (1, : ¢ > 0) of random
o-finite measures on (U, B(U)) satisfying the statements in Theorem 3.6 for each 7" > 0. We
can therefore define v by first setting v([0,t] x A) = 1,(A) for ¢t > 0 and A € A and then
extending it to B(Ry) ® B(U), using the fact that the collection of all rectangles [0,¢] x A

generates the product o-algebra. 0

Remark 3.8. The previous corollary provides us with a regularization for the random
mapping (t,A) — (M(A)),, which in general, does not have to behave like a random
measure. If such mapping is verified to be already predictable and countably additive on

the measurable rectangles of B([0,7]) @ B(U), then the previous construction is not needed.

The following lemma is a consequence of the proof for the previous theorem. It receives
an inequality between two random measures that is satisfied almost everywhere for each
individual rectangle (s,t] x A, A € A, and shows that it actually holds almost everywhere
all over B(R;) ® B(U). The result is not classic, because it is not clear at the beginning
that we can pick a countable number of elements of A that generate B(U). The fact that A
contains each B(U,) fills the gap.

Lemma 3.9. Suppose vy and vy are random measures on B(R,) ® B(U) such that, for each
AecAand 0 <s<t

P(((5,8] x A) < 1a((s, 8] x A)) = 1.

Then v1 < vy. More precisely

P (11(C) < 15(C),¥C € B(R,) @ B(U)) = 1.
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Proof. First, for fixed s,t define p;(B) = v;((s,t] x B), for j = 1,2, B € B(U). As in the
proof of Theorem 3.6, we can assume that U is a Borel set on the line. We consider the
measures f; , obtained by restricting p; to (U, B(U,)) and see them as defined in (R, B(R)).
To be precise, p;,(B) = p;j(BNU,). Since B(U,) C A, for a < b we have P-a.e.

Ml,n((a> b]) S ,U2,n((aa b])
It follows that
P (:ul,n((aa b]) < ,U2,n((a> b])? Va,b € @) =1

and this is enough to conclude (working with fixed w) that
P (11,0(B) < iza(B), ¥B € B(R)) = 1.
By the continuity of both measures we obtain P-a.e.
#(B) = sup pinn(B) < sup p2n(B) = pa(B), VB € B(U).
We have shown that, for fixed s, ¢
P(v1((s,t] x B) < wa((s,t] x B),VB € B(U)) = 1.
The remaining argument is classic using the right continuity of v., working with fixed w. In

fact, the rectangles (s,t] x B with s,t rational and B € B(U) generate B(R,) @ B(U). O

Remark 3.10. The previous lemma clearly holds with equality. More precisely, if for given
s,t and A € A, we have v1((s,t] x A) = w»((s,t] x A) P-a.e., then v; = v,. This, in
particular, implies the uniqueness of v in Corollary 3.7 and justifies Definition 3.12 below.
It is important to recall that two random measures p and v are considered the same when
P(u(C) = v(C) for all measurable C') = 1.

The previous lemma can also be applied to compare two signed measures, or the absolute

value of a signed measure and a measure.

Lemma 3.11. Suppose a and 8 are random signed measures defined on B(R;) @ B(U). If
foreach Ae Aand 0 <s <t

Pla((s,t] x A) < B((s,t] x A)) =1
then a < B. If for each A€ A and 0 < s <t
P(la((s, ] x A)| < A((s, 1] x A)) =1

then |a| < .
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Proof. If a~ is finite, the first assertion follows by applying Lemma 3.9 to the inequality
at <o +B.

Otherwise, we work with
(et =B <a.

The second assertion follows by applying the first one to the inequalities —f < « and
a < p. O

Definition 3.12. The unique random predictable o-finite measure v given in Corollary 3.7

will be called the intensity measure of M.

Ezample 3.13. Let (U,B(U),\) be a o—finite space. A (Gaussian) white noise measure

based on A is a random set function W on the sets A € U of finite A—measure, such that
(i) W(A) is a N(0, \(A)) random variable.
(ii) If AN B =0, then W(A) and W(B) are independent and

W(AU B) = W(A) + W(B).

Equivalently E[W (A)W(B)] = E[[W (AN B)|?] = A(AN B).
Consider a white noise measure W on (Ry x U, B(R;) ® B(U), Leb ® X). This means, W is
defined at least on the cylinder sets (s,t] x A, with 0 < s <t and A € A. Here, A is the

ring of finite A\-measure sets on B(U).
We define M;(A) = W([0,t] x A) and observe that M;(A) ~ N(0,tA(A)). Thus (M,(A) :

t>0,A € A)is clearly a martingale measure with respect to its natural filtration. Besides
ANB=0= M(A) and M,(B) are independent ,

hence orthogonal. We also have (M(A)), = tA(A). Given U, T U with A\(U,) < oo, it is
clear that B(U,,) C A and

sup E|M(A)]* = t\(U,) < .
A€B(U,)

The martingale measure M is also countably additive on each U,. In fact, if (A;) is a
sequence on B(U,,) and A4; | 0, then A(A;) — 0 and consequently E|M;(A;)|* < TA(A;) — 0.
Finally, given A € A we have

E|M,(A) — My(ANTU,)|? = E|M,(A\ U,)|* = tA(A\ U,) — 0.
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We have shown that each M;(-) satisfies Definition 3.1 and therefore, M satisfies condition
(iii) in Definition 3.3. Conditions (i), (ii) and (iv) are immediate. We conclude that M is a

(real-valued) orthogonal martingale-valued measure.
(a) Notice the additivity of (M(-)), as mentioned on Lemma 3.4.
(b) Notice that the measure p of Lemma 3.5 in this case is u(A) = TA\(A).

(c¢) The family of measures constructed in Theorem 3.6 is given by 14(A) = tA(A).
Also, in Corollary 3.7, the intensity measure is v((s,t] x A) = (t — s)A(A), that is
v=Leb® A\

Ezample 3.14. Let H be a separable Hilbert space and let L = (L; : t > 0) be an H-valued
cadlag Lévy process, i.e. L has independent and stationary increments and has P-a.e. cadlag
paths. Assume furthermore that L is (F;)-adapted and that L; — Ly is independent of F;
forall 0 < s < ¢.

In this example we introduce an H-valued orthogonal martingale-valued measure associated
to L. We will first need to recall some properties of Lévy process which can be found for
example in [3, 29].

We can associate to L a Poisson random measure N on R* x (H\{0}) given by
N(t,A)=#{0<s<t:ALy:=L;— L, € A}.

We say that A € B(H\{0}) is bounded below if 0 ¢ A. If A is bounded below, it is well-
known that (N(¢,A) : t > 0) is a Poisson process with E [N(¢, A)] = tA(A), where X is a
Lévy measure, i.e. Ais a Borel measure on H with A({0}) = 0, and / I))* A 1 A(dh) < oco.

H
Moreover, for f : A — H measurable, we may define the Poisson integral as the finite

random sum:

/A F(B) N(tdh) = S F(AL)Ly (AL,) .

0<s<t

Let N(dt,dh) = N(dt,dh) — dtA(dh) be the compensated Poisson random measure
corresponding to N. For f € L? (A, )\} uH ) we define the compensated Poisson integral:

/A F(h) N(t,dh) = /A F(h)N(t,dh) —t /A F(R)A(dR).
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It is well-known that ( / FR)N(t,dh) : t > 0) is an H-valued mean-zero square integrable
A

Recall that L being a Lévy process in a separable Hilbert space, it has a Lévy-Ito

cadlag martingale, and

E

/A F(R)N(t,dh)

] i / £ ()2 A(dh).

decomposition

Lt:t€+Wt+/

[[hll<1

hN(t,dh) + / hN(t,dh), (3.3)

Irl=1

where £ € H, W = (W, : t > 0) is a Wiener process in H with covariance operator @)
(i.e. E[(h,Wy)%] = t(h,Qh)y) which is positive and of trace class, W is independent of
the Poisson random measure N, ( f” Bi>1 h N(t,dh):t > O) is a Poisson integral as defined

above, and <f||h||<1

martingale such that

h N (t,dh) : t > 0) is an H-valued cadlag mean-zero square integrable

/ hN(t,dh) = lim hN(t,dh) Vt>0 (limitin L*(Q, F,P; H)).
Ihll<1 ne0 J L n)<1

We can associate to the Lévy process L an H-valued orthogonal martingale-valued measure
in the following way. Let U € B(H) be such that 0 € U and |, l|w||* \(du) < co. Take

A={ACU:A-{0} is bounded below},

and let M = (M(t,A) : t >0, A € A) be given by

M(t, A) = W,50(A) + / hN(t,dh), Vt>0,Ac A (3.4)
A\{o}

In fact, from the properties of the stochastic processes defined above it is clear that
M(0,A) = 0 P-a.e. for every A € A. Thus Definition 3.3(i) is satisfied. Moreover, since the
Wiener process and the Poisson stochastic integrals defined above are H-valued zero-mean
square integrable martingales, then for any given A € A we have M (A) is an H-valued

zero-mean, square integrable martingale. This proves M satisfies Definition 3.3(ii).
Now we check that Definition 3.3(iii)-(iv) is satisfied. Let t > 0 and A € A. First observe
that

E{|37 (2, A)|?) = 1 [HQHQ(H) o)+ [l A(du)] , (3.5)

\{0}
and hence

(VI(A)), = tE[|N(1, A)Y = ¢ [||@||£1(H) )+ [ NG A(du)] NEYS
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Lett > 0. If ANB =0, A,B € A, then 04, = d4+0p, and the Poisson stochastic integrals
(fA\{O} hN(t,dh): t > O) and (fB\{O} hN(t,dh):t > O) are independent processes.
From these facts it is easy to conclude that M (¢, AU B) = M(t,A) + M(t, B) and that
(M(A), M(B)); = 0. Finally, to check that each M(t,-) is a o-finite L*(Q, F,P; H)-valued
function take U, = {0} U{h € U : ||h|| > 1} for each n € N.

It is clear that U = J, . U, and B(U,,) C A for each n € N. Moreover, from (3.5) we have

neN
sup E[II(E A = ¢ sup [n@nh(maomw [ A(du)]
AeB(Un) AeB(Un) A\{0}
< t{n@nﬁl(m / ull? Adu)] < oo.

4. CYLINDRICAL ORTHOGONAL MARTINGALE- VALUED MEASURES

Let X be a Banach space with separable dual X*. The following definition extends that of

orthogonal martingale-valued measure to the cylindrical context.

Definition 4.1. A cylindrical orthogonal martingale-valued measure on X* is a collection
M= (M(t,A):t>0,A € A) of cylindrical random variables on X such that:

(i) For each A € A, M(0,A)(z*) =0 P-a.e. for all z* € X*.
(ii) For each A € A, M(A) = (M(t,A) : t > 0), is a cylindrical mean-zero square
integrable martingale, and for each ¢t > 0 and A € A, the map

M(t,A): X* — L°(Q, F,P)

1S continuous.

(iii) If ¢t > 0 and z* € X*, M(t,-)(z*) : A — L? (9, F,P) is a o-finite L?-valued measure.

(iv) If t > 0 and z* € X*, (M(A)(z*), M(B)(z*)), = 0 whenever A, B € A are disjoint.

Remark 4.2. Let t > 0 and A € A. Our assumption (ii) imply that the linear mapping
M(t,A) : X* — L?*(Q,F,P) is continuous. In fact, assume that z;, — 2* in X*
and M(t,A)(z}) — Y in L*(Q, F,P). By (ii) we have M(t,A)(z}) — M(t, A)(z*) in
probability. On the other hand, since L? convergence implies convergence in probability we
have M(t, A)(z}) — Y in probability. By uniqueness of limits Y = M (¢, A)(z*) P-a.e. and

the closed graph theorem finishes the work.
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Remark 4.3. For any z* € X* and A € A, by (ii) the process
M(A)(z*) = (M(t, A)(z") : t = 0)

is a real-valued square-integrable martingale, so the brackets in (iv) correspond to the (real)
covariation of two real-valued processes. We will also use the notation (M (A)(z*)), for the

(real) quadratic variation, when it exists.

Example 4.4. Consider a finite set U = {ay,...,a,}. In this case we can take A = 2Y,
which corresponds to the discrete topology. For each k = 1,--- n, let Z% = (ZF : t > 0)
be a cylindrical cadlag zero-mean square integrable martingale such that for each t > 0 the
mapping ZF : X* — L°(Q, F,P) is continuous. Assume moreover that for each x* € X*,

the real-valued martingales (Z*(z*))}?_, are orthogonal.

Define a family M = (M (t,A) : t > 0, A € A) by the prescription:
M(t, A)(a*) =Y ZfH(2")0e,(A), Yoe X" t>0 AcA
k=1

Since every A € A is either the empty set or has a finite number of elements, it is not
difficult to check that (i)-(iv) in Definition 4.1 are satisfied. Hence M defined above is a

cylindrical orthogonal martingale-valued measure.

Example 4.5. Let Z : X* — M? be a continuous linear operator, in particular a cylindrical
cadlag zero-mean square integrable martingale on X. Let g : Ry x 2 — U be a predictable
process and let A = B(U).

Define a family M = (M (t, A) : t > 0, A € A) by the prescription:

t
M(t, A)(z*) = La(g(s))dZ(x")s, Va"e X", t>0,Ac A
0

It is clear that for all A € A and z* € X* we have M (0, A)(z*) = 0 P-a.e., so Definition
4.1(1) is satisfied.

The linearity of Z shows that each M (t, A) defines a cylindrical random variable on X. Since
14(g(s,w)) is a real-valued bounded predictable process, then M(t, A)(z*) is a real-valued
zero-mean square integrable cadag martingale. Furthermore, by the It6 isometry we have

|

E[|M(t,A) )] = E

/0 14(g(s)) dZ(z"),

_ & /0 1a(g(s)) d (Z(a")),
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< E[Z()]=E[1Z(")] -
Hence showing that for each t > 0 and A € A the mapping M(t, A) : X* — L*(Q, F,P) is
continuous. This shows Definition 4.1(ii) is satisfied.

Now we check Definition 4.1(iii). In fact, let t > 0 and z* € X*. We have proved above that
E [|M(t, A)(x*)|2] < oo for each A € A. Moreover if ANB =0, A, B € A, then

M AUB)E) - | ' Lan(o(s)) dZ(a).

= [ ntonaze)+ [ a6 aze),

= M(t,A)(z") + M(t, B)(z").
Furthermore, each M(t,-)(z*) is easily seem to be o-finite L?-valued function by taking
U, =U for all n € N.
Finally, given t > 0 and z* € X*, for A, B € A satisfying AN B = () we have, by the theory

of stochastic integration, that

E[(M(A)(z"), M(B)(z")),] = E[M(t, A)(«")- M(t, B)(z")]

¢
= B [ La(ols) - Lalo(s)) d(2(a")), =0,
0
Hence Definition 4.1(iv) is satisfied.

We finish this section with a result that allows us to look at a Hilbert space-valued

martingale-valued measure as a cylindrical orthogonal martingale-valued measure.

Proposition 4.6. Let H be a separable Hilbert space and let M = (M(t,A) t>0,A€

A) be an H-valued orthogonal martingale-valued measure. Assume further that for every

A B € A disjoint and h € H, the real-valued martingales (M(A),h)y and (M(B),h)y
are orthogonal. Then M induces a cylindrical orthogonal martingale-valued measure M =
(M(t,A):t>0,A e A) on H by means of the prescription

M(t, A)(w)(h) == (M(t, A)(w),h)y, YweQt>0,Ac AhecH. (4.1)
Proof. Tt is easy to verify each of the statements of Definition 4.1. Note, in particular, that
for each t > 0 and A € A, the map M(t,A) : H — L°(Q, F,P) is continuous by using a

Chebyshev-type argument. Indeed for any € > 0, one can see that

P((M(t, A), by — h)| > €) < —

= 7o = RIE BLIME AN - 0,

whenever h, — h in H. O
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Ezample 4.7. Let H be a separable Hilbert space and let L = (L; : t > 0) be an H-valued
cadlag Lévy process. Let M = (M(t,A) : t > 0,A € A) be the H-valued orthogonal

martingale-valued measure defined in (3.4).

Assume A, B € A are disjoint. We have two cases. Assume first that A = {0}. Since A
and B are disjoint we have M(t, A) = W;d(A) and M(t, B) = I h N(t,dh). In such a
case, since W and N are independent so are M (t, A) and M(t, B). Hence, (M(A),h)y and
(M(B), h) g are orthogonal for every h € H.
As for the second case, assume neither A nor B is {0}. Then M(t, A) = I h N(t,dh) and
M(t,B) = I h N(t,dh). Since A and B are bounded below and disjoint, these Poisson
integrals are independent processes (see Theorem 2.4.6 in [3]). Hence, (M(A),h)y and
(M(B),h)y are orthogonal for every h € H.
Now, by Proposition 4.6 then M = (M(t,A) :t > 0, A € A) defined by (4.1) is a cylindrical
orthogonal martingale-valued measure. Observe for each h € H, t > 0, A € A,

E [\M(t,A)(h)ﬂ =t |(h,Qh)mdo(A) + /A\{O}(u, h)% A(du)] . (4.2)
Remark 4.8. Let H be a separable Hilbert space and let M = (M(t,A) : t >0, A € A) be
an H-valued martingale-valued measure. Let (h,),>1 be a orthonormal basis in H and for
every n > 1 let M™(t, A) = (M(t, A), hy) . Using the result of Lemma 2.2 in [34] one can
show that for every A, B € A, t > 0, we have

-y <M”(A), M"(B)> .

t
n>1

(a1(4), 31(B))

t

Therefore, if we assume that for every A, B € A disjoint and h € H, the real-valued
martingales (M (A), h) g and (M (B), h) g are orthogonal, we conclude that M(A) and M(B)

are orthogonal (as H-valued martingales). Thus M is orthogonal.
5. CONSTRUCTION OF THE QUADRATIC VARIATION

5.1. Definition and properties of the quadratic variation. In this section we define the
(predictable) quadratic variation of a cylindrical martingale-valued measure. Our definition
is based on a extension of the definition of the quadratic variation as a supremum of measures
introduced by Veraar and Yaroslavtsev in [37] in the case of cylindrical continuous local
martingales. In our case, we found convenient to formulate our definition in terms of the
family of intensity measures defined by the family of real-valued martingale-valued measures
(M(t,A)(z*) : t > 0,A € A). The existence of such a family of measures is guaranteed by

the following result.
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Lemma 5.1. For every x* € X*, there exists a random predictable o-finite measure vy« on
B(Ry) ® B(U) such that for everyt >0 and A € A,

P{w e Q:vp(w)([0,8] x A) = (M(A)(z7)), (w)}) = 1. (5.1)

Proof. 1t is enough to apply Corollary 3.7 to the R-valued orthogonal martingale-valued
measure M (A)(z*), for each z* € X*. O

Basic properties of (M(-)(z*)) are inherited by v,-. For instance, given a real number ¢, we

have Ve« = c®v,« (as random measures). In fact, given t and A we have, P-a.e.
v ((0,8] x A) = ¢ (M(A)(27)), = (eM(A)(2")), = (M(A)(cx")), .

Uniqueness of the intensity measure gives the identity (Remark 3.10).

Example 5.2. Let M denote the cylindrical martingale-valued measure defined in Example
4.4. For every z* € X* our assumption that the real-valued martingales (Z*(z*))7_, are
orthogonal implies that (M (A)(z*)), = > 7, <Zk(:)s*)>t 0q, (A) for every t >0 and A € A=
B(U). Hence

Ve (ds, du) ZA 2(o0y) (@90, (d),
where )\<Zk(gc*)> denotes the Lebesgue-Stzeltjes measure associated to <Zk(x*)>

We are ready to introduce our definition of quadratic variation for M, which is an extension
of Definition 3.4 in [37]. First, we will need the following terminology: let (S,X) be a
measurable space and let M, (S,3) be the set of all positive measures on (S,%). For
n,¢ Q= M, (S,X) we say that n < ( if n(w) < ((w) for P-a.e. w € Q. The relation “<”
defines a partial order in M (S,3).

Definition 5.3. We say that M has a quadratic variation if there exists a random measure
n:Q—= M, (R xU,B(R,)® B(U)) such that
(i) Given t > 0 and A € A, for P-a.e. w € ©Q we have n(w)([0,t] x A) < 0o

(ii) 7 is a minimal element (in the partial order “<”) for the collection of all the random
measures ¢ : Q@ - M (Ry x U, B(R;) ® B(U)) with the property: Va* € X* with
7] =1, ver <C.

We say that 7 is a quadratic variation for M.

The reader might notice that in the definition above, the possibility that M has more than

one quadratic variation is left open. Later in this section we introduce a sufficient condition
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for the existence of a unique quadratic variation. In the following result we provide a

necessary condition for the existence of a quadratic variation for M.

Proposition 5.4. Assume that M has a quadratic variation n. Let (x}),>1 be a dense

subset of the unit sphere in X* and let j1 := sup,,> Vs . Then p <.

Proof. Since n is a quadratic variation for M, for every n > 1 there exists 2, C €, with
P(Q,) = 1 and v, (w) < n(w) for every w € Q,. Let Qy =[5, 2. Then P(Q) = 1 and

by the definition of supremum of measures we have p(w) < n(w) for every w € €. O

We now tackle the issue of existence and uniqueness of a quadratic variation for M. Our

key property is described as follows:

Definition 5.5. We say that the family of intensity measures (v, : * € X*) satisfies the

*
n

t > 0, there exists Q.+ C Q with P(€,-) = 1, such that for 0 < s <t, A € Aand w € Q=

sequential boundedness property if whenever (z}) is dense in the unit sphere, ||z*|| = 1 and

Ve (W)((5,t] X A) < sup vgs (w)((s, 1] x A). (5.2)
n>1
Note that the supremum in (5.2) is a classical supremum of real numbers, which can be

infinite in some cases.

Remark 5.6. It is enough to verify (5.2) for sequences that converge to z* in the unit sphere.

*

In fact, if that is true and (2

) is dense in the unit sphere, there is a subsequence (z,, )

converging to z*. Then P-a.e. we have, for 0 < s <t and A € A,

Ve ((5,] X A) <sup v ((s,1] x A) < sup v ((s,t] x A).
k k n

n

The following result provides a sufficient condition for the sequential boundedness property
to hold.

Proposition 5.7. Assume the family of intensity measures (v« : x* € X*) satisfies the

following condition: given x} — x* in the unit sphere of X*, for every t > 0 we have

sup sup ‘l/x;;((s,t] X A) — v ((s,t] x A)‘ 50, asn— . (5.3)
AcA0<s<t

Then (vy = x* € X*) satisfies the sequential boundedness property.
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Proof. Let X, = Sup qc 4 SUPg<q<y |[Vaz ((5,8] X A) — v+ ((s,] x A)|. Since X, 5 0, there
exists a sequence of positive integers n; 1 0o such that X, — 0, P-a.e. In particular, there
exists (2« C Q with P(Q,+) = 1 such that, for 0 < s <t, A€ A and w € Q-
Ve (w)((s,t] X A) = klim Vay, ()((5,t] X A) < sup vy (w)((s, 1] x A).
—00 n>1

The last remark finishes the work. O

Now we provide a sufficient condition for the existence and uniqueness of a quadratic

variation for M.

Theorem 5.8. Let (},),>1 be a dense subset of the unit sphere in X* and let j1 = sup,,>, Vys .

Assume
(1) Givent >0 and A € A, P-a.e. we have u([0,t] x A) < co.
(i1) (v« x* € X*) satisfies the sequential boundedness property.

Then p is a quadratic variation for M. In particular, the quadratic variation is unique (any

quadratic variation equals p P-a.e.)

Proof. We must check that p satisfies Definition 5.3. In fact, by the sequential boundedness
property, for all * € X* with ||z*|| = 1 we have that P-a.e., for 0 < s <t and A€ A
e ((5,1] X A) < sup s (58] x A) < u((5,1] x A).
n>1
By Lemma 3.9 this inequality extends to B(R;) ® B(U), then we have that for every z* in
the unit ball of X*, v« < p P-a.e., and by (i), g is finite on the required rectangles.

Let ¢ be a random measure on B(R;) ® B(U) such that v,« < ( whenever ||z*]| = 1. It
follows that P-a.e. v,- < ( for every n > 1; by definition of supremum of measures, p < (.
Therefore, p is a quadratic variation for M. Finally, given any quadratic variation 7 we have

@ < n. Since 7 is minimal, this implies n = u P-a.e. UJ

Definition 5.9. If M has a unique quadratic variation, we will denote it by (M) and refer

to it as the quadratic variation of M.

As the next result shows, in the presence of the sequential boundedness property for the
family of intensity measures, if a quadratic variation exists, it is unique. Other properties

of the quadratic variation are given.

Theorem 5.10. Assume M has a quadratic variation and (v, : * € X*) satisfies the

sequential boundedness property. Then M has a unique quadratic variation (M)). Moreover,
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for any dense subset (x},)n>1 of the unit sphere in X* we have (M)) = sup,,>, Vy: P-a.e. In
particular (M) is a predictable random measure and P-a.e.,

OO (0t x A) = smp S suprz(@)(C), W2 0.A€BU),  (.4)
e (]0,t] x C’eHnZl

where Z([0,t] x A) is the family of partitions of [0,t] X A of the form
H:{(tz_l,tl]XA]1§Z§k,1§]§m, k‘,mEN}, (55)

where 0 = tg < t; < --- <ty = t are rational (with the possible exception of t), the sets
Ay, ..., Ay form a partition of A € B(U), and (z}),>1 is a dense subset of the unit sphere
m X*.

Proof. Let (x)n>1 be a dense subset of the unit sphere and let 1 = sup, >, Va: .

Let n be a quadratic variation for M. Then, by Proposition 5.4, u = sup,,>; v, satisfies
forallt >0, A e A, P-ae. p([0,t] x A) < n([0,t] x A) < co. Hence by Theorem 5.8
is a quadratic variation and we have n = p P-a.e. This shows uniqueness of the quadratic

variation and by definition (M)) = p.

Moreover, by Lemma 2.1, ((M)) takes the form (5.4) and it is a predictable random measure
by Corollary 2.3. O

Remark 5.11. Note that any partition descibed as in (5.5) can be written in the form
{(sj,tj] x A; - 5 =1,...,m}, where the numbers s; and ¢; are rational, A;,...,A,, form a

partition of A, and also the following is satisfied:

for k # j, if (sg, k] N (s5,t;] # 0, then (sg, tx] = (s;,1;] and Ay N A; = 0. (5.6)

Remark 5.12. Under the assumptions in Theorem 5.10, notice that by Lemma 5.1 for any
given t > 0 and A € A we have P-a.e.

mi1

(1) (0.4 x 4) = sup 3 _sup (M(A)(@), — (MA),) . 6)

where the supremum is taken over all partitions II in the form described in Remark 5.11.

Ezample 5.13. Let Z = (Z, : t > 0) be a cylindrical continuous zero-mean square integrable
martingale. Consider a one-point set U = {a} and let M be the corresponding cylindrical
orthogonal martingale-valued measure of Example 4.4. We shall verify that the family of

intensity measures (v, : * € X*) of M satisfies the sequential boundedness property.
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Let ¥ € X*. By Example 5.2for all 0 < s <t, A € A= 2Y we have

Ve ((5,1], A) = Az (5, 1])0a(A) = ((Z(27)), = (£(27)),)0a(A). (5.8)

Assume x7 — z* and let ¢ > 0. Since Z defines a continuous linear operator from X*
into the space /\/lf “ of real-valued continuous square integrable martingales on [0,¢], then

(Z(x)) — (Z(z*)) in probability uniformly on [0, ¢] (see Proposition 18.6 in [17]). Hence

n

sup sup v ((s,t] x A) — vp«((s, 1] x A)]

AcA0<s<t
= sup [((Z(a7)), = {Z(20)),) — (Z2(@7)), = (Z(27)),)] =0,

asn — 0o. By Proposition 5.7 the family (v, : 2* € X*) satisfies the sequential boundedness
property.
Notice that by (5.8), Theorem 5.8 and Theorem 5.10 we have that M has (a necessarily
unique) quadratic variation if and only if for some (equivalently for any) dense subset (z}),>1
of the unit sphere in X* we have P-a.e.

(sup AZ@z)) @ 5a) ([0,t] x A) < o0, Vt>0,A¢€ oY, (5.9)

n>1

In such a case we have (M)) = sup,>; Az@z)) @ da P-a.c.

Observe that since 2V = {), {a}}, then given (x%),>1 as above, (5.9) holds true if and only
if P-a.e. (sup,s; Az@sy) ([0,1]) < oo, V& > 0. By Remark 2.10 in [37] this is equivalent
to the existence of a non-decreasing right-continuous process F' : R, x 0 — R, such that
P-a.e. Arp = sup,>1 \(z(z))-

The above observation can be thought as a generalization of Proposition 3.7 in [37] in the

case of a cylindrical continuous square integrable martingale.

Ezample 5.14. Let Z = (Z; : t > 0) be a cylindrical zero-mean square integrable Lévy
process in X, ie. for every d € N, a},--- 25 € X* the Révalued stochastic process
(Zy(z%), -+, Ze(z%) - t > 0) is a Lévy process in R%, and E[Z,(z*)] = 0 and E[|Z,(x*)]*] < oo
for every t > 0, x* € X*. We will always assume for such a Z that the mapping 7, : X* —
L°(Q, F,P) is continuous.

With the above hypothesis, it follows by Theorem 4.7 in [4] that there exists a positive
symmetric operator ) : X* — X** called the the covariance operator of Z, defined by
(Qx*)y* = E[Z1(z*)Z1(y*)] Va*,y* € X*. The operator @ is linear and continuous by
Proposition III.1.1 in [36]. For every z* € X*, observe that (Z(z*)), = tE [|Z1(x*)|2] =
HQ(z")z").
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Nowletn € N, U = {ay, -+ ,a,}, and Z',--- | Z" be cylindrical zero-mean square integrable
Lévy processes in X with corresponding covariance operators Q*, - - -, Q™. Assume moreover
that for each x* € X*, the real-valued martingales (Z*(x*))?_, are orthogonal. Let M be as
defined in Example 4.4. We will show that M has a quadratic variation.

By Example 5.2 we have for every z* € X*

<(ds, du) ZAZk ) (ds)da, (du) = > (QF(a)a)dsdg, (du).

k=1
From the above it is 1mmed1ate that for any z*, y* € X*,

sup sup |vz=((s,t] x A) — vy ((s,1] x A)| <1 (Z HQW) (e R A DN Rl
AeA0<s<t —1

and hence the family of measures v, satisfies (5.3), therefore it has the sequential
boundedness property by Proposition 5.7.

Let (z7,)m>1 be a dense subset of the unit sphere in X*. According to Theorem 5.8 we must

show that sup,,; v4x defines a random positive measure which is finite on the rectangles
0,¢] x A.
In fact, let ¢ > 0 and A € A = 2Y. Take a partition {(s;, ;] x A;} of [0,¢] x A, that satisfies

(5.6), furthermore, we can take each A; as a singleton. Then we have

N N n
> supvg (s, 1] x Aj) = ) sup > (t; — 5;)(QF(a},)a7,)da, (A;)
j=1 m=1 j=1 M2
N n
= ) (= 55) Y sup(QF (5,750 (4)
j=1 k=1 "=t
N

- Zt — 5, ZHQ’CH&%

= Z [t Z(tj — 57)0u,(4))
k=1 Jj=1

Let p be the measure on (Ry. x U, B(R4)®@B(U)) given by u(ds, du) = 3"p_, || Q¥ || dsda, (du).
Then it is clear that p([0, ] x A) < oo for every ¢t > 0 and A € B(U) and from the calculations

above we have y = sup,,>; vzx . Hence by Theorem 5.8 we conclude that M has quadratic
variation and (M) (ds, du) = Y"_, || Q| dsda, (du).

As the next example shows, it is not true in general that every M defined as in Example

4.4 has quadratic variation.
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Ezample 5.15. We adapt to our context the construction in Example 3.26 in [37].

Let H be a separable Hilbert space with an orthonormal basis (hy)r>1 and let

W be a one-dimensional Brownian motion. Let ¢ : R, x © — H given by
Y(t,w) = E,;“;1|Bk|_l/2 1p,(t)hy, where [0,1] = |J;>, Bx is a partition of [0,1] into
pairwise disjoint sets. For every h € H one can check fR+ (W (s,w), ) u|*ds = ||h]|* so

(¢, h)y is stochastically integrable with respect to W. Moreover by the Itd isometry
D) Wik, = || o eV, = ol

Let U = {a} and Z : H — M? be the linear continuous operator given by Z(h) =
(¢, h)g - W for every h € H. Observe that in this case we have M (t, A)(h) = Zi(h)d.(A)
and (M(A)(h)), = (Z(h)), 0a(A).

Assume M has quadratic variation. Let F' be the Q-span of (hy)r>1. Then by Theorem 5.10

and (5.7) we must have

(M) ([0,1] x U) = mliﬂoz e o <<M(U)(h)>tj - <M(U)(h)>tj,1>
- mgh“ioZ iy <<Z(h)>tﬂ' N <Z(h)>tﬂ) ’

However as shown in Example 3.26 in [37] we have

N

im 3 sup ((Z(h),, - (Z(0),, ) :/0 lo()Pds = 3 [[hall? = oo,

j=1 lIpll=1

therefore showing (M) ([0, 1] xU) = oo. Consequently, M does not have quadratic variation.

Ezample 5.16. Le H be a separable Hilbert space and let L = (L; : t > 0) be an H-
valued cadlag Lévy process. We will check that the cylindrical martingale-valued measure

M defined by L as in Example 4.7 has a quadratic variation.
First, observe that by (4.2) for every h € H,t > 0 and A € A we have

(M(t, AYhY, = tE [|M(1, A)(h)[*] =t [(h, Qh)1do(A) + /A (u, h)%, A(du)] .

\{0}
Hence

(5,6 % A)e) = (0= 3) [ Q) + [ (wma@o|. 610

\{0}
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Our first goal is to verify that (5.3) holds true. Assume h,, — h in H. For our calculations

below we will need the following inequalities which can be verified easily

(i, Qs = (1. @)l < 101 (sup 1] + 101 ) = 1.

(5.11)
s = Cwu?] <l (s 4+ 01 ) 1, =
Then by (5.10) and (5.11)
sup sup |vp, ((s,t] x A) — vip((s,t] x A)]
AeA0<s<t
< sup sup (¢ =) |, Q) = (1, QU 8A) + [ () = (w0 | N
AcA0<s<t A\{0}

< {m, Q)i = (. Q)|+ [ J(w. ) — (a3 A(duﬂ

<t (sup ol + 100 ) 12+ [ ol )| ko =1

Then (v, : h € H) satisfies the sequential boundedness property by Proposition 5.7.

Our next goal is to prove that M has a quadratic variation. We do this by setting our

calculations in the terms required by Lemma 2.2.

For every h € H consider the B(R) ® B(U)-measurable function

fu(ryu) = (h, Qh) oy (u) + (u, h) Lo goy ().

Let v = 6o + )\‘U. Observe that by (5.10) we have

vn((s,t] x A)(w) = / fn(r,u) (Leb ® v)(dr, du).

(s,t]x A

Now let f be the B(R,) ® B(U)-measurable function

Fru) = 11QI Loy (w) + Jul® Loy (w)-

One can easily check that f = SUp| =1 fn- Moreover, if (h, : m > 1) is a sequence dense in

the unit sphere in H, a standard argument shows f = sup,>; fr,-

If = supy,=; v then by Lemma 2.2 we have pi = sup,,»; vy, and
pl(sit) x 4) = [ T (Leb ) (drsdu)
(s,t]x A

= (t—9) [1Ql So(A) + /

A\0

ol A
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Then by Theorem 5.8 we conclude that M has quadratic variation and

(M) ((s,8] x A) = (t = s) [HQH do(A) +/A | A(CZU)} : (5.12)

\{0}
Example 5.17. For M as in Example 4.5 we have
t
M (t, A) (=) - /0 La(g(w))d{Z(z"))u
is a martingale, so
t
<M(A)($*)>t=/0 La(g(w)d{Z(z))u.
As this process is predictable and o-additive, we have
t
(6% A) = [ Lalow)d(Z(a).
We now describe a particular Z for which M does not have a quadratic variation.
Suppose X = L?[0,1]. Let A = B(X) and
t
Z(h), = / h(s)dW,
0
for some (real) standard Brownian motion W. We thus have
d{(Z(h)); = h*(t)dt.

Notice that (5.3) is satisfied in this case. In fact

/ La(g(u)) (2 () — 2 (s))du

sup sup |vp, ((s,t] x A) —vp((s,t] x A)] = sup sup
A€A0<s<t AeA0<s<t

< [ I —rldn— 0

whenever h,, — h.

If M had a quadratic variation it should satisfy (5.4), however, the later does not hold in
general. For example, we can fix A = U and consider a dyadic partition Dy, for [0, 1] of
level k, that is, by 2* subintervals of length 27*. Let {h, : n > 1} be the L*normalized
Haar basis; this family is dense on the unit ball of L?[0, 1], and since each h,, is a norm one
function supported on some dyadic interval I,,, we have
U, (I, x U) > / hZ (u)du = 1, Vn > 1.
In
Therefore,
sup vy, (I x U) > 2F,

1eD,, "2t
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Note that this sum is over one of the partitions considered in (5.4), therefore, the right hand

side of that equation should be infinite.

5.2. The quadratic variation operator measure. Throughout this section we assume
that M has a quadratic variation and the family of intensity measures satisfies the sequential
boundedness property. By Theorem 5.10 the quadratic variation of M is unique. We use

the following notation, for the covariation of two real-valued processes X and Y:
(X, V) = (X,Y),—(X,Y),.

Set T > 0. For any given 0 < s < ¢t < T and A € A, the mapping (z*,y*) —
(M(A)(x*), M(A)(y*)). defines a bilinear form on X* x X* taking values in the space
of real-valued random variables. Conversely, for any given z*,y* € X* (s,t] x A —
(M(A)(x*), M(A)(y*)). defines a finitely additive random signed measure on the ring of
subsets of [0, 7] x U generated by the sets of the form {0} x A, and (s,t]xAfor0 <s <t < T,
Ac A

Define ay, for every z*,y* € X* as the random set function on B([0,T]) ® B(U) given by
an(W)(C) (@ y") = 1 (Varsyr (C) = var—y:(C)), - C € B([0,T]) ® B(U). (5.13)

We will assume that for every z*, y* € X*, ayp(w)(+)(z*, y*) is a well defined signed measure
on B([0, T])@B(U). We will show (see Theorem 5.22 below) that under mild assumptions on
(M)) we have that a,; extends to a Bil(X*, X*)-valued measure such that for each rectangle
(5,8] x A, ap(W)((s,1] x A)(z*,y*) equals (M(A)(z*), M(A)(y*)): (w) P-a.e. Our first step

is the following:

Theorem 5.18. For P-a.e. w € Q, ap(w)((s,t] x A) € Bil(X*, X*) and

laar (W) ((s, ] X Al i ) < (M) (W)((s, 8] x A),

forall0<s<t, Ae A

The proof of Theorem 5.18 will be carried out in several steps. Fix (z}),>1 € X* a set of
linearly independent vectors such that span(z}),>; is dense in X*. Let F' = (y},)m>1 be the
Q-span of (z}),>1.

Fix 0 < s < t, A € A. Denote by Q(s,t, A) the set of all w € Q such that (2*,y*) —
(M(A)(x*), M(A)(y*))! (w) is a bilinear form on F' x F. By the countability of F and a.s.

s

~

linearity of the (real) quadratic convariation, we have P(€(s, ¢, A)) = 1.
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Similarly, let Q(s, t, A) be the set of all w € Q such that for all z*, y* € F we have

b Ve (@) (58] X A) = Ve (W) (5, 1] x A)) = (M(A) ("), M(A) (") ). (5.14)

s

By the countability of F and Lemma 5.1, we have P(Q(s, ¢, A)) = 1. Moreover, notice that
Vw € Q(s,t, A) we have by (5.13) and (5.14) that

anr(w)((s,1] x A)(2*,y") = (M(A) ("), M(A)(y")); (W), Va".y" € F. (5.15)

S

Let A(s,t, A) = {w : an(w)((s,#] x A) is a bilinear form on F x F}. Since Q(s,t, A) N

Q(s,t, A) C A(s,t, A) we conclude that P(A(s,t, A)) = 1.

Lemma 5.19. For P-a.e. w € Q, apy(w)(C) is a bilinear form on F x F for all C €

B([0,T]) ® B(U).

Proof. Fix r € Q and z*,y*,2* € F. For 0 < s <t, A€ Aand w € A(s,t,A) we have
ap(w)((s,t] x A)(re* +y*, 2%) = rap(w)((s,t] x A)(z*, 2") + ap(w)((s, t] x A)(y*, z").

Then, by Lemma 3.11 we have the existence of a set A (r, z*, y*, 2*) C £ with probability 1
such that

an(w)()(ra” +y7,2%) = ran(w) () (@, 2%) + o (w) (1) (y", 27),
for all w € Aq(r,z*,y*, 2*). Likewise we can show the existence of a set Ay(r, z*, y*, 2*) C Q
with probability 1 such that

an (w)()(@", ry” + 27) = ray(w)(-)(z%, ¥") + anr(w)(-) (2", 27),
for all w € Ag(r, z*,y*, 2*). Setting

A= ﬂ Ay (ryz® g™, 2%) N Ag(r, 2%, y*, 27),

(ryz*,y*,2*)EQX F3

we obtain a subset of €2 of probability 1 for which o/ (w)(C) is a bilinear form on F' x F' for

all C € Pr @ B(U). 0

Lemma 5.20. For every 0 < s <t and A € A we have P-a.e.

s (W) (s, 2] x A) (2%, ™) | < (M) (s, 2] < A) [l™[[ [y}, Va©, y" € F.

fl*l

dense in the unit sphere of X*. By Theorem 5.10, there is a set I'(s, t, A) C Q of probability
1 such that (sup,..zva) ((s,t] x A) = (M) ((s,] x A).

Proof. Fix 0 < s <t and A € A. Let F = {m— c0#£a* e F}, this set is countable and
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If0#az" € F,forwe (Al(s,t, A)NQ(s,t, A)NT(s,t, A) we have by (5.14) that

(M) ((s.1) x A) > v <<s,t]xA>=<M<A>< - )>

|

= MA@ = — (5. % A),

(el (Bl
and thus v« ((s, 1] x A) < (M) ((s,1] x A) ||z*||>.
Now, for w € Q(s,t, A) N Q(s,t, A) N T(s,t, A), and any 0 # z*,y* € F we have by (5.15),
the Kunita-Watanabe inequality (e.g. see Theorem 11.4.1 in [7], p.240), and (5.14), that

Joar(@)((s,8] x A) (@, y7)| = [(M(A) ("), M(A)(y")]

A
=
=
=
5
=
=
=
<

= VU ((5,t] X A) - /1= ((5,1] X A)

< (M) ((s, 8] < A) [l ly™ [l -

This finishes the proof, since P(Q(s, t, A) N Q(s, t, A) N (s, t, A)) = 1. O

Lemma 5.21. For P-a.e. w € (,
| (W)(CO) (2", y) < (M) (C) [l=*[[ g™l vC e B([0,T]) ® BU), =", y" € F.
Proof. Follows from Lemmas 3.11 and 5.20. U

Proof of Theorem 5.18. By Lemmas 5.19 and 5.21 there exists €2y C €2 with probability 1,
such that for each w € Qq, we have ay(w)((s,t] x A) € Bil(F, F) and

[lear (W) ((s, 8] X Al giygpmy < (M) (W)((s, ] x A) < 00,
forall0 <s<t, Ae A Since ap(w)((s,t] x A) is bounded on F' x F, it can be extended
to X* x X*. O
Theorem 5.22. Assume that, for P-a.e. w € €,

sup (M) (w)([0,T] x A) < oc. (5.16)
AeA

Then there exists a random Bil(X* X*)-valued measure oy defined on B([0,T]) @ B(U)
such that for all z*,y* € X*, 0 < s<t<T and A€ A, P-a.e. w € (),

anr (w)((5,] x A) (2", y") = (M(A)(2"), M(A)(y")); (w). (5.17)
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Proof. By Theorem 5.18 we have that, P-a.e. oy : Ry — Bil(X*, X*) is a weakly countably
additive measure, where Ry denotes the ring of subsets of [0,7] x U generated by the sets
of the form {0} x A, and (s,t] x Afor 0 < s <t < T, A e A By Theorem 5.18 and
Equation (5.16), P-a.e. the range of aps on Ry is bounded in Bil(X*, X*). Then by the
Carathéodory-Hahn-Kluvanek extension theorem (see [20]; see also Theorem 1.5.2 in [11],
p.27) ay has a unique countably additive extension to a Bil(X*, X*)-valued measure on
the o-ring Sy generated by the ring Ry.

As for our final step, we will show that Sy = B([0,7]) ® B(U). To see why this is true,
recall that by definition Sz is the smallest o-ring containing Ry, in particular Sy is closed
under countable unions. Therefore, because U, € A, Vn € N and U = |J,,.y Un, we have
[0,7] x U € Sy. Hence, St is a o-algebra and consequently Sy = B([0,7]) ® B(U). O

We are ready to introduce the quadratic variation operator measure. The random measure
ayy induces a random measure 'y, on B([0, 7))@ B(U) taking values in £(X*, X**) by means

of the prescription
(Cp(w) (O™, y*)y = apy(w)(C) (2", y"), Va“,y e X", CeB(0,T)®BU). (5.18)

The reader must be aware that on the left hand side of (5.18), (-, -) corresponds to the
duality relation for the pair (X*, X**).

From Theorem 5.18 we get the following useful inequality
(Tar(@) ()™, y) < ™[ ly™ Il (M) (w)(-) on B([0, T]) @ B(U). (5.19)

The proof of the existence of the operator-valued quadratic variation and some of its

properties are contained in the following theorem.

Theorem 5.23. Let T' > 0, and assume that M satisfies (5.16). Then there ezists a process
Qu: Q2 x[0,T] x U — L(X*, X*™) such that P-a.e. w € Q

Ty (W)(C)z", y) =/0<QM(WJ“,U):B*, y*) (M) (w)(dr, du) (5.20)

for all x*,y* € X*, C € B([0,T]) @ B(U). Moreover the following properties hold:
(i) For every x*,y* € X*, the mapping (w,r,u) — (Qun(w,r,u)x*, y*) is predictable,
that is, Pr ® B(U)-measurable.
(i1) P-a.e. w € Q, Qu(w,-,-) is positive and symmetric (M))-a.e.
(iti) P-a.e. w € Q, [|[Qu(w, ", )l gixx 0y = 1 (M))-a.e.
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Proof. First observe that by (5.19), there is a full probability set g C €2 such that for w € Q
we have (I'y(w)x*, y*) < (M) (w) on B([0, T])®@B(U) for each z*, y* € X*, and hence there
is a Radon-Nikodyn density g« 4« (w) of the real-valued measure (I'j/(w)z*, y*) with respect
to (M)) (w). This density is B([0,7]) ® B(U)-measurable and satisfies |g,» ,+(w)(r,u)| <
[yl (M) (w)-a-e.

Since X* is separable, one can choose a modification of g,- ,«, such that for every z*, y* € X*
the following holds true (see the construction in the proof of Theorem 1.2.34 in [13], p.37):
a) For every (w,r,u) and z* € X*, the mapping ¢, (w)(r,u) : y* — @ur (W) (7, 1) is
a continuous linear form on X* satisfying (g,«(w)(r,u), ¥*) = o=y (w)(r,u) and
1z (@) (ry w) || < ([~
b) For each (w,r,u), the mapping Qu(w,r,u) : z* +— @ (w)(r,u) belongs to
LX*X™), (Qu(w,r,u)z*, y*) = gy (w)(r,u) for each z*,y* € X* and
[Quel < 1.
By the properties described above, we get that the mapping Qs : Q xRy x U — L(X*, X™)
satisfies (5.20).

To prove (i), we use a modification of the proof for Theorem 3 in [31]. Let G = {G} :
k > 1} be the collection of rectangles of the form (s,t] x A, where s < t are rational,
and A belongs to a countable family of sets that generates B(U); this collection generates
B =B([0,T]) ® B(U). For n € N, let II,, denote the finest partition of [0, 7] x U by sets of
the (finite) algebra generated by G, = {Gy : 1 < k < n}. Note that II,, C I, for every n,
and 0(U,,>, n) = U, 0(Il,) = B. Also, if C' € I1,,, then C' is of the form (s, t] x A, where
s,t € Qand A € B(U).

For w € Qg and z*,y* € X*, define the sequence of functions (¢, : n > 1) by

it (r,u) € C €10, (M) (w)(C) > 0.

For fixed w € €y and A > 0, the level set {(r,u) € [0,T] x U : ¢, (w)(r,u) > A} is the (finite)

union of those sets C' in II,, that satisfy
(Tar(@)(@)z", y*) > A (M) (w)(C), (M) (w)(C) > 0.

If C'= (s,t] x A, the predictability of both measures tells us that the set of possible values
w for which the previous conditions are satisfied is F,-measurable, which implies that the

functions ¢,, are predictable.
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Finally, by Theorem 48.3 in [28], we have that the sequence ¢,(w) converges to ¢, ,~(w)
(M)) (w)-a.e. Therefore the map (w,r,u) +— ¢u,(w)(r,u) is predictable, and so is
(@u()z™, y).

By the construction of @5, and the predictability proven in the previous step, (ii) holds true.

We have, by the previous construction, that for all w € Qq, [|Qu(w,r,u)|| < 1 V(r,u) €
[0,7] x U. We claim that for all w € Qq, ||Qum(w,-,-)|| =1, (M))-a.e. on [0,T] x U.

Suppose that there is 0 < 8 < 1 such that the set C' = {(r,u) € [0, T] x U : ||Qu(w, 7, u)|| <
S} has positive ((M))-measure. Let (z}) be any dense sequence on the unitary sphere. Since
by Theorem 5.10 (M) (W) = SUp|js =1 Vay, (W) = SUD,>q anr(w)(z,, 77,). We have, by (5.18)
and (5.20) that

ap(W)(C)(z, 27,) = (Ca(W)(C)ay, , 27,)
I/C(QM(%T, w),, 2y) (M) (W)(dr, du) < (M)) (C)

Taking the supremum over n, we obtain (M)) (C) < g {(M)) (C), which is only possible if
(M)) (C) = 0. Therefore (iii) is satisfied. O

In many practical situations one can compute )3, via the identity
an(w)((s, 1] x A)(z", 27) =/ (Qu(w,r,u)x”, &%) (M) (w)(dr, du), (5.21)
(s,t]x A
by calculating o, and (M) beforehand. This idea is explored in the following examples.

Ezxample 5.24. Let T' > 0 and let M denotes the cylindrical martingale-valued measure
defined in Example 5.14. We have

)(ds, du) = ZAZW o) (d5)0a, (due) = Z(Qk(x*)x*)dséak(du),

k=1

and

(M) (w)(ds, du) ZHQk | dsda, (du).

Observe that (5.16) is satisfied, since

sup (M) (@)(0, 7] x A) < T3 ||Q*| < oo.

AecA 1

Then there exists a process Qp : 2 x [0,7] x U — L(X*, X**) satisfying the conditions in
Theorem 5.23.



QUADRATIC VARIATION FOR CYLINDRICAL MARTINGALE-VALUED MEASURES 39

Notice that by (5.13) we have

n

an(w)((s, 8] x A)(@",2%) = frae (W) ((5,] x A)) = (t =) Y _(Q"(2")")du (A).

k=1

Then by (5.21) we conclude
QM(LU, T, u) = Z —HQkH ]l{ak}(u)
k=1

Ezxample 5.25. Let T > 0 and consider the cylindrical martingale-valued measure M defined
by an H-valued Lévy process as given in Example 4.7. By Example 5.16 we have

vl(s,1] x A)(w) = (t — s) {(h, () + [ A(du)] ,

\{0}

and the quadratic variation is given by
(00) (Gl x ) = (=) 1@ onca) + [l agau)|.
A\{0}
Condition (5.16) is satisfied, since

sup (M) (w)([0,T] x A) <T {IIQII +/ [ )\(du)} < .
AcA U
Then we can apply Theorem 5.23 to obtain the existence of the corresponding process
Qum Q2 x[0,T] x U — L(X*, X*™). In this case

an(w)((s,t] x A)(h,h) = Jran(w)((s, 1] x A)

— (1) {(h, )+ [ A(du)] ,

\{o}
Then by (5.21) we have

Quilw.ru) = %1{0} (u) + PuLin oy (1),

where for u # 0, P, € L(H) is given by
(U, h)H

5 u
lull®

Pu(h) = Vh e H.

Ezample 5.26. Let H be a separable Hilbert space. In [1] they consider cylindrical

martingale-valued measures for which the following properties are satisfied:

(i) For 0 <s <t, (M(t,A) — M(s, A))(h) is independent of F;, for all Ae A, h e H.
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(ii) For each A € A and 0 <s <t,

B0 4) = M AW = [ [ ana(@mian). e

where
(a) m is a o-finite measure on (R, B(R,)), finite on bounded intervals,
(b) v is a o-finite measure on (U, B(U)) satisfying v(A) < oo, VA € A,
(¢) {¢ru : 7 € Ry, u € U} is a family of continuous Hilbertian semi-norms on
H, such that for each hy, hy in H, the map (r,u) — gru(h1, h2) is B(R}) ®
B(U)/B(R )-measurable and bounded on [0, T| x U for all T > 0. Here, ¢, ,(-,-)

denotes the continuous positive, symmetric, bilinear form on H x H associated
t0 Gru(:)-
One can infer from (i) and (ii) above that the family of intensity measures of M is of the

form:

vp(w)(C) = /Cqm(hf(m ® ) (dr,du), VC € BR;)®BU),

We shall prove that the family (1) satisfies the sequential boundedness property. By Lemma
3.5 in [1] for any given T > 0 there exists K = K(T') > 0 such that

Gral-) S K[, V(ru) €[0,T] x U. (5.22)
Let (h,) be a sequence on the unit sphere such that h, — h.

/C |@ru(R)? = Gru(hn)?| (m @ ) (dr, du)

< 2K?|[hy — Bl (m ®7)(C) = 0.

[Vh, (W) (C) = v (w)(C)]

IA

It follows that
vp(w)(C) = limyy,, (w)(C) < supyy, (w)(C).

n>1

By Remark 5.6 we conclude that (1,) satisfies the sequential boundedness property.

Now we prove that M has a quadratic variation. First notice that for all C' € B(R, )@ B(U),
vi(w)(C) < K* /C 1R])* (m @ ~)(dr, du) = K2 |B]]* (m © 7)(C).

We can construct a measure that dominates each v, for ||h|| = 1. In fact, for each n € N let
K,, with the property (5.22). Define a measure x on B(R,) ® B(U) by the prescription

K(C) = K.(m@7y)(CN(n—1n)xU)).

neN
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Observe that fort >0 and A € A, if n—1 <t <n then

k([0,t] x A) < (max Kn) m([0,t])y(A) < oo.

1<k<n
Moreover, from the calculations above we have v, < k on B(R,)®@B(U) V ||h|| = 1. Therefore

sup vy, < sup vp < K.
n>1 [h]=1

Then, by Theorem 5.8, M has a unique quadratic variation (M)) = sup,,~; v,. Furthermore

by Lemma 2.2, we have

(M) (C) = sup v, (C) = / SUD Gova ()2 ® ) (dr, ),

n>1 n>1

for all C € B(R;) ® B(U). If we further assume that

/ /USl;leun n (d“)m(dr)<oo,

(this holds true if, for example, 7(U) < oo since by (5.22) we have (2 x [0,7] x U) <
Km([0,T])y(U)) then (5.16) is satisfied, and hence the conditions in Theorem 5.23. Our
next goal is to calculate the process Qyr : Q2 x [0, 7] x U — L(H, H); to do this, notice that

by definition we have

ant (@) (5, X A)(h ) = uga((s,1] x A) = //q m(dr).

Then by (5.21) we conclude that Qu(w,r,u) € L(H, H) is defined via the identity

¢ru(h, g)

(Quw,r,wh, g = o= Mgy

, Vh,g€ H,

where ¢, ,(-, -) denotes the continuous positive, symmetric, bilinear form on H x H associated

to the continuous Hilbertian semi-norm g, ,,.

Remark 5.27. The reader can easily check from Example 5.16 that the cylindrical martingale
valued-measure induced by an H-valued Lévy process (Example 4.7) is a particular case
of the cylindrical martingale-valued measures introduced in Example 5.26. Indeed, with
the notation introduced above we can take m as the Lebesgue measure on (Ri,B(R.)),

v =0+ A‘U for A the Lévy measure of L, and the family {¢,, : 7 € Ry, u € U} is given by

(h,Qh)y, if u=0,

Gra(h)? = '
(u,h)%, ifue U\ {0}.
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Other examples of cylindrical martingale-valued measures with the conditions given in

Example 5.26 can be found in Section 3 in [1].

6. (CYLINDRICAL) QUADRATIC VARIATION FOR HILBERT SPACE-VALUED
MARTINGALE-VALUED MEASURES

6.1. Existence of (cylindrical) quadratic variation. Let H be a separable Hilbert
space. Let M = (M(t,A) : t > 0,A € A) be an H-valued orthogonal martingale-valued
measure. Let 7 be the intensity measure of M, according to Definition 3.12.

Let M = (M(t,A) :t>0,A € A) be the cylindrical orthogonal martingale-valued measure
on H corresponding to M as in Proposition 4.6. We recall that it is necessary to assume
that for every A, B € A disjoint and h € H, the real-valued martingales (M(A), h)y and
(M(B),h)y are orthogonal.

By (2.2) for every A € A and h € H we have P-a.e.
(M(A)(R)), < [IR])* (M(A)), ¥t = 0.

When we replace the quadratic variations with the intensity measures, we can do better,

thanks to Lemma 3.9. We write the result explicitly.

Lemma 6.1. Let v, be the intensity measure of M(h) = (M,h)g. For |h|| = 1 we have

v, < U. More precisely

P (1, (C) < #(C), ¥C € B(Ry) @ B(U)) = 1.

The existence of the quadratic variation of M in this case is guaranteed by the sequential

boundedness property.

Theorem 6.2. Assume the family (v, : h € H) satisfies the sequential boundedness property.
Then M has a unique quadratic variation and (M) < ¥

Proof. Let (gn)n>1 be a dense subset of the unit sphere of H. By Lemma 6.1, v,, < D
for all n € N. Hence p := sup,>; v, < ¥ and in particular, for each t > 0 and A € A,
w([0,t] x A) < p(]0,t] x A) < oo P-a.e. By Theorem 5.8, M has the unique quadratic
variation (M)) = p < . O

Our next goal is to show that 7 has an alternative expression as a random series of intensity

measures along an orthonormal basis in H (see Proposition 6.3 below).
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Let (hn)n>1 be a orthonormal basis in H and denote v, = vp,. For every N > 1 let
N

PN = Z v,. Each py is a random predictable o-finite measure on B(R,) ® B(U). Since
n=1

the family (pn)n>1 is increasing we have

‘= sup p, = lim su | = lim = Vp,. 6.1
pi=supp N%O(KNENP) lim py ;1 (6.1)

We conclude that p is a random predictable o-finite measure on B(R, ) ® B(U).

Proposition 6.3. Let 7 and v, be the respective intensity measures of M and M(h,) =
(M, hy)y. As random measures on B(RY) @ B(U) we have

U= Z Up,.
n=1
Proof. By uniqueness of the intensity measure, it is enough to prove that
(I8E(, A) 12 = p([0,4) x 4) : > 0)

is a martingale for any A € A. For 0 < s <t and A € A we have by (6.1) that

E [Nt A)? = p (0,6 x A)| F| = iE[(M(t,Axhn)z—un([o,ﬂxA)\fs}

o

= > [ A) Yy = v (0.5 x A)]

n=1

= [IM (s, DI* = p ([0, 5] x A).

O

Ezample 6.4. Let L = (L; : t > 0) be an H-valued cadlag Lévy process with corresponding
H-valued martingale-valued measure M as in Example 3.14 and cylindrical martingale-
valued measure M as in Example 4.7. Given 0 < s < t and A € A we have by (5.10) and
Proposition 6.3 that

v((s.t] x Aw) = > wn,((s,4] x A)(w)

= (t—2s) i {(hn, Qhn)1160(A) +/

(u, hn)% V(du)}
—1 A\{0}

- <t—s>7[@L1(H>6o<A>+ /

Jul? v(du)] .
A\{0}
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Here L;(H) denotes the space of trace-class operators on H equipped with the trace-norm.
Observe that by (5.12) it follows (M) < v.

6.2. The (cylindrical) quadratic variation. In what follows, we assume that (v, : h €
H) satisfies the sequential boundedness property. By Theorems 6.2 and 6.3, (M)) exists

and
() <=3

Now we explore the existence of the a;s, 'y, and @y for M.

Proposition 6.5. The quadratic variation ((M)) is integrable.

Proof. For A € A we have
E[(M) ([0,T] x A)] <E[#([0,T] x A)] = E[(M(A))7]

and this is finite thanks to Lemma 3.5. O

Proposition 6.6. If v is P-a.e. finite, then ayr, Iy and Qpy exist.
Proof. In fact
sup (M)) (w)([0,T] x A) <sup ([0, T] x A) < oo P-a.e.
AcA AcA

The existence of ayy, 'y and @)y now follows by Theorems 5.22 and 5.23. ]

Now, notice that by (5.19), for C' € B([0,T]) ® B(U) and ||h|| = ||g|]| = 1 we have, P-a.c.
an(C)(h, g) = (Cu(C)h, g) < (M) (C)

We conclude that, for ||| = ||g|| =1,

an(-)(h,g) < (M) <D.

Theorem 6.7. As random measures on B(R;) @ B(U), (M)) and U are equivalent and
dv
d (M)

=TrQy P-ae.

Proof. Since (M)) < U, we have in particular (M)) < 7 P-a.e.

Let (h, : m > 1) be an orthonormal basis. Given s <t <T and A € A we have, P-a.e.

anr((s,8] % A) (s ) = v ((s,1] x A)
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and therefore

> an((s,1] X A) (b ha) =Y va((s,1] x A) = 0((s, 1] x A) P-ace.

n=1 n=1

The left-hand side also coincides, P-a.e. with

oo

mhn, hy) d (M) = TrQur d{M)) .
QLﬁMZ;“Q ) d (M) A;VA Qur d (1)
We conclude that, P-a.e.
(5,1 x A) = / Tr Qu d (M) (6.2)

(s,t]x A
Thanks to Lemma 3.9, this identity extends to

¥C & B(0. 7)) @ BU) #(C) = [ TrQur d(M).
c
valid P-a.e. This finishes the proof. U

7. QUADRATIC COVARIATION FOR CYLINDRICAL MARTINGALE-VALUED MESURES

In analogy with Section 5.2, we introduce a quadratic covariation operator measure for two
cylindrical orthogonal martingale-valued measures. This object is used to define a (positive)
quadratic covariation which mimics the construction of quadratic variation in Section 5.1.
Then we show that a Radon-Nikodym representation holds. For this, we must first take care

of some technical issues concerning the way these measures are related.

7.1. Mutually orthogonal martingale-valued measures. The main goal of this
subsection is to define addition and subtraction for cylindrical martingale-valued measures.
In order for our definition to work, the martingale measures must be mutually orthogonal

in the following sense.
Definition 7.1. We say that two cylindrical orthogonal martingale-valued measures M and
N are mutually orthogonal if for any x* € X*,t > 0, A, B € A disjoint, we have
E[M(t, A)(z*) - N(t, B)(z*)] = 0.
We say that M and N are compatible if there is an increasing sequence (Uy,)nen in B(U)

such that (iii) in Definition 3.1 is satisfied for both M and N simultaneously.

Let M and N be cylindrical orthogonal martingale-valued measures; define the collection of
cylindrical random variables M + N = (M + N)(t,A):t > 0,A € A) by (M + N)(t,A) =
M(t,A)+ N(t, A).
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Lemma 7.2. Let M and N be two mutually orthogonal and compatible cylindrical orthogonal
martingale-valued measures, then M + N is a cylindrical orthogonal martingale-valued

measure.

Proof. Properties (i) and (ii) of Definition 4.1 are clear from the definition. To see (iii), let
t >0 and 2* € X*. For every A € A we have

E[[(M + N)(t, A)(")]*] < 2B[|M(t, A)(@")"] + 2E[| N (t, A)(2")[*] < 00, (7.1)

and since both M (t,-)(x*) and N(¢,-)(z*) are finitely additive on A, so is (M + N)(t,-)(x*)
by definition. We only need to check that for such ¢ and z*, the mapping (M + N)(¢, -)(x*) :
2 x A — R is o-finite. For this, let (U,),>1 be the family of sets corresponding to the
definition of compatibility for M and N. For A € B(U,,), by (7.1) we obtain

o )E[I(M+N)(t~4)(x*)|2] < o0,

and by considering a sequence (A;);>; in B(U,,) that decreases to (), the same inequality and
the countable additivity of M(¢,-)(z*) and N(¢,-)(z*) on B(U,,) imply that (M + N)(¢,-)(z*)
is also countably additive on each B(U,).

Finally, if M (¢, A)(z*) and N(¢, A)(z*) are the L*limits of M(t, ANU,)(z*) and N(¢t, AN
U,)(z*) respectively, it is clear that (M + N)(t, A)(x*) is the L*limit of (M + N)(t, AN
To see (iv) of Definition 4.1, let * € X* and choose any A, B € A with ANB = (). Since M

and N are both orthogonal measures, and by the mutual orthogonality, we have for t > 0
(M + N)(A)(z"), (M + N)(B)(z")),
= (M(A)(z"), M(B)(x")), + (M(A)(z"), N(B)(x")),
+ (N(A) ("), M(B)(")), + (N(A)(z"), N(B)(z")), = 0.
OJ

Theorem 7.3. Let M and N be two mutually orthogonal and compatible cylindrical
orthogonal martingale-valued measures that have a unique quadratic variation. If M + N
has a quadratic variation n, then n < 2 (M) + 2 {(N)).

If we further assume that the family of intensity measures for M + N has the sequential

boundedness property, then the unique quadratic variation of M + N satisfies

(M + N) <2(M)) +2(N). (7.2)
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vM N

e

Proof. For any x* € X*, denote respectively by and v+ the intensity measures

of M, N and M + N at x*. Observe that for any t > 0 and A € A we have P-a.e.

vpr ([0, x A) = (M + N)(A) (")),
< 2(M(A) (%)), + 2 (N(A)(27)),
= 20M([0,1] x A) +20([0,1] x A).

By Lemma 3.9 we conclude that v ™ < 20 4 20N and therefore, by Definition 5.3
ve PN <2 (M) + 2 (N)) . (7.3)

Suppose that 7 is a quadratic variation for M + N. By Definition 5.3(ii) and (7.3) we have
n < 2({M)+2(N)). Finally, if the family of intensity measures for M + N has the sequential
boundedness property, by Theorem 5.10, M + N has a unique quadratic variation. O

7.2. Construction of the quadratic covariation operator measure. The following

assumptions will be required throughout this section,

Assumption 7.4.
(i) M and N are two mutually orthogonal and compatible cylindrical orthogonal
martingale-valued measures.
(ii) The families of intensity measures for M, N, M+ N and M — N satisfy the sequential
boundedness property.

(iii) M and N have quadratic variation. Moreover, the unique (Theorem 5.10) quadratic
variations for M and N satisfy (5.16).

Several interesting conclusions arise from the assumptions above. First, Theorem 7.3 implies
that M + N and M — N have a unique quadratic variation. Moreover, by (7.3) we have that
the quadratic variations (M + N)) and (M — N)) satisfy (5.16). Therefore, Theorem 5.22
shows the existence of two random Bil(X*, X*)-valued measures any and oy, defined
on B([0,T]) ® B(U), such that for *,y* € X*, 0 < s <t <T,and A € A, P-ae. w€ Q,

(W) ((s,8] x A) (@™, y") = (M + N)(A) (@), (M + N)(A) (), w), (T4

and

an-n(W)((s, 8] x A)(2",y") = (M = N)(A)(2"), (M = N)(A)(y")), (). (7.5)
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Definition 7.5. We define a random Bil(X*, X*)-valued measure as v on B([0,T])@B(U)
by

an,n(w)(C) = 1 [aarsn (W)(C) — an-n(w)(C)],  C € B([0,T]) ® B(U). (7.6)
Proposition 7.6. Let 2*,y* € X*, 0<s <t <T, and A € A. For P-a.c. w € Q we have,
ann(w)((s,t] x A)(a", y7)
=3 [<M(A)(x*), N(A) (") (W) + (N(A) ("), M(A)(y")), (w)]-
In particular,
anrn (W)((5,1] x A)(a*,27) = (M(A)(z"), N(A)(2*)); (@)-

Proof. By (7.4), (7.5) and (7.6), and using that the covariation for real-valued martingales

is bilinear, we have P-a.e.
an((51] X A7)
= L[{(M + N)(A) @), (M + N)(A) ), = (M = N)(A) ), (M = N)(A) ().
(M) (@), N(A)Y ), + (N(A) @), MAY )]

Since (M (A)(x*), N(A)(2*))! = (N(A)(z*), M(A)(x*)), P-a.e., we get the last assertion. [J

N[

Corollary 7.7. As random Bil(X*, X*)-valued measures on B([0,T]) @ B(U), amm = aum,

apy N = ON. M, and
OéM+N:OéM—|—OéN+204M7N, OKM_N:OKM+04N—2OKM’N. (77)

Proof. Let z*,y* € X*. Given 0 < s < t < T and A € A, by Theorem 5.22 and
Proposition 7.6 we have P-a.e. app(w)((s,t] x A)(z*,y*) = anm(w)((s, t] x A)(z*,y*) and
apn(w)((s,t] x A)(z*, y*) = aymu(w)((s,t] x A)(x* ) Then by Lemma 3.11 we have P-
a.e. anu(w)(C) (2%, y") = an(w)(C)(27,y*) and OéM7N(W)(C)(93*,y*) = anm(W)(C)(x", y)
for every C € B([0,T]) ® B(U).

To remove the dependence on z*, y* € X*, we proceed as in the proof of Theorem 5.18. Fix
(2} )n>1 € X* aset of linearly independent vectors such that span(z?),>; is dense in X*. Let
F = (y},)m>1 be the Q-span of (z7),>;. One can construct a subset 2y of {2 with probability
one such that for every w € €y we have apy(w)(C)(z*,y*) = an(w)(C)(x*,y*) and
apyn(Ww)(C)(z*, y*) = anm(w)(C)(z*, y*) for every C € B([0,T]) ® B(U), z*,y* € F. Since
aym(w)(C), ap(w)(C), ayn(w)(C) and ay p(w)(C) are all elements in Bil(X*, X*), by
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a standard density argument we conclude that for every w € Qg, ay p(w)(C) = ap(w)(C)
and oy n(w)(C) = ayp(w)(C) with equality in Bil(X*, X*).

By a similar reasoning, it is enough to show (7.7) for rectangles. We use Theorem 5.18,
Proposition 7.6 and the identities (7.4) and (7.5). In fact, given z*,y* € X*, 0 <s<t<T
and A € A, we have P-a.e.

an (W) ((s, 8] x A) (2", y") + an(w)((s, 1] x A) (27, y") + 200n5(w)((s, 1] x A) (27, y7)

= (M(A)(@"), M(A)(y"); (w) + (M(A)(z"), N(A)(y")), ()
+ (N (A) (@), M(A) (")), (@) + (N (A) ("), N(A)(y)); (w)
= apn (W) (s, 1] x A) (@7, y7).
The other identity in (7.7) is similar. O

Now we prove a Cauchy-Schwarz inequality that relates oy n(C), ap(C) and an(C). But

first, we need the following result.

Lemma 7.8. For every z*,y* € X*, as random measures on B([0,T]) @ B(U), we
have an()(2", y") = am()(y", "), an()(@"y") = an()(y"2%), and ann()(z"y") =
ann () (Y, 7).

Proof. Follows from similar arguments to those used in the proof of Corollary 7.7. 0J

Proposition 7.9. P-a.e. for every C € B([0,T]) ® B(U),

||O‘M,N(C)||%u(x*,x»k) < \/HO‘M(C)HM(X*,X*) ) \/HO‘N(C)H%H(X*,X*)‘ (7.8)
Proof. Our first goal is to show P-a.e. for every C € B([0,T]) ® B(U), z* € X*,
laarn (C) (2", 2)| < Van(CO) (2%, 2%) - Van(O)(a*, ). (7.9)

First, by the properties in Corollary 7.7 we have

anrprn (W)(C) (2", ")

= arrrnm+rn (W) (C) (2", ¥7)

= anu(W)(C)(a",y") + rPann (W)(C)(a", y") + 2rann(w)(C) (2", y7)
= o (W)(O) (@™, y") + rPan (W) (C) (@™, y") + 2raun(w)(C) (=", y).

Then for z* = y*, we have

0 < ay(W)(O)(x*, %) + r2an(w)(C)(a*, 2*) + 2ray, y(w)(O)(z*, 2*).
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By considering the discriminant of the above quadratic equation we conclude that (7.9)
holds true.

Our next objective shall be to show that P-a.e. for every C' € B([0,T]) ® B(U)

Clearly we have |y n(C)(z",2")] < |lamn(O)llgyxe xo for [z = 1. For the

converse inequality, let K = sup{|ay n(C)(z*,2*)| : ||z*|| = 1}. We must show that
| (C) (", y7)| < K for all flz*]| = [ly*[| = 1.

By Lemma 7.8 we have

OKM’N(C)(LL’*,y*) = i [OzMJv(C)(LL’* —+ y*,x* -+ y*) — OKM,N(C)(SL’* — y*,l’* — y*)] .

But then,
lan v (O) (", y")| < gmax{lann(O) (@™ +y", 2" + )], lann(C)(@" = y", 2" — y")[}
< gmax{K [lz" +y*|*, K [l — y*|*}
< Sl +1lyl)? = K.

This shows (7.10). In a similar way we can show, by Lemma 7.8, that
loas (Ol g xc x+) = ”5:1”121 |l (C) (27, 27)]

||QN(C)||%1[(X*,X*) = ”5:1”121 lan(C)(z", 27)|.

Finally, if we take supj,. _; in (7.9) we obtain (7.8). O

Definition 7.10. We say that M and N have a (positive) quadratic covariation, if there is
a random measure 1 : Q — M([0,7] x U, B([0, T] ® B(U))) such that

(i) Given 0 < s <t <T, A€ A, we have n((s,t] x A) < oo P-a.e.

(ii) 7 is a minimal element (in the partial order “<”) for the collection of all the random
measures ¢ : Q - M, (Ry x U, B(R;) ® B(U)) with the property: Vz* y* € X*
with [lz*]| =yl = 1, [aa v () (2%, ") < €.

Proposition 7.11. Assume that M and N have a (positive) quadratic covariation n. Let

(n)n>1 be a dense subset of the unit sphere in X* and let pn := sup |ap n(-)(z),, z))|. Then

m,n>1

p< .



QUADRATIC VARIATION FOR CYLINDRICAL MARTINGALE-VALUED MEASURES 51

Proof. Basically, it is the same proof of Proposition 5.4. Indeed, since 7 is a quadratic
covariation for M and N, we see that for every m,n > 1 there exists €2,,, C €, with
m) n

P(Qy,n) = 1 and |ap n(-) (2, 25)| < 1. Now, Lemma 2.1 guarantees that p is a measure.

Then, by the definition of supremum of measures, it follows that
/J’(w) < U(W)a Yw € Qy,

where (g = ﬂ y,.n, Which is a set of probability one. O
m,n=1

Theorem 7.12. Let (z)),>1 be a dense subset of the unit sphere in X* and let p =

Sup,, , [aaen () (@),, 23)|. Then p is a (positive) quadratic covariation for M and N. In

particular, the (positive) quadratic covariation is unique (any (positive) quadratic covariation

equals p P-a.e).

Proof. By Theorems 5.18 and 7.3, P-a.e. we have for all 0 <t, A€ A, |z*| = ||lv*|| =1,

e (0,2] x A)a,y)| < =

IA

7 Uaaren ((0,8] > A) (2", )] + Jaar—n ([0, 2] x A) (2, y)])
1
4

IA

((M + N) ([0, 8] x A) + (M = N)) ([0, ] x A))
< (M) ([0,2] x A) + (N) ([0, 8] x A).
Since ((M)) + ((N)) is a random measure on B([0,7]) ®

of measures for 0 < ¢, A € A, we have P-a.e.

B(U), by the definition of supremum

p([0, 2] x A) < (M) ([0, 2] x A) + (N) ([0, 1] x A) < oo.

By continuity of the bilinear form «, for all *,y* € X* with norm 1, for 0 < s < ¢ < T and
A€ A, P-a.e., we have

|t = (5, 2] X A)| < pul(s, 1] < A).
By Lemma 3.11 this inequality extends to B([0,7]) ® B(U). The rest of the proof follows

the same arguments from that of Theorem 5.8. O

Definition 7.13. The unique (positive) quadratic covariation of M and N defined in
Theorem 7.12 will be denoted by (M, N)).

Remark 7.14. As a direct consequence of Theorem 7.12 we have (M, N)) is a predictable
random measure and P-a.e.,

(M,N) ([0, x A)y = sup Y sup ayn(z), z3)w)(C), Vt>0,A€BU),

m? n
Me2(0,t]xA) Gog mn>1

(7.11)
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where Z([0,t] x A) is the family of partitions of [0, ] x A of the form
M= {(ti1,t] x A;: 1<i<k1<j<m, k,meN}, (7.12)

where 0 = tg < t; < --- < ty = t are rational (with the possible exception of t), the sets
Ay, ..., Ay, form a partition of A € B(U), and (27),>1 is a dense subset of the unit sphere
in X*.

We are ready to introduce the quadratic covariation operator measure. We define an
L(X*, X**)-valued measure I'y; y on B([0,7]) @ B(U) by

Tan(C)z", y*) = anun(C)(@", y7). (7.13)
where the left hand side, (-, -) corresponds to the duality relation for the pair (X*, X™**).

Theorem 7.15. There exists a process Qun - Q2 x[0,T] x U — L(X*, X**) such that P-a.e.
w €

Cax@(C y) = [ Quate,rua y') (ML N) @)drdu) (119
c
for all z*,y* € X*, C € B([0,T]) ® B(U). Moreover the following properties hold:
(1) For every x*,y* € X*, the mapping (w,r,u) — (Qu.n(w,r,u)x*, y*) is predictable,
that is, Pr ® B(U)-measurable.
(i1) P-a.e. w € Q, Qun(w,-,-) is positive and symmetric, (M, N))-a.e.
(i) P-a.e. w € Q, [|Qun(w, - ) pxe xoy = 1, (M, N))-a.e.
Proof. As shown in the proof of Theorem 7.12 for any given 0 < t and A € A, we have P-a.e.
(M, N)) ([0, 2] x A) < (M) ([0, 2] x A) + (N)) ([0, ] x A).
By applying Lemma 3.9 we have P-a.e. for every C' € B([0,T]) ® B(U)
(M, N)) (C) < (M) (C) + (N)) (C).
Since (M)) and ((N)) satisfy (5.16), then (M, N)) satisfies it as well. Now, it is enough to

apply similar arguments as in the proof of Theorem 5.23. O

Ezxample 7.16. Let m be a real-valued orthogonal martingale-valued measure. Let H be a
separable Hilbert space and let f, g be two H-valued square integrable processes with respect

tom, ie. f,g:Q xR, — H are predictable and

T T
B[ [ sl masan <oo B[ [ Lol s < <.
0 U 0 U
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where v™ is the intensity measure of m.

We define two H-valued orthogonal martingale-valued measures M and N by

-/ ' [ sy mids.aw),

T
:/ /g(w,s)m(ds,du).
0o JA
Observe that

(M(A)(R)), (w) = / / (F(w, ), B o™ (ds, du) = v (0,1] x A).
Then by Lemma 2.2 we have

(M) (s, 1] x A) = L//WfWSMV(%dw

Likewise, we have

(V) (5,1] x A) = / / lo(w, )% v (ds, du).

Observe that (M)) and (N)) satisfy (5.16). In fact, P-a.e.

sup (M) ([0.] x A) < / / | F(w, 9)II% v (ds, du) <

AeA

and similarly for N.

Moreover, M and N are mutually orthogonal because

(M(A), N(B)), = / / (e 8) gl )" s ),
which vanishes if AN B = 0.

Now, observe that
(M + N)([0,4] x A) = /0 /A(f(w, $) + glw, ) m(ds, du),
and for hy, hy € H,
(M + N)(A)(h1), (M + N)(A)(h2)),
/ / w0, 8) + (@, 8), ) (f(@, 8) + 9w, $), ho) g V™ (ds, du).
Therefore, for every C' € B([0,T]) ® B(U), hy,hy € H,

aM—l—N(C)(hlv h2) = /C' (f(wv S) + g(wv 8)7 h1>H(f(wv S) + g(wv S>7 h2)H Vm(d87 du)
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Likewise, we have

(M — N)(0,4] x A) = / / (f(w,5) — g(w, 5)) m(ds, du),

and for for every C' € B([0,7]) ® B(U), hy,hy € H,

an—n(C)(hy, he) = /C(f(w, s)—g(w,s),h)u(f(w,s) — g(w,s), he)g v (ds, du).

Hence, we have
(€, ha) = [ Hlio, 5., ha) ™ (s, ),
c

where H(w, s, hy, ho) is equal to

[((f + 9)(w, s), b)) (f + 9)(w, 5), o) — (f — g)(w, 8), h)u (f — g)(w, 5), ha) ]

((f(wv S>7 h1>H(g(w7 8)7 h2)H + (g(wv S>7 hl)H(f(wv S), h2)H)

DO = &I

We know from Theorem 7.12 that the (positive) quadratic covariation of M and N exists.
To compute it, observe that by Theorem 7.12, Theorem 4.9 in [5], and finally by Lemma
2.2, we have for C' € B([0,T]) ® B(U),

(M, N) (C) = sup |ann(-) (@7, z,)]

m,n

:/ sup |H (w, s, hy, ho)| ™ (ds, du),
C |h1ll=|h2|=1

where H(w, s, hq, hg) is given above. It is easy to find an upper bound for the general case,

but for particular functions f and g it is possible to give an explicit formula.
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