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Introduction

A collection of cubes § is c-sparse if for each S € & there is
Egs C S such that

|Eg| > ¢|S],
1> ses Lol < ¢t

Sometimes the second condition is replaced by requiring that the
sets Eg are disjoint.
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Usually we take 8 a subcollection of a dyadic grid such that
1
>, IS 5ls1
S’€Chg(S)
Here, Chg(S) = {5’ € 8 maximal : §' C S}
Then take ES = S\ US/EChSS S’
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Given a sparse collection 8, a sparse operator is defined by

Asf(x) = (fgls(x).

Ses

This operator satisfies a weak 1-1 bound and are bounded
(strongly) on LP for p > 1. They are also bounded on LP(w) for
an A, weight w.

To exemplify the convenience of working with these operators we
look at the proof of the boundedness on LP.
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‘—Some background on sparse bounds

If fe LP and g € LY with ||g|| =1,

(Af,g9) = <Z (s ls,g> =Y (Nslls,9) =Y (Nsl9)sS|

Ses Ses Ses
<QZ S’Es‘—QZ/ ]lEs x)dx
Ses Ses
S [ X105 16 (o) 1s(w) do < / Mo(e) 3 (F)s U, da
Ses Ses

< / Mg(z)Mf () dz < [|Mf]| 2o | Mg]l 2o



Sparse bounds for Bochner-Riesz and Maximal Bochner-Riesz

‘—Some background on sparse bounds

1/r
Let (f)g, = <|—é| s \f(a;)\”d:c) ; For r,s > 1, a bilinear
(r, s)-sparse form is defined by

AS,r,s(f)g) = Z <f>S,r <g>S7s |S|

Ses

We say that an operator T' is in Sparse(r, s) if there exists a sparse
collection 8 such that

<Tf7 g) S AS,r,s(fa g)v

for all compactly supported functions f,g. We will make this more
precise later in terms of a sparse norm.
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Boundedness:

m If T is in Sparse(r, s) with 1 <r < &, then T is bounded on
LP for every r < p < s'.
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Boundedness:

m If T is in Sparse(r, s) with 1 <r < &, then T is bounded on
LP for every r < p < s'.

m If T is in Sparse(r, s), for 1 <r < &, then, for every
p € (r,s'), then T is bounded on LP(w), for weights w
belonging to an intersection of a special class A,, and a
reverse-Holder class (Bernicot, Frey and Petermichl '16).
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m We define a sparse form A

8.5+ Dy using the non-local
average:

1
T

(For = [l / £ L+ dist(z, Q)/1QII "]

Lemma (Culiuc, Kesler, Lacey)

Lemma 2.8 For bounded and compactly supported functions f, g,
and1 < r,s < oo, we have

SllpAgr,«s(fa ) SupASrs(f g)
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Universal domination:

There is one sparse form ‘“to rule them all”...

Lemma (Lacey, M.)

Given finitely supported functions f, g, there is a sparse form A*
and a constant C > 0 such that for any other sparse operator A
we have
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Sparse bounds for Bochner-Riesz multpliers

(joint work with Michael Lacey and Maria Carmen Reguera)

We define the Bochner-Riesz operator by the multiplier
BEJ(€) = (1 — |2/ R 1 ©).

We have that limp_, o Bff = fin L? if and only if

1B5 fllp <p £,

where the implied constant doesn’t depend on R. By dilation
arguments, it is enough to consider the case R =1, that is

Bsf(€) = (1 - |€[*).F ().
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Conjecture (Bochner-Riesz conjecture)

The operator Bs is bounded on LP(R™) if

11 1 n—1
n‘5—§‘<§+5, 0<o< 5
The condition is the same as
2n cp< 2n
n+l+20 PSS 195
—— ——
P(9) po(9)

On = an is called the critical index for summability.
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Previous Results

m Carleson-Sjolin: The conjecture is true for n = 2.
m Herz: The restrictions on p and A are necessary.

m Bourgain, Guth: For n > 3, the conjecture is true with the
added restrictions

2(4n+3) n=0 mod3

4n—3
max(p,p’) > %?fll n=1 mod3
4;22) n=2 mod 3

m Benea, Bernicot, Luque: Sparse bounds for Bochner-Riesz
for certain indexes.
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Sparse bounds for Bochner-Riesz multipliers

Theorem (Lacey, M., Reguera)

Letn =2, and 0 <6 < %. Let R(2,6) be the open trapezoid with

vertices
V2,6,1 = (1 4267 3226)7 V2,62 = (12667 3226)7
U253 - (3+257 1+6§)a U27574 = (344_125’ I_T%)

There holds,

IBs = (r,s)ll < oo, (3,%) € R(2,0).

Moreover, the inequality above fails for 1 —|— > 1, with (l %) not

in the closure of R(2,0).
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The region described in the theorem is the following

1
s

[N

[ =

FNTE. I
o ——
=S =
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Formulation in terms of annuli: Let x be a Schwartz function such
that 1[_1/471/4} < X < 1[_1/2,1/2}. Set ST to be the Fourier
multiplier with symbol x((|¢| —1)/7).

Conjecture

Subject to the condition n‘% — %‘ < % there holds

||ST||LP»—>LP Se 1, 0<7T<1.

A(7) Se B(1) means that for all 0 < € < 1, there is C so that
uniformly in 0 < 7 < 1, there holds A(1) < Cet~“B(7).
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Forn>3,and 0 < < "T_l let R(n,po,d) be the open trapezoid
with vertexes

Ungn = (L(1— 20 1y 120
g2 = (s + oot o+ oot

Un,6.3 = Unpo2y Unsd = Unpol, Where (a,b)=(b,a).

The region is similar to the previous one.
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Theorem (Lacey, M., Reguera)

Assume dimension n > 2. And let 1 < pg < 2 be such that the LP°
boundedness holds. Then, for 0 < § < ”7_1 the following sparse
bound hold.

| Bs : (r,s)]| < oo, (1, 1) e R(n,po, ).

r’s

Moreover, for the critical value of p = p(J) given by p% = ”T“ + 9,

the inequality above fails for 1 + 1 > 1, with (1, 1) not in the
closure of R(n,ps,?).
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In general, interpolation is an issue when dealing with sparse
bounds, but here, we only need a “single scale” version of the
sparse form

Arrs(f9) = D (Merlodesl@Ql,  0<n<l.

QeD

1
1<Q<

Note that here, we are using all dyadic cubes with side length
between 1 and 717,
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Sparse bounds for Bochner-Riesz multipliers

Let1 <rj,s;j <oo forj=0,1andfix0 <71 <oo. Suppose that
for some linear operator T' we have

’<Tfa g>’ < CjAT,T’j,Sj(fa g)v ] = Oa 17

for all smooth compactly supported functions f,g. Then, for
0 <0 <1, we have

(Tf,9)] < CHCL ™ Arg.s0(f 9),

L _ 0 4 1-9

where — =
To T0 T1

, and similarly for sg.
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Proof of the sparse bound

For each 0 < § < %1 we have

o
Bs=Th+ > 27" Dil_yr Sys,
k=1
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Proof of the sparse bound

For each 0 < § < %1 we have

o
Bs=Th+ > 27" Dil_yr Sys,
k=1

m T is a Fourier multiplier supported near the origin.
m Dil; f(x) = f(z/s).

m Each S5« has multiplier x;(2¥|[¢| — 1), the x; satisfy a
uniform class of derivative estimates.
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Sparse bounds for Bochner-Riesz multipliers
Proof of the sparse bound

With this decomposition, which is present in several places in the
literature, and in different variants (e.g. Cérdoba or
Duoandikoetxea), it is enough to prove the sparse bound for the
annuli operator.

Theorem (Lacey, M., Reguera)

Assume dimension n > 2. And let 1 < pg < 2 be such that the LP°
boundedness holds. Then, the following sparse bounds hold. For
all (1,1) € R(n,po,9), there is a k = r(r,s) > 0 so that

ISy : (r,8)|| Se 70T, 0<7<1.
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Proof of the sparse bound
Let K, be the kernel of the operator S;. We have the following

lemma, which proof considers standard estimates over the Haar
measure on S" 1.

Lemma

For0 <1< % these properties hold.

Forall0 <np<1andN >1,

1+ |z]~"  |z| < Cr 1

‘KT(J:)’ <T ]—N

|x|1iTn [T]z| otherwise.
The implied constants depend upon 0 < n <1, and N > 1.

—1
1Sl S77°2



Sparse bounds for Bochner-Riesz and Maximal Bochner-Riesz

‘—Sparse bounds for Bochner-Riesz multipliers
Proof of the sparse bound

The decay condition allows us to work with the “single scale”
version of the sparse form, A, ;. We define ||T": (r,s,7)| to be
the best constant C' in the inequality

|<Tfag>| S C]\T,T,S(fa 9)7

the inequality holding uniformly over all bounded and compactly
supported functions f, g.
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Sparse bounds for Bochner-Riesz multipliers
Proof of the sparse bound

The following lemma provides us with the key points on the
“sparse plane” to carry over the needed interpolation.

Assume dimension n > 2. And let 1 < pg < 2 such that the LPo
boundedness holds. These sparse bounds hold, for all 0 < 7,m < 1.

n—1_

1S-: (1, 1,7)]| ST =
1S5 : (1,00, 7)|| S 777 ~"™,
1Sx = (po, po, T)| S 77"

nn
9

The implied constants depend upon 0 < n < 1.
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Proof of the sparse bound

“Proof by picture” of the sparse bound for the annuli:
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“Proof by picture” of the sparse bound for the annuli:

1
s

| |

I I
1 1
Po Py

3 =

Interpolation along the dotted lines gives us

1S, : (r,s,7)]| <7707, 0<Tmp<l.

~
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“Proof by picture” of the sparse bound for the annuli:
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“Proof by picture” of the sparse bound for the annuli:

1
s

I
I
|
B I
83 | n— 1
; ‘
o
I

3 =

| |

I I
1 1
Po Py

Interpolation along the dotted lines gives us

1S, : (r,s,7)]| <7707, 0<Tmp<l.

~
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Sparse Maximal Bochner-Riesz
(joint work with Robert Kesler)

The Bochner-Riesz operators on R™ with smoothing parameter
0 € R, are given by the family of Fourier multiplier

(1—1¢? /RQ) that is,

BEF(€) = (1- ] 2/RY)', f(©),

where frepresents the Fourier transform of f, 6 € R and R > 0.
Define the maximal Bochner-Riesz operator by

Bj f(z) = sup Bj'f().
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Some previous work

Carbery (1983): Bj is bounded on LP(R?) for 0 < § < 3 and
2y 4
1+25 1—25°

Christ (1985): Bj is bounded on LP(R™) for all

m Tao (1998 and 2002): For p < 2 you need the restriction
o> 27;;1 — % and further improvements.

Lee (2004): Boundedness in LP for n > 3 with the restrictions
p> 2§ > max{n| -1 -1 0}.

n p

m Several endpoint estimates.
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Main theorem

Theorem (Kesler, M.)

Letn>2and 0 <6 < ”T_l Let 1 < p, < 2 such that the LP~
boundedness holds. Then for every (]13, %) € R(n,d)

||Bs : (p,q)|| < oo.
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n>30<6<-L n>3-L<s<nzt 71:24l)<r)‘§é

| :
1 H e H 1 :
Ph : n : :
H H 1 H
: 1 R : 3 R :
: 2 [ : : : :
Pn i I : - :
i i : i : i i :
1 1 1 1 1 l 1 1 1

L € 11 11

Pn Ph pn 2 4 2

FIGURE 1. The region R(n.d) for the different values of n and 4.
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There is a decomposition

Bif(x) <A

Mupf(x +221/2 IS5 f(x )]

k=1

Where S ; is a square-like function

p d 1/2
isfa = ([ 10l V@)
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Using restriction etimates

Lemma

Letn>2and pg=2- ﬁ—ﬂ Then the scale-1 Bochner-Riesz
square function

sigfyi= ([ |reafi o £) "

satisfies || S : LPO(R™) — LP(R™)|| < A27 523551 for all j > 1
and 0 < § < 2L
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After some lemmas...

Lemma

Let p <2 <pandq<q. Let {S;}icz be any collection of pairwise
disjoint sets. Then for every measurable f,g : R" — C bounded
and compactly supported there is a sparse collection S of cubes
such that for every cube S € § there exists () € C such that

Q C S and for which

1/p 1/q
/ ) (Z [ME (f*ﬁkﬂp) : (Z | Mg (glsl)\q> dz

kEZ leZ

<quz (9)s,4l5]-
Ses8
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Further remarks

m Kerler and Lacey proved sparse bounds for a section of the
boundary, which imply endpoint weak-type estimates.

m Newer techniques can be applied to the maximal
Bochner-Riesz operator.

m Using the techniques of this results, it is possible to derive
sparse bounds for Bochner-Riesz multipliers with negative
index (more details can be found in the separate works of Bak
and Gutiérrez).

m It is worth exploring a version of sparse form that exploits the
geometry of the problem, by involving for example, Kakeya's
maximal function (Carbery or Carbery-Seeger).
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Thank youl!
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