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Abstract

In this paper, the Connes—Lott approach to the phenomenological Lagrangian of the standard
theory of elementary particles is reviewed in detail. The paper is self-contained, in that the
necessary foundations in noncommutative geometry are fully laid out.
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Introduction

The purpose of this paper is to give an account of Connes’ noncommutative geometry, insofar as it
is used to “derive” the classical field theory Lagrangian of the Standard Model of particle physics.
Previous published [10—12] or widely circulating [29] treatments are sketchy, either in the physics or
in the mathematics or in both, so we deem that a more detailed and updated treatment is warranted.

We review the mathematics of noncommutative geometry in Sections 1 to 5. Prerequisites on
bundles of spinors, Dirac operators and the like are confined to the Appendix. The final three
sections deal with the application to the Standard Model. This paper does not give a treatment of
all branches of noncommutative geometry; in particular, cyclic cohomology is not emphasized.

Section 1 introduces the Dixmier trace, which has become an essential mathematical tool of
noncommutative geometry. Section 2 gives a new proof of Connes’ trace theorem, which is the
bridge between commutative and noncommutative integration theories. In Sections 3 and 4, we
give the algebraic underpinnings of noncommutative geometry: universal forms and connections
and the relevant cohomology theories are introduced.

Section 5 is the heart of the theory; we introduce K-cycles and the 7 homomorphism, and we
identify the algebra of differential forms on a spin® manifold with an algebra of classes of operators
on the Hilbert space of the Dirac K-cycle.

In Section 6, we introduce the Yang—Mills and fermionic actions in noncommutative geometry.
We exhibit the Hochschild cocycle, which, in the commutative case, gives the usual lower bound
for the Yang—Mills action. Gauge invariance is examined in the noncommutative context. We also
touch on the matter of Poincaré duality.

The Glashow—Weinberg—Salam model for electroweak interaction of leptons is derived in Sec-
tion 7 from the product K-cycle of the Dirac K-cycle on a compactified spacetime and a K-cycle
for a two-point space, which is a carrier for the mass of elementary particles.

In Section 8, the full Standard Model is developed. Colour symmetry appears by introducing a
supplementary bimodule structure on the K-cycle. We touch on the question of whether the Connes—
Lott approach gives new information on the parameters of the Standard Model. The hypercharge
assignments for the several fermions are derived.

From the philosophical point of view, it can be argued that what we do is to interpret geometrically
the intricacies of an accurate phenomenological model: high-energy physics would in fact be the
unveiling of the fine structure of spacetime. In particular, the Higgs boson would be another gauge
field, corresponding to a coupling among the leaves of spacetime. In this way, the fact that the Higgs
fields behave rather like Yang—Mills fields in that they are selfinteracting and have a “pointlike”
interaction with fermions receives a surprising geometrical explanation.

Some outstanding problems remain. The choice of K-cycles is somewhat empirical. K-cycles
on spaces with indefinite metric have not been studied. Lastly, no one seems to know how to
quantize the action within the framework of noncommutative geometry.

1 Ideals of operators and Dixmier traces

1.1.  We recall some facts about compact operators on Hilbert spaces that we shall need. Suppose
JH is a separable infinite dimensional Hilbert space, and the operator A € L(H), the space of
bounded linear operators on J{, is compact.



Then A has a uniformly convergent expansion:

A= si(A) ) el (1.1)
>0
where each s; > 0, with so(A) > s1(A) > ... and {y,}, {¢;} are orthonormal sets. This is easily

proved using polar decomposition A = U|A|, where |A| := (ATA)!'/? is compact selfadjoint; the

5;(A) are the nonzero eigenvalues of |A| (with repeated multiplicity), the ¢; are its eigenvectors
and the y/; = U¢; are the eigenvectors of (AAT)!/2.

The 5, (A), called the singular values of A, play the main role in the theory of ideals that follows.
Also of importance are their partial sums:

n—1

on(A) ::Zsj(A). (1.2)

J=0

One needs several inequalities satisfied by the s;(A) and the 0,,(A). Many of them are established
from the formulas:

si(A)=inf{||[A-T|:TeX,}, (1.3a)
on(A) =sup{ ||[AE]||;: dimim(E) =n}. (1.3b)

Here X ; denotes the set of operators of rank at most j, E an orthogonal projector, and || - ||; denotes
the trace norm.
For instance, from (1.3a) and the trivial X; + X} C K, one gets

sj+k(A + B) < 5;(A) + 5¢(B), sj+k(AB) < sj(A)sk(B). (1.4)

[ For the second inequality, apply (1.3a) after noting thatif 77 € K;, 7> € Ky, then (A-T)(B-T>) =
AB-Ts with T3 =T1B+ (A —T1)T> € K. | From (1.3b) it follows immediately that

on(A+ B) < 0y,(A) + 0, (B), (1.5)

i.e., the o, are norms.
Another useful result is Weyl’s theorem:

n—1
DI (A)] < au(A), (1.6)

J=0

where A4;(A) are the eigenvalues of A, arranged in order of decreasing absolute value and counted
with (algebraic) multiplicity. This needs some exterior algebra for a quick proof [37, p. 11].

1.2. Suppose £ is a nontrivial ideal in £(J). A norm |||-||| on £ is called symmetric if
IABCI|l < IAIBINICI  for BeXL; A,C € L(H). (1.7)
We say that £ is a symmetrically normed ideal if £ is complete in the norm |||-||. The theory

of symmetrically normed ideals may be found in Gohberg and Krein [21], whose treatment we
summarize here.



Examples are the well-known Schatten ideals £7(J) for 1 < p < oo and the maximal ideal
L2 (H) of all compact operators. If K denotes the set of finite-rank operators, then X c £ C L.
Some trickier examples, in particular the Dixmier trace class, are of paramount importance in
noncommutative geometry.

It is not hard to show — using (1.7) and polar decomposition — that the symmetric norms of A
and of |A| are equal, and hence that |||A[|| depends only on the singular values of A. Thus we have,
for finite-rank operators:

IAll = ®(s0(A), 51(A), 52(A), ...), (1.8)
where @ is a function with nonnegative real values, defined on the cone koo of sequences of
nonnegative numbers (Xo, ...,X,,0,0,...) satisfying x; > x;,1 for all j. which are zero after

finitely many terms. The necessary and sufficient conditions on such a function @ to yield a
symmetric norm are:

(1) P(ax) =ad(x)ifx € kg, @ > 0;
(i) @(x +y) < B(x) + D(y) if x, y € koo:
(i) ®(x) > 0if x € kg, x # 0;
(iv) ©(1,0,0,...) = I:
(v) if ZZ;(I) xp < ZZ;(I) y for all n, then ®(x) < ®(y).

A function on kg satisfying (i)—(v) is called a gauge. Property (v) holds since, if A, B are
compact positive operators with x, y as respective sets of eigenvalues, then A = CB where C is an
operator with ||C|| < 1, so that [||A]]| < [IIB]ll.

Let us denote by k( the cone of nonincreasing sequences of nonnegative numbers which tend
to zero. We then define

ko ={xecky: Px) :=supP(xy,...,x,,0,0,...) <00},
LP = {A e LO(H) : (so(A),s1(A), s2(A),...) € ko }. (1.9)

Then £® is a symmetrically normed ideal; its norm given by (1.8), whose right hand side is of the
form ®(x) with x € k. That £ is a vector space is due to the inequality (1.5).

Notice that the gauge @ (x) := x| gives L® = L£*(F(), in which case (1.8) is the usual
operator norm; ®;(x) := Z;io x; gives the traceclass operators L1(H), and the Schatten classes
LP () come (by definition) from @, (x) := (X j xf ) VP The corresponding symmetric norms are
traditionally written || - ||,. The class £2(H) is the Hilbert-Schmidt class. All of these ideals are
separable, which is to say, the finite-rank operators K are dense in each.

From the properties of a gauge, it is easily seen that @, (x) < ®(x) < ®;(x), so that O is
minimal and ® is maximal among all gauges. In consequence, £! C £ C £ for any symmetrically
normed ideal L.

There exist symmetrically normed ideals of compact operators which are not separable, i.e.,
in which the finite-rank operators are not dense. Let A,, denote the operator ZT:O 5i(A) |yl



of finite rank; clearly A, € L£® whenever A € L£L®. The finite-rank operators are dense iff
IIA = Al = 0as m — oo. Thus £? is not separable iff
hm q)(xm+laxm+2a" ) * 0 (1*10)
m-—-00
whenever x € kg. We shall give explicit examples soon. We denote by Lg’ the closure of the finite
rank operators, which is a proper closed subspace if £? is not separable.

Two symmetrically normed ideals coincide: £® = £¥ algebraically (and also topologically, by
the closed graph theorem) ifand only if @ and ¥ are equivalent in the sense that

Ci¥Y(x) < ®(x) < ¥(x), with 0<C; < () < oo. (1.11)

The dual space of a symmetrically normed ideal can be identified as follows. We define the
“dual gauge” of @ to be the function

(x, y)
d(x)

D' (y) = sup{ :x € koo, x # 0}, (1.12)

where (x, y) := >} xxyx. One checks that @’ is also a gauge; property (iv) comes from the inequality
x1 < @(x). Since (x,y) = sup{ P(x) D’(y) : x € LP, y € L}, we see that ®” = ®. Then one
can show that, unless @ is equivalent to @, the dual of ﬁg’ is isometric to £%', and moreover the
duality is given by functionals of the form A +— Tr[AB], for B € £% . The well-known duality of
the Schatten ideals £7 and £7" when 1/p + 1/p’ = 1 is a special case of this.

1.3. We can now produce examples of nonseparable ideals. Suppose II is a sequence of positive
numbers with 7; > 7, for all j and 7y = 1. Define:

n—1 n—1
D (x) = sup{ij / an} (1.13)
n =0 =0

for x € koy. Then ®py satisfies (i)—(v) and so defines an ideal Ly := £®1. In general it turns out
that there are three cases:

(i) 27 < oo: then @py is equivalent to @y, and Lyy = L
(i1) lim; 7r; > O: then ®p is equivalent to @, and L1 = L%

(11) ZJ- nj =ooand lim; ; = 0: then (1.10) holds, since ® (71,41, Ty42,...) — 1, and so Ly is
not separable.

We can moreover identify the dual space for case (iii) ideals. Let ®}; denote the function
D (x) :=(ILx) = anxj. (1.14)
=0

From (1.12), the dual gauge to @7, is just @y (hence the notation); also, since the tail of a convergent
positive series vanishes, the associated ideal Ly is separable. From the remarks after (1.12), we



have that "Ly is the dual space of L11, and Ly is the dual space of "Lyy. Since Ly is not separable,
but L1 is, these three spaces are distinct, and they are not reflexive.

Finally, take 7; := 1/(j + 1), the harmonic sequence, obviously belonging to case (iii). As the
harmonic series is asymptotically log n + v, with y the Euler—Mascheroni constant, we can replace
the denominator in (1.13) by log n.

Lemma 1.1. Let 1 < p < oo and let p’ := p/(p — 1). Denote the norms in Ly and 'Ly by |||-|lg
and |||\l respectively. Then

Al < Tl lAllp,  and  [[All, < [T, [l Al (1.15)
where ||[IT||, = £( )P is the usual sequence-space norm. Therefore:

LlcLpcklPc’Lpc L™, forall 1<p < oo, (1.16)
where the inclusions are continuous, and all but the first are dense.

Proof. Holder’s inequality gives [[|Alllpy = X, mjs;(A) < [l ||Allp, yielding the first estimate
for A € LP.
On the other hand, if A € Ly, then

n-1 n—1
D si(A) <Al Y7 forall n.
Jj=0 j=0

Since the function 7 — t? is convex, we can apply it to both sides to obtain

n—1 n—1
D s < IAllG > At
Jj=0 Jj=0

andso ||A,]|, < [[[AlllITT]|,. This uniformboundon ||A,||, showsthat A € L£P with||A,—A]|, — 0.
Letting n — oo gives the second estimate of (1.15). O

1.4. We consider now a special two-parameter family of ideals introduced by Connes [13], denoted
LP4(H) or simply LP9, where 1 < p < oo and 1 < g < oo. For ¢ < co, a compact operator A
belongs to £7-7 if and only if

(o)

on(A)?
St <o o
n=1

For ¢ = co: a compact operator A belongs to £7* iff the sequence n~'/?' o, (A) is bounded — which
is equivalent to s,(A) = O(n~1/P).
A corresponding gauge is

1/q
O(x) = ¢(1+q/p)7" q(Z ) ()]

n

it clearly satisfies all the requirements for a gauge except perhaps for (ii), which follows from
Minkowski’s inequality. Thus the class of operators satisfying (1.17) is indeed a symmetrically
normed ideal £®.



It is possible to show that £LP141 c LP292 with strict inclusion if p; < ppor p; = poand g < ¢q2
and that £7? is the standard Schatten class £7. The L£P-® =: LP* are called weak-L? spaces by
Simon [37].

Defining @ := 1/p and B := 1/q, one can nicely represent those ideals as points (@, ) of a
square of side equal to 1, with the Schatten classes on the diagonal. Duality is symmetry with
respect to the middle point of the square, except on the boundary, where £P* is indeed the dual of
LP"1: however, the latter is not the dual of the nonseparable LP*, but of the norm closure Lg+ of X,
with respect to the norm

O_n(A)
1A llp+ o= sup (118)

n np=D/p’
Moreover, A € £ if and only if s,(A) = o(n™!/7).

Notice that the vertical sides of the square are void. We are nevertheless going to identify the
four corners: £ := £ and £ := £, to begin with. Also, L% is the Dixmier trace class ideal
— or Dixmier ideal, for short — of operators A such that:

A
A4l = sup ‘fgén) <o, (1.19)

This is just £L11 where I1 is the harmonic sequence, so it is the dual of the so-called Macaev ideal [32]:
Ll ='Lp. Forany A € £P*, B € LP*, we have AB € L'+,

Notice that Lé’“ is the set of compact operators such that the order of growth of the partial sums
of singular values is less than logarithmic. In the chink just above it, Dixmier traces will lodge
themselves.

1.5. We come, then, to the question of the trace. If A is a positive operator in the Dixmier ideal
L', we would like to define a positive functional Tr* by

T 4 = lim 24
n—c logn

, (1.20)

on positive operators with the trace property, and extend it also to nonpositive operators in £'*.
Note that Weyl’s inequality (1.6) guarantees that (logn)~! Z;Zl A;(A) is a bounded sequence if
o (A)/logn is bounded.

An evident but crucial property of the trace Tr* will be that it vanishes on the ordinary traceclass
operators £, since Y j5j(A) is convergent. (This is why the nondensity of the first inclusion
in (1.16) is important.)

There are two difficulties with the formula (1.20). Obviously the “limit” involved must be some
sort of generalized limit process, which should be meaningful for all bounded sequences and not
just for convergent sequences. Moreover, it should be such that the right hand side of (1.20) is an
additive functional on the positive cone of £!*.

Write y,(A) = 0, (A)/lognfor A € L positive. From (1.5) we get v, (A+B) < v,(A)+y,(B).
Now (1.3b) simplifies to 0,,(A) = sup{Tr(AE) : dimim(E) = n} for positive A, therefore
0n(A) + 0, (B) < 02,(A+ B), and s0 y,,(A) + v, (B) < y2,(A + B) (1 +1og2/logn). Thus (1.20)
will be additive provided the generalized limit involved satisfies the scaling property limy;,(A) =
limvy,(A).



Dixmier [16] noticed that generalized limits with the right type of scale invariance are in-
deed available. One replaces the formal limit lim,—,. by a mean, lim,,, on the space £*°(N) of
bounded sequences, which is a linear and positive (hence continuous) functional equalling the
usual limit for convergent sequences, and satisfying lim,, %, = lim, x, for x € ¢*(N), where
X = (X0, X0, X2, X2, - « « » X251, X2n, - . . ). Define fy € L®(R) by fi(f) := x, whenevern <t < n+1
or -n — 1 < t < —n. The affine group M (1) acts on R and hence on L*(R) by translations and
dilations  +— at+ b (a # 0, b € R). Now M (1) is amenable, that is to say, there is a positive linear
(thus continuous) functional w on L*(R) with w(1) = 1 which is M (1)-invariant; indeed, there is
an infinity of such invariant means. Let lim,, x,, := w( fy).

Clearly lim,, is a positive linear functional on £ (N). From the translation invariance of w, we
get lim, x,, = 0 if f vanishes at infinity, i.e., if x, — 0. Also, lim,, of the constant sequence 1 is
w(1) = 1; thus lim,, x, is the ordinary limit when x is a convergent sequence. Finally, the invariance
of w under t — 2t gives lim,, x, = lim,, X,,. Since

log(n + 1)
logn

Sn+1 (A)
logn

7n(A) - 7n+1(A) = ( - 1)7n+1 (A) - ) (1.21)

we have v,,(A) — ¥n+1(A) — 0asn — oo. Withx,, := v, (A), it follows that X, —x,, — O asn — oo.
Therefore lim,, x,, = lim,, X, = lim, x3,, i.e., lim,, y,(A) = lim,, y5,(A). Also, lim,, y,(A) has the
property of unitary invariance (since it depends only on the eigenvalues of the positive operator A),
so it extends by linearity to a trace Tr,, on the ideal £'*.

The linear functionals lim,, on £*°(N) lack the property of countable additivity, like the means w
themselves, and thus the traces Tr,, are not ultraweakly continuous, and so cannot be explicitly
computed in general. This is not a major obstacle, however: whenever one can show that y,(A) =
Yn + Zn, Where y is a (computable) convergent sequence, and z, = y,(B) for some B € L(1)+, then
Tr,, (A) is the ordinary limit lim,_,, y,,. This turns out to be the case of interest for noncommutative
geometry. We will therefore continue to use the notation Tr* and the expression (1.20) for suitable
Ae LM,

2 The trace theorem

2.1. The Dirac operator on a spin® manifold M is a particular example of an elliptic pseudodifter-
ential operator. (We refer to the Appendix for the definition and properties of the Dirac operator.
We shall here and henceforth suppose that M is a compact smooth manifold, without boundary.)

To any pseudodifferential operator on a compact manifold, we can associate a matrix-valued
function on the cotangent bundle, called its principal symbol. 1f the operator is of order —dim M,
one can define a certain integral of the matrix trace of this function, called the residue of the
operator. At the heart of noncommutative geometry lies the trace theorem of Connes, which says
that the Dixmier trace of such an operator equals its residue.

2.2. We first review briefly the standard facts about pseudodifferential operators on manifolds
[31,39]. A differential operator on a compact manifold M is a linear map P: I'(E) — I'(E) on
sections of a vector bundle E over M — of rank k, say — which can be written, in local coordinates
for suitable trivializations of £, as P = 3, < fa (x)(=i)1*1 812l /9x* where each f, is a k X k matrix
of smooth functions on M and m is the order of P.



The “complete symbol” of P is

D pm(x.€), where pu(x,6)= > fulx) €.

J=0 |arl=m—j

The leading term in this sum is the principal symbol

Pn(%,€) 1= > falx) €.

la|l=m

The operator P is then given on local sections by

Pu(x) = (2m) ™" / €0 p(x, ) (&) dE = (2m)™" / FEN p ) uly) dedy.  (2.1)

The principal symbol has an invariant meaning. Let 7: 7*M — M be the canonical projection
for the cotangent bundle. We can use it to pull back E to the bundle n*E, with the same fibres
as before, over 7*M. The principal symbol determines a bundle homomorphism of 7*E, i.e., a
section p,, of the bundle 7* End(E) over T*M, which is clearly the pullback of End(E) by the
cotangent projection:

n*End(E) —— End(E)

| E (2.2)

"M ——— M.
A so-called classical pseudodifferential operator P of order m (on a trivial vector bundle
over R") has also a “complete symbol” p(x, &) which has an asymptotic expansion of the form

p(x’f)'V z{:pnkj(x’g)’ (2€D
=0

where now m can be any complex number, and the p,,_; are matrices of smooth functions, homo-
geneous in & of degree (m — j), i.e., p—;(x,A8) = A"/ p,_;(x,€). Some additional conditions
are usually imposed to control the growth of p in the x variables. We shall consider only classical
pseudodifferential operators in the sequel. We shall write o7,(P) := p,, to denote the principal
symbol of P.

An important formula [39] relates the complete symbol of an operator product R = PQ to those
of the factors by the expansion

i—lal

r(€) ~ ) — (3 p)(3q). (4)

aeN"

In particular, the leading term |a| = O of (2.4) shows that the principal symbol of an operator
product is the product of the principal symbols of the factors:

rm+m’(-x’é‘:) ZPM(X’f) qnf(x’g)’ (25)

where the order of PQ is m + m’, since the right hand side is homogeneous of this degree in &.
Furthermore, the complete symbol of the adjoint operator P' is a complicated expression, but its



principal symbol is just the hermitian conjugate p;, (x, ). As a consequence of all this, the principal
symbol of a positive pseudodifferential operator R = PP is nonnegative.

Pseudodifferential operators of sufficiently low degree are integral operators of the form Pu(x) =
/ k(x,y)u(y) du(y), where k is locally summable. When k is smooth, P is a “smoothing operator”
of order —co; two pseudodifferential operators with the same asymptotic expansion can differ by a
smoothing operator.

Another regularity property of pseudodifferential operators is that they satisfy L? estimates of
various kinds. We mention only two of these, which we shall need: an operator of order O is
bounded on the Hilbert space L?(E) of square-integrable sections, and an operator of order —n is
compact. For the proofs, we refer to [31,39].

2.3. An operator P acting on sections of a vector bundle £ on a manifold M is a pseudodifferential
operator of order m, by definition, if and only if s — @P(ys) is a pseudodifferential operator
of order m whenever ¢,y € C*(M) are supported in trivializing charts for £. Any P may be
reconstructed from such components by suitable partitions of unity.

A pseudodifferential operator is called elliptic if its principal symbol is a bundle isomorphism
off the zero section of T*M. Supposing M to be a Riemannian manifold, so that ||£]|? is defined,
this means that the linear transformation p,, (x, &) of the fibres of E is invertible on the “cosphere
bundle” S*M = { (x,&) € T*M : ||£|| = 1}, since p,, is homogeneous in &.

By Proposition A.7 of the Appendix, the principal symbol of the Dirac operator D is the operator
c (&) of left Clifford multiplication by &, and so D is a first-order elliptic operator.

The Laplacian A = —D? has principal symbol —||£||?, and so is a second-order elliptic operator.
The resolvent operator (—A — 1)~! is pseudodifferential and an expansion for its symbol can be
found in many important cases.

2.4. A useful calculus for pseudodifferential operators has been worked out by Seeley [36].
Complex powers P* of a pseudodifferential operator can be defined as Dunford integrals

P = %/AS(P—/I)_Id/l.
T Jr

If P is elliptic and of order —n, the integral kernel k;(x,y) of P® is holomorphic in the right
half-plane Rs > 1, and s — k;(x, x) can be continued analytically to a meromorphic function with
simplepolesat {1 —-k/n: k=0,1,2,...}. Explicit formulas for the residues can be given in terms
of the complete symbol of P.

As a consequence, the zeta function

lp(s) :=Tr(P%) := /M ks(x,x)dx (2.6)

is a holomorphic function on the half-plane Rs > 1, which continues analytically to a meromorphic
function with the same simple poles. The residue of the zeta function at the leading pole s = 1
depends only on the principal symbol of P, and is given by the following formula [36, 41], which

10



we define to be the residue of the pseudodifferential operator P:

1
Res P := Ress—| {p(s) = —m /S*M /F/ltrbn(x,‘f,/l) dAldx dé

1 1 A
- n(2m)n L*M(_Tm /F tro—p(P)(x,&) -4 dﬁ) heds

= n(217r)” /§*M tro_,(P)(x, &) dé dx, (2.7)
where b, (x, &, A1) denotes the principal symbol of a parametrix for the operator P — A.
If Q is a positive elliptic pseudodifferential operator of order —m < —n, then its zeta function
o is holomorphic on the halfplane Rs > n/m and in particular at s = 1, so its residue vanishes;
and of course one conventionally has o_,(Q) = 0. Thus we can extend the definition of Res P to
operators of order less than —# in this trivial fashion: Res P := 0 if the order of P is less than —n.
We compute two simple but important examples.

Proposition 2.1. Let A be the Laplacian on the n-dimensional torus T" and E be the trivial line

I (‘1/2) .

is the area of the unit sphere S"!.

Proof. Since 1 — A is second-order, the operator (1 — A)™/2 has order —n, and its principal symbol
is o_, (1 = A)™/2) = ||€||™", which is the constant function 1 on the cosphere manifold S*M. Thus
the desired residue is

1 1 Q,
ldédx = ——Q, dx = —. .
n(2m)" ‘/Sl*‘ﬂ'n & dx n2m)" /n * n . (2.9)

Proposition 2.2. Let A be the Laplacian on the n-dimensional sphere S" and E be the trivial line
bundle on S". Then

2
Res((1 - A)™"?) = t (2.10)
Proof. The desired residue is now
I o / gy = el
nQ2o)n " Jen n(2m)r”’

and the result follows from the Legendre duplication formula F(%n)l“(%(n +1)) =27 \r (n-1)!
for the gamma function. O

2.5. The deep theorem underlying the computation of the Yang—Mills functional in noncommuta-
tive geometry [8] is the surprising fact that the residue of a pseudodifferential operator of order at
most —n is equal to its Dixmier trace! We illustrate this first with the example of the inverse of the
one-dimensional harmonic oscillator Hamiltonian H(x,¢) = $(x* + £2). Although in this case the
manifold is not compact, we still find:
n—1
e H = lim — 2 1. (2.11)

n—co logn = 2k +1
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But also
Res;—o Tr(H™) = Resg=1 (2° = 1) (s) = 1, (2.12)

where ( is the usual Riemann zeta function; and the integral of the principal symbol is

1 © 2
ResH™ ' = — dx =1, .
©s 2n /_oo T+ (2.13)

corroborating the residue formula (2.7).

2.6. Before proving the trace theorem, we shall first calculate the Dixmier trace for the previous
examples.

Example 2.1. Let A be the Laplacian on the n-dimensional torus T". The eigenvalues of A =

;—; + -4 % are all points /; of the lattice Z" with multiplicity one. We thus need to estimate
1 n

(log N)~! Z?’:l(l +[I;>)™/% as N — oo. Let Ng be the number of lattice points in the ball of

radius R centred at the origin of R”. Clearly Ng ~ vol{x : ||x|| < R}, and so N4 —N, ~ Q"' dr.

If s < —n/2, then

R
S+ ~ [ (145 N = M)
<R 0

R R
— Qn/ (1 + r2)srn—l dr ~ Qn/ r2s+n—1 di’, (2.14)
0 0

s0, since log Ng ~ nlog R, we get (log Ng)~! 2<r(l+ I7]|?)* — O for s < —n/2, and

Q,logR  Q,

1 B L+ 7)™ 7 ~ = = =22 :
(log Ng) %R( ™~ e = (2.15)

Therefore the sequence (log N)~'oy (P) converges for P = (1—A)~"/? and vanishes for P = (1—-A)*
with s < —n/2. Thus (1 — A)™2 e £ and (1 - A)* € L(')+ for s < —n/2; and moreover

TrH((1 - A7) = % (2.16)

Example 2.2. Let A be the Laplacian on the n-dimensional sphere S". The eigenvalues [25] of A
are I(I +n — 1) with respective multiplicities m; = ("*") — ("*"~2), for I € N. For example, if n = 2,
the eigenvalues are /(/+ 1) and the multiplicities are (2/+1). We must estimate ay; /by as M — oo,

where the denominator is

M
M M -1
by = lomel ~log(( +n)+( T )) (2.17)
1:0 n n

by telescoping, so by, ~ nlog M, whereas the numerator is

M ) M 2(l+n—11)
ay=> m(l+l(l+n-1)"2~ )y =’
; ; (l+%n)”
M
2 _ 2logM
~ I+ it < . )
(n—l)!;( T T (2.18)
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Thus

— |
Tr+((1 _A)—n/Z) :A}lm ZIOgM/(n 1) _ 3

—00 nlOgM n! ’ (2.19)

Moreover, if we replace the exponent —n/2 by a lesser s, the series for aj; becomes convergent, and
so the Dixmier trace vanishes, just as in the former example.

2.7. Inboth examples, for P = (1 —A) /2 e find that Tr* P = Res P. Connes’ trace theorem [8]
is that this equality holds in general.

The proof originally given by Connes consists in showing that the Dixmier trace equals the
normalized integral of the principal symbol, i.e., the right hand side of the definition (2.7). This is
done by showing that the theorem may be reduced to one special case, namely P = (1 — A)™/% on
M = S", where equality follows by comparing (2.10) and (2.19). Because of the central role of this
theorem, we give here a different proof.

Theorem 2.3. Let M be a compact Riemannian manifold of dimension n, E a complex vector bundle
on M, and P: T'(E) — T'(E) a pseudodifferential operator of order —n. Then P € L'*(L?*(E))
and

1
Tr*(P) =Res P = / tro_,(P). (2.20)
n(2m)" Jsu
Moreover, this quantity depends only on the conformal class of the metric on M.

Proof. The Hilbert space H{ on which P acts is the completion of I'(E) to the space of square-
integrable sections L?(E) with respect to the inner product obtained from the Riemannian metric. If
H and H, come from two conformally equivalent metrics, the identity operator on I'( E) extends to
a linear map T': F(; — JH, which is bounded with bounded inverse. Since Tr*(TPT~!) = Tr*(P),
the Dixmier ideal and traces are the same for both. Furthermore, the cosphere bundle S*M, as a
submanifold of 7*M, depends on a choice of metric in M; but since o—,(P) is homogeneous of
degree —n in &, the change-of-variables formula shows that the integral on the right of (2.20) is
constant within each conformal class.

By linearity of Tr* P and o,,(P) in P, it suffices to establish the theorem for P a compact
positive operator. In view of the equality (2.7), it suffices to show that Tr* P is finite and equals
Res P = Res;—1 {p(s) = Res,—1 237~ sk (P)* for P pseudodifferential of order —n.

The residue of the zeta function of a positive operator may be related to the size of its eigenvalues
by using the Ikehara—Wiener Tauberian theorem. We recall [26] that this can be stated as follows.
Suppose that f(s) = /000 e *'F(t) dt is a Laplace transform, where F: [0, +oc0) — [0,+00) is a
piecewise continuous nondecreasing function with at most jump discontinuities at an isolated set
of points, that f(s) is analytic in a half-plane Rs > so > 0 and extends to be analytic on Rs > s
save for a simple pole at s = 5o with a positive residue C > 0. Then the Ikehara—Wiener theorem
assures us that

F(t) ~Ce™, as t— oo, (2.21)

Now it suffices to consider the nondecreasing step function

F(t) = Z 0(t +10g sk, (P)), (2.22)
k=0

13



where 6 denotes the Heaviside function and sy, (P) is the first eigenvalue of P less than 1. Since
the Laplace transform of 6(f — a) is s~'e™%" for a > 0, we find that

(o)

5 =1 ) sk (P = l(gp(s> -3 sk<P>S). (223)

k=0 5 k<ko

Since P is pseudodifferential of order —n, we know that {p and therefore f satisfies the hypotheses
of the Ikehara—Wiener theorem with so = 1; and we see that

C =Res,=| f(s) =Resg=; {p(s) = Res P. (2.24)

From (2.21), we conclude that F (1) ~ C e’ ast — oo.
However, (2.22) may be rewritten as

F()=k & staky(P)7' <€ < Spaipr1(P) 7, (2.25)
from which it follows that sy, (P) ~ C/k as k — co. We get at once that P € £'*(J() and that
Tr* P =C = Res P. i

Corollary 2.4 (Weyl’s theorem on spectral asymptotics for the Laplacian). On a compact n-dimen-
sional Riemannian manifold, the eigenvalues A,, of the Laplacian satisfy

An(=A) ~ 4ﬂ2(vollqM)2/n(Qﬁn)2/n' (2.26)

Proof. The finiteness of Tr* (1 — A)™/2 gives A,,(=A) = O(m*"). The residue formula relates this
to the volume of the manifold, since the principal symbol of (1 — A) is the constant 1 on S*M.
Indeed, A,,(—A)™/% ~ C/m, where C = Res P = Q, vol M /n (2rr)". O

Thus Connes’ trace theorem places Weyl’s theorem in a new light, as a harbinger of the theory
of noncommutative integration. It is worth mentioning that the pursuit of this golden thread led
Guillemin to study the residue [22]. Connes’ use of the Dixmier trace provides the eigenvalue
estimates needed to link geometry with analysis.

2.8. For completeness, we expound the original proof of Connes of the trace theorem. (The
proof in [8] contains a few misprints.) We have already established the special case M = S”,
P=(1-A) /2 and must show the general case reduces to this one. We take (2.7) as known;
its right hand side is finite for pseudodifferential operators of order at most —n and vanishes on
operators of order less than —n. Thus Res P defines a trace on this class of operators. It is therefore
enough to show that these operators lie in £'*(7() and that any two traces are proportional on this
class.

We can write P as a finite sum of operators of the type s +— ¢P(s) where ¢,y belong to
partitions of unity of M. Multiplication operators are bounded on J, so membership in the ideals
L' is unaffected by P — ¢Py, and we can restrict to one coordinate chart, supposing that M is
flat and that E is a trivial bundle. Alternatively, we can suppose that M is a given n-dimensional
compact manifold; we take M = S".
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Now S = P(1 — A)"/? is an operator of order 0, and thus is bounded. Thus P = S(1 — A)™/2
with § bounded. Since £'*(7) is an ideal, and (1 — A)™/? € L*(H) by (2.19), we obtain
P € L™(H). Since we also know that (1 — A)*/2 € L(')+ for s < —n, the same argument shows
that any pseudodifferential operator on M of order s < —n lies in £(1)+ and so its Dixmier trace
vanishes. This is in particular true for the operator of order (—n — 1) whose complete symbol is
p(x,&) — p_n(x,&). Thus Tr*(P) depends only on the principal symbol of P.

The space of all tr o—,(P) is just C*°(S*M) (any smooth function on S$*M is of this form [31]);
and o—,(P) — Tr*(P) is a continuous linear form on this space, i.e., a distribution on the compact
manifold S*M. Now the Dixmier trace is a positive linear functional, and nonnegative principal
symbols correspond to positive operators; so this distribution is positive. A positive distribution is
a measure m [17], so Tr*(P) = /S*M o_n(P) dm(x,£).

An isometry ¢: S" — S" transforms o—,(P)(x, &) to o—,(P)(¢(x), ¢*¢) in local coordinates
(where ¢* is the transpose of the Jacobian of ¢), and determines a unitary operator Us on J;
P transforms to U¢PU(;1. Since Tr+(U¢PU(;') = Tr*(P), the measure m determined by Tr* is
invariant under all such isometries. In particular, if ¢ a rotation in SO (n + 1) and if ¢(x) = x, then
& ¢"¢ on S;S” is the transpose of the corresponding rotation in the isotropy subgroup SO (n)
of x; in other words, $*S" is a homogeneous space for the action of SO(n+1). Now any SO (n+1)-
invariant measure is proportional to the volume form on §*S". Therefore,

Tr* (P) « / tro_,(P) dé dx = Res P. (2.27)
*gn

n(2m)"

The foregoing argument actually shows that any trace which can be expressed as a function
of the principal symbol is proportional to Res P, so it may be applied to any of the various Tr,,
introduced by Dixmier. Now, however, from (2.10) and (2.19), the proportionality constant is 1, so
Tr* P is unambiguous and equals Res P, as claimed. O

3 Noncommutative Geometry: algebras and modules

3.1. A compact topological space M gives naturally rise to a commutative C*-algebra, to wit,
the algebra C(M) of complex continuous functions defined on M with the sup norm. One can
distinguish topologies on M by the properties of C(M). In fact, much more is true: given any
nontrivial commutative C*-algebra A with identity, the Gelfand—Naimark theorem produces a
compact topological space M, which can be reconstructed from A, such that A = C(M).

A character of acomplex Banach algebra A is a nonzero homomorphism y: A — C. We denote
by M (A) the set of characters of A. We may assume that A has an identity 1; otherwise one can
adjoin an external one and use the augmented algebra A* := Cx.A. The characters of a commutative
unital Banach algebra form a nonempty closed subset of the unit ball of the dual space A’ (with
the weak*-topology), and as such is a compact set, by Alaoglu’s theorem. This “Gelfand topology”
of M(A) is the weakest topology which makes all evaluation maps u +— u(a) continuous; thus
if we write @(u) := u(a), the Gelfand transform 4 belongs to C(M(A)). The Gelfand—Naimark
theorem then assures us that for A a commutative unital C*-algebra, the homomorphism a — 4 is
in fact an isometric *-isomorphism of A onto C(M (A)).

Thus, not only is it true that, given a compact Hausdorff topological space M, there is the algebra
C (M) associated to it; it is also true that a given commutative unital C*-algebra is associated to
only one topological space, which may be reconstructed from the algebra, to wit, the character
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space. Beyond its future uses, the theorem gives us confidence to think of general C*-algebras as
noncommutative topological spaces.

Now, to some extent, algebras of smooth functions can be substituted for algebras of continuous
functions. Consider a compact smooth manifold and A := C*(M). Then M(A) = M. The last
equality extends the Gelfand—Naimark theorem and can be seen as follows. First, a character u of
the symmetric Fréchet algebra C* (M) is a multiplicative linear form, and as such is automatically
continuous [34]; hence it is a distribution on M. As u(|a|?) = u(a*a) = u(a*)u(a) = |u(a)|> = 0,
this is a positive distribution and thus is a measure on M [17]. That is to say, it extends to a
continuous character on the C*-algebra C(M); so we conclude that M(A) = M. Unfortunately,
there seems to be no easy way to characterize algebras isomorphic to C* (M) among commutative
involutive Fréchet algebras.

The pair (C* (M), C(M)) is a commutative “smooth algebra”. We have just seen that the first
element of the pair determines the second; for a general smooth algebra A := (A%, A*), where A%
may be a noncommutative C*-algebra and A is an involutive Fréchet subalgebra dense in A, the
situation is more involved [40]. The program of noncommutative geometry is to adapt the classical
tools for dealing with the manifold M, such as K-theory, de Rham cohomology, ..., to the case
where the pair (C* (M), C(M)) is replaced by a noncommutative smooth algebra.

3.2. There is also an algebraic characterization of vector bundles [27,38]. Given a manifold M,
we shall consider a (real or complex) vector bundle £ — M; we shall denote by I'(E) the space of
smooth sections. We view it as a right A-module in the obvious way.

Definition 3.1. A right module P for an algebra A is called projective if it has the following lifting
property: given a surjective homomorphism 7: B — C of right A-modules, any homomorphism
f: P — C can be lifted to a homomorphism f: P — B with 7o f = f. This is clearly the case for
a free module (just define f on a set of generators), and also whenever there is another module Q
such that P & Q is free. The latter turns out to be the general case: a module is projective iff it is
a direct summand of a free module. (Any module is the quotient of some free module F, and the
projective property allows us to split the quotient map €: F — P; i.e., there will exist k: P — F
such that € o k = 1dp.) We say P is of finite type if it is finitely generated. A projective module of
finite type (finite projective for short) is then an A-module P for which there is an integer k and
another module Q so that P @ Q ~ A,

We note that if A has an appropriate topology, the quotient map &: AX — P confers a natural
topology on the finite projective module P.
Proposition 3.1. The C*(M)-module T'(E) is finite projective.

Proof. Tt is clear that if E is a trivial vector bundle of rank k, so that E ~ M x C* (for a complex
vector bundle, say), then I'(E) is just the free module A*. In general, it is enough to identify an
integer n and maps «: I'(E) — A", g: A" — T'(E) so that &€ o k = idr(g). Then the image of the
idempotent p = k o ¢ is the desired direct summand. Let {U;}, for I < i < ¢, be an open trivializing
covering of the compact manifold M; we can represent an element of I'(E) by ¢ differentiable maps
si: U; — Ck satisfying the compatibility conditions

s7(x) = > gji(x)si(x) on UinU; (3-1)
i
(where the g;; are the transition functions of E), and the obvious module operation.
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Let h;, for 1 < i < g, denote a partition of unity subordinate to the covering {U;}. Set
l; = h,-(hf +-ee hlzi)‘l/z; then ll.z, for 1 < i < g, is also a partition of unity subordinate to {U;}.
Set n := kg and view R" as R* @ - - - @ R* (¢ summands). Define «, € by

K(STy ..oy 8q) == (l181,...,148¢),
e(tr,....ty) == (S1,...,8,) with § =3, girl,t,. (3.2)
Clearly, € o k = idr(g). Note that compactness is decisive for this argument. O

The converse problem is to reconstruct, from a given finite projective module, a vector bundle
whose module of sections coincides with the given one. This reconstruction is effected by the
Serre—Swan theorem [38].

Theorem 3.2 (Serre-Swan). An C*(M)-module P is isomorphic to a module of the form I'(E) if
and only if it is finite projective.

Proof. The “only if” part is Proposition 3.1. Suppose now that P is finite projective, i.e., a
direct summand of a free, finitely generated C*(M)-module F. There will be an idempotent
endomorphism f: F — F with P =im f. Now if k is the dimension of F, then F = I'(E), where
E is a trivial vector bundle of rank k.

Since f is a module map, f(sh) = f(s)h holds for h € C*(M). If x € M, and I, is the ideal of
functions 4 € C* (M) such that 2(x) = 0, then f preserves the submodule I'(E)1,. Since s — s(x)
induces a linear isomorphism of I'(E)/T"(E)I, onto the fibre E\, it follows that f(s)(x) € E,
forall s €e I'(E), and p: E — E : s(x) — f(s)(x) defines a bundle homomorphism satisfying
f(s) =pos. Since f% = f, clearly p* = p.

If dim p(E,) = r, then we can find r linearly independent smooth local sections sy, ..., s,
of E — M near x € M such that ps;(x) = s;(x) for each j. Hence, psy,...,ps, are linearly
independent in a neighbourhood U of x, so dimp(E,) > r for y € U. The same argument
applied to the idempotent (1 — p): E — E shows that dim(1 — p)(E,) > k — r for y near x.
Thus x — dim p(E,) is locally constant, and so E” = p(E) is the total space of a vector bundle
E’ — M with fibres p(E,), for which E = E’ & ker p. From the definition of E’, one sees that
['(E')={pos:sel(E)}=imf =P. O

3.3. The Gelfand—Naimark theorem indicates that a differentiable manifold M is described entirely
by the commutative x-algebra C*(M). In general, a noncommutative space will be given by a
general smooth algebra A. We shall work with unital algebras whenever feasible.

We shall be using systematically two paradigmatic examples, which are of direct interest for
the application to particle physics: the example of a compact smooth (even-dimensional, spin®)
manifold, where A := C*(M) and M (A) = M, and the following example.

Example 3.1. A two-point set, which can described by the algebra C> = C @ C, with the usual
operations working componentwise. Here M = {q1, 2}, where ¢q1(z1, z2) = z1 and ¢2(z1, 22) = 22.

3.4. Aright (left) A-module € is a complex vector space on which A acts on the right (left). When
tensor multiplying modules over A, we shall multiply right modules by bimodules in order to get
right modules, bimodules by left modules in order to get left modules, and so on. For instance, the

17



tensor product of a right module £ by a bimodule &; is a right module £; ® 4 £, generated by the
set {s1 ®sy:51 €&, 50 €&} with the relations

sla®sy—s1®asp =0 forany aeA. (3.3)

A remark on notation: the symbol ®, when employed to denote tensor product of spaces, will
mean the usual tensor product over the complex numbers; we write ® 4 to denote product over an
algebra A, in order to avoid any confusion.

If €1, &; are, say, right modules, we shall consider End 4 (€1, ), the space of C-linear maps A
from & into &, satisfying A(sa) = A(s)a fora € A, s € ;. (We shall speak of “A-linear maps”
in this case.) In particular, End4(€) := End4 (&, €) and € := End4 (&, A).

Recall that € is a finite projective right module over A iff there exist m € N and p € A™",
such that p? = p and & = pA™. In view of the Serre—Swan theorem, we shall call such a module
a vector bundle over A. If p can be taken to be the identity, then € is a trivial vector bundle. Note
that the elements of End 4 (€) are matrices v € A" satisfying pv = vp.

Example 3.2. Consider the space of smooth sections & = I'(E) of a smooth finite dimensional
vector bundle E over a compact smooth (even-dimensional, spin®) manifold M.

Example 3.3. Take & = Ck @ C!. Note that if k # [, then € is not trivial. (If k > [, take
p=1,@p € (CoC)®CHk=ChkgCk* where p’ =1, ® 0;_;.)
3.5. We shall consider hermitian vector bundles.
Definition 3.2. This means that there is a sesquilinear map (- | -): € x & — A such that:
(1) (sal|th)=a*(s|t)bfors,t € & a,b e A,
(i) (s|t)*=(t]s)inAfors,t € &;
(iii) (s|s) € Ais positive for all s € € and (s | s) = 0 forces s = 0.

Proposition 3.3. Hermitian vector bundles are of the form pA™ with p selfadjoint.

Proof. There is an obvious hermitian structure on the trivial vector bundle A™: if s = (ay,...,a,),
t = (by,...,b,), define (s |1) := ;le a;‘.bj. If £ = pA™ is a submodule of A™, introduce

Et={ueA™:(u|s)=0fors € £}. Since (ua|s) =a*(u|s), &+ is also an A-module. If
u € A™ then (r— p*t|s) = (t| s — ps), and thus €+ = (1 — p*).A™. Since A™ = pA" & (1 - p)A™
as a direct sum of modules, the operation (- | -) restricts to a hermitian structure on pA™ if and only
if this is an orthogonal direct sum, i.e., iff 1 — p* =1 - p.

We have employed (p*t | s) = (¢ | ps) for s,t € A™ and p € A™". To check this, notice
that ps = (X; plaj..... 2, pmaj), and that p*t = (X, (p) bk, - .. 2 (p})*bi), so the desired
identity reduces to the usual matrix calculation. O

The unitary group U,,(A) of a x-algebra A is {u € A™ : uu* = u*u = 1}. More generally,
for hermitian vector bundles we can consider the group U(E) of gauge transformations of &, given
by {u € Endg(€) : uu*=u'u=1}%.
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Example 3.4. It is clear that Hilbert structures over vector bundles give rise to hermitian forms
over the space of sections. It is also clear that U,,(C*(M)) is isomorphic to the group of maps
C*(M,U(m)). More generally, it is seen that our group of gauge transformations is identified to
the group of gauge transformations “of the second kind” for the bundle with structure group U(m),
in the usual sense.

Example 3.5. We can take ((s1,52) | (#1,22)) = (s]t1, 55t2). The group of gauge transformations is
U(k) x U(1).

4 Noncommutative Geometry: forms and connections

4.1 We want now to find a substitute for the de Rham complex in noncommutative geometry.
We approach this par le biais of the following universal problem [7,28]: given any derivation
D of the unital algebra A into a bimodule &, find an injection and a derivation d of A into a
(graded) differential algebra Q°A such that there is a unique bimodule morphism ¢: Q*A — &
with D = ¢ o d. Also, any homomorphism of A into the degree zero subalgebra of a differential
algebra must be lifted to a homomorphism of differential algebras.

It is plausible that such an algebra can be thought of as a free algebra generated by symbols
{a,da : a € A} subject to the relations d1 = 0, d(apa;) — daygay — ag da; = 0. These would allow
to write elements of QA as linear combinations of monomials ag da; - - - da,,. The relations

d(apday ...day,) = dayda, .. .da,, d(dayday ...da,) =0 (4.1)

are equivalent to the requirement that d> = 0.

4.2 The actual construction of Q°*A turns out to follow rather conventional lines [4]. All that is
required is a stomach which can resist a starchy diet of tensor products.

Introduce C,(A) = A2+ We write C,(A) = A®**! for the chain complex. There is a
boundary operator:

n—1
b(ap®a1 ®---®ay) = Z(—)iao - ®aidi] @@ ay. 4.2)
—

For example, b’(ag) = 0, b’(ap ® ay) = apay, b’(ap @ a1 ® ax) = apa; ® ar —ag ® aja,. Notice
that b": C1(A) — Co(A) is just the multiplication map m: A @ A — A.

A short calculation verifies that 5> = 0. As usual, we introduce the spaces of boundaries B2 (A)
and the set of cycles Z3(A). We recall that a complex is called “acyclic” (indicated here by the
superscript a) if all the homology groups are zero, with the possible exception of Hy. It can be seen
that the homology of (Ce(A), b’) is entirely trivial by considering the map of degree 1:

s(ap® - ®a,) =10ay® - ay,, (4.3)
and computing
n—1
b's(ap®---®ay) :ao®~--®an+2(—)i+]1®ao®~--®a,~ai+1 ®- - ®ay,
i=0
n—1
sb'(ag® -+ ® ay) = Z(—)"l @Ay ® @ aidir] ® -+ ® ap, (4.4)
=0
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so b’s + sb’ = id; i.e., s is a “chain homotopy” between id and 0, and (C.(A), b’) is acyclic.
Explicitly: if b’a = 0, then @ = b’(sa), so every n-cocycle is an n-coboundary.

4.3. We now introduce the A-bimodule
Q'A =ker(m: A® A — A) =ker(b': C1(A) = Co(A)) = Z(A) = BI(A). (4.5
The equalities Q'A = Z{(A) = Bj(A) mean that the following two sequences are exact:

0—OUA-SARATSA—0,

A L ae a0 AL A—0. (4.6)

Here the injection i and the surjection j together give the canonical factorization of the map
b=meid-idem: AQARA - A® A, ie.,ij =m®id—id®m. Thus Q'A is the cokernel
of b': C3(A) — C2(A), so any bimodule homomorphism f: A ® A® A — M such that b’ =0
factors through j, i.e., f = f’j for a unique ’: Q'A — M.

Define next d: A — QA by da == 1®a—-a® 1. Now QA is an A-bimodule under the
obvious recipe: a’(X; xx @ yr)a” = Y a’xp ® yra”. Also,

dlab)=1®ab-ab®1=a®b—-ab®1+1®ab—-a®b=adb+dab. (4.7)

Clearly d 1 = 0. Thus d: A — Q! A is a derivation.

Now suppose € is any A-bimodule and let D: A — & be a derivation, i.e., an additive
map which kills 1 and verifies D(ab) = Dab + a Db. Define an A-bimodule homomorphism
D:ARA®A—E:a®b®c+ aDbc. We compute:

5b’(a0 ®a;®ay®asz) = E(aoal Qar®az—ag®ajar @ az+ag® aj; ® aras)
= ao(a1 Da, — D(Cllaz) + Da; az)ag, =0. (48)

Thus there is a unique A-bimodule map ¢: Q' A — &€ with D = ¢j. It therefore follows that
¢(apa; ® ar — ag ® ajaz) = agDaj az; hence (—¢)(da) = Da. We have thus established the
universality of (Q'A, d).

4.4. We now wish to extend the derivation d: A — Q!A to a differential graded algebra Q*.A with
QYA := A with an additive differential d: Q"A — Q"1 A, commutative in the standard graded
sense:

d(aB) =daB+ ()% dB for acQ'(A), BeQA, (4.9)
the case n = 0 being the original derivation property of d; and such that d> = 0.

This algebra Q°*A should be “universal” in the following sense: if (R*®, §) is another differential
graded algebra, any algebra homomorphism i : A — R should extend to an algebra homomor-
phism of degree zero ¥ : Q*A — R*® intertwining the differentials d and 6. Of course, the algebra
product in A and the derivation d must determine the product in Q°A.

Introduce A := A/C. Then we remark that QA=AcA by the identification ag®a; — ag da;.
Here a; = a; + C1 in A, but of course da; is unambiguous since d 1 = 0. If ¢ € A, its left action is
c(ap ® ay) — cagpday, while

(ap®ay)c=:ap® (ajc)” —apa; ® ¢ —> apd(aic) —apa; dc = ap da; c, (4.10)

so this correspondence is a bimodule isomorphism.
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Next we put Q*A = QA ®4 Q'A = (A® A) @4 (A®A) =A®A®A. More generally, we
define Q"A = QA R4 QA R, - ®4 QA (n times), so that Q"A = A ® A~ n other words,
we take the tensor algebra over A, but we quotient out the scalar terms except in degree zero; this
is what makes d” = 0, yielding a graded differential algebra.

. . —en —®(n+l) . . . .
The differentiald: A® A — A®A is given simply by the shift
day®a® - ®d,) =14 Qa; ® - ®d,. (4.11)

Since 1 = 0, we get d*> = 0 at once. Evidently, starting from degree zero and applying d repeatedly
gives
ag®a;®---Qa, =aoday ---day. (4.12)

Next we make Q°*A an A-bimodule. The left module property is immediate:
a'(agday ...day) = (d'ag) day - - da,. (4.13)

To get the right module property, one uses the postulated derivation property da b = d(ab) — a db
to pull the elements of A through to the left:

(apday - --da,)by = agday - - - da,_1 d(a,by) —aopday - - - da,_1 a, dby
n—1
=+ = (-)"agar day -~ day dbo + Y (=)""ag day - -~ d(ajais1) --- day dby
i=1
+apday ---da,— d(anbo). (4.14)

Lastly, we define (agda ---da,)(bodb; ---db,,) = ((apda;---da,)by) db; ---db,,, so Q°A
becomes a graded algebra, as required.
Notice that d(agda; - - -day,) = dagday ---da, by (4.11) and (4.12). There is also have the
useful formula:
aold,ai1]---1d,a,] 1 =aoday ---day, (4.15)
where the a; on the left hand side are regarded as left multiplication operators. This is easily verified

by induction on n: note that [d,a,| 1 = da, — a,d 1 = da,, and [d,a,-1] da, = d(a,- da,) —
ay—1d(day) = da,_ da,.

4.5. If Ais an involutive algebra, QA is made an involutive algebra by
(aoday---day)” :=da, - --daj aj. (4.16)

One checks, using (4.14), that (ag da; - - - da,)** telescopes to ag da - - - da,,. From (4.14), it is also
easy to check that (ap da, - - - da, bo)* = byday, - - - daj ay. Thus, ™ = w and (wn)* = n*w" for
w,n € Q°A, as required. Note that if @ € Q! A, then (da)* = —da*.

4.6. For later use, we give here a few simple identities for differentials of idempotents. Suppose
that p? = p in A", Then dp = d(p?) = pdp + dp p in Q' A™"; hence pdp = p*dp + pdp p,
sothat pdp p =0. Thus also pdpdp = pdp(pdp +dp p) = pdp dp p = dp dp p in Q2A™". In
summary:

pdpp=0,  pdpdp=dpdpp, dpp = (1-p)dp. (4.17)
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4.7. We examine what the general construction yields for our two main examples, the algebra
C* (M) and the two-point space.

Example 4.1. For A = C* (M), we identify A®" = C®(M x ---x M). If f € A, then df (x1,x3) =
(1® f—f®1)(x1,x2) = f(x2) = f(x1). Thus Q! A is identified with the set of functions of two
variables vanishing on the diagonal. More generally, Q" A is identified with the set of functions of
n + 1 variables vanishing on contiguous diagonals. The differential is given by:

n+l

df (x1,...,%Xp41) = Z(—)k_lf(xl, e Xfm 1 Xkt Lo - - -5 X)) (4.18)
=1

The left and right actions of A on Q"A are given by:

&) (X1, xpe1) = g(x1) f (X150, Xna1)s
(f&(x1s s xpe1) = f (X150 Xna1) 8 (Xna1)- (4.19)

The product of an m-form f and an n-form 4 is:

fh(xl, cee ’xm+n+l) = f(xl’ cee axm+1) h(xm+1’ cee ’xm+n+1)- (4~20)

Finally, the involution is:
Frxts e Xne1) = f(Xpats ... x1)" (4.21)

Example 4.2. Take A = C* = C ® C. Note first that Q°C is trivial. For A = C* = C @ C,
we get A =~ C, where we can identify the class of (wy,wy) with w; — wy. It is clear that
Q' (C?) = C?* ® C = C?; more generally, Q"(C?) = C? for any n. The differential on Q°C? and
Q!C? is given by:

d(ai,ay) = (ay —aj,a; —ay) for a=(ay,az) € Q'C?,
d(b12,ba1) = (bay + b2, by + bay)  for b= (byp, by) € Q'C% (4.22)

Here we are adopting a convenient mnemonic device, based on the definition of Q!.A as a subspace
of A ® A. We regard the elements of each QkC? as indexed pairs: a = (aj,a;) € QOC2,
b= (b12,by) € Qlc? ¢ = (c121,€212) € Q2C2, and so on, subject to the rule that adjacent indices
should be unequal. This is indeed a particular case of the previous example, with M = {q, g2} just
a two-point space.

It is convenient to introduce the “finite difference” Aa := a; — a», so that da = Aa (-1, 1) for
a € Q°C2.

The left and right A-actions on Q' A are given by:

(a1,a2)(b12,b21) = (a1b12, azby),
(b12, ba1)(ay,az) = (bipas, byrar), for ae A, be QA (4.23)

They are not the same, even though A is commutative. The last equality is checked by taking
b=ada’,soba=ada"a=ada"a)-aa"da= (—aj Aad” ay, @), Aa” ay) = (bypas, byay),
as claimed. A similar computation gives (b1, b21)* = (b3, —b},) in Ql(C?).
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It is easily seen that a da’ da” = (a1Ad’Ad”, axAa’Aa”) in Q*(A); a general element of Q% (A)
is a finite sum of these. The left and right A-actions on Q2A are thus given by

(ar,a2)(ci21, c212) = (aicia1, azc212),

(c1a1, can)(ay, az) = (ci1ay, capaz), for a e A, c e QA (4.24)

Finally, (c121, c212)" = (¢}, ¢5,,) for ¢ € Q2(A).

With the index notation we are using here (and which will eventually generalize to the differential
algebra underlying the Standard Model), one sees that all the algebraic laws follow by matching
adjacent indices: for example, (ab);; = a;b;j, (ba);j = bjja;, (da);j = a; — a;, (b*);; = —bj‘.l.,
(ac)ijk = aicijk, (ca)ijxk = cijrar, and (c*);jx = czji. As exercises we leave the identities
(bbl),’jk = bijb;-k and (db),'jk = bjk - bik + bij-

We introduce another useful notational convention. Let p = (1,0), a selfadjoint idempotent
in A. Then dp = (=1,1). In QA there is the basis {p dp, (1 — p)dp} = {(~1,0),(0,1)}. In
particular, we may rewrite the derivation rule for a € Q°C? as da = Aa(p dp + (1 - p) dp).

4.8. The reader will probably feel entitled to know what the relation is, in the commutative case
A =C*(M), between Q°*A and the usual algebra of differential forms £*A = I'(A*T*M), besides
there being a covering homomorphism from the first to the second (the kernel of this “universal”
map is rather large). Roughly, the answer is as follows: a Hochschild type complex can be defined
on Q°*A such that the corresponding homology classes can be identified with the differential forms.
This is done in the spirit of cyclic cohomology, which we will now briefly examine.

We return to the chain complex C, (A) = A®**! but we replace the boundary operator b’ of (4.2)
by

b(ap®a1®---®a,) =b'(ay®a;1 ®---®a,)+(-1)'aa0®a; ® - R a,_;. (4.25)

For example, b(ap ® ay) = apa; — ajap, b(ag @ a; ® ap) = apa; @ a; —ag  ajaz + aap ® ay.
One checks that b> = 0. The homology of this complex [4] is called the Hochschild homology
Hl(A, A). [ This notation is used because the last term in (4.25) and the first term in (4.2) involve
the products a,ap and apa, so one can replace the lowest-degree copy of A by any A-bimodule M,
yielding a homology He(A, M). |

The chains of the fooma = ap® ---® 1 ® --- ® a, with a; = 1 for some k > 0, generate
a subcomplex D.A since a € D,A entails ba € D,_1A. From (4.3) and (4.25) one obtains
sb(a) + bs(a) = a for a € D,A with a, = 1; by composing s with a cyclic permutation o of
the factors so that o-(a), = 1, we obtain a chain homotopy s’ satisfying s’b(a) + bs’(a) = a for
a € D,A, n > 0. Therefore this subcomplex is acyclic, i.e., H,(DJ.A,b) = 0 for n > 0. The

quotient bimodule C,A/D,A can be identified with A ® Zm = Q"(A) for n > 0. So we can think
of (4.25) as defining a boundary operator on the graded algebra Q°*A. We can therefore rewrite it as

n—1
b(aopda, ...da,) :=apa day...da, + Z(—)iao daj...d(a;a;1) .. .da,
i=1

+ (=D "ayapday . ..da,_ . (4.26)

A comparison with (4.14) makes it clear that this formula may be rewritten more compactly as
b(wda) = (-)"[w,a] for w € Q"(A).
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4.9. Several important quantities in noncommutative geometry are Hochschild cocycles. By
definition, an n-cochain is an (n + 1)-linear functional on A. This is the same thing as a linear
form on A®™*D _ or an n-linear form on A with values in the dual space A’. We mention that A’
is an A-bimodule, where we put (ayb)(c) := ¢ (bca) for ¢ € A’. The coboundary operator, also
called b, is given by transposing (4.25):

n
be(ag,...,ans1) = Z(—)’w(ao, e Qilis1s - - ans1) + (D)™ o(anao, . .. an). (4.27)
i=0

The cohomology of this complex is the Hochschild cohomology, conventionally denoted by
H* (A, A’) (the first and last terms of (4.27) use the bimodule property of A’).

Suppose that ¢ is a Hochschild cochain such that ¢(ay,...,a,) = 0 whenever a; = 1 for
some k = 1,2,...,n; we may call ¢ a reduced Hochschild cochain [4]. Then there is a naturally
associated linear map ¢: Q" A — C given by

$(apday - - day,) = ¢(ao, . ..,a). (4.28)

It is clear from (4.27) that the reduced cochains form a subcomplex of the Hochschild complex
(since by is reduced whenever ¢ is). Whether one uses the reduced complex or not is a matter of
convenience, since the full Hochschild complex for A can be identified with the reduced complex
for the augmented algebra A* with the degrees of the chains shifted by one [14].

If we restrict to continuous multilinear functionals, and take A = C*(M), then the antisym-
metrization of a reduced cochain ¢ with respect to all arguments but the first yields a de Rham
current Cy:

(Cy,apday A--- Nday) = Z sign(o) ¢(ao, de(1)s - - - > Ao (n))- (4.29)
oes,
The notation d means simply the ordinary exterior derivation of forms; we write it thus to distinguish
it from the universal d, which in the commutative case is the finite difference operator (4.18).

One checks that antisymmetrizing takes cocycles to cocycles and kills coboundaries. This
yields the aforementioned map from Hochschild cohomology classes to de Rham currents. It can
be verified [7] that this map is an isomorphism. An isomorphism theorem, which in a sense is a
dual result to the above, is proved in [24].

4.10. A Hochschild O-cocycle 7 is a trace: 7 € A’ and bt(ag,a;) = t(apay) — t(ajap) = 0. To
extend the trace property to higher orders, we say an n-cochain ¢ is cyclic if ¢ = ¢, where

Ap(ao, - - -, an) = (=)"¢(an, ao, . . ., an-1). (4.30)
[ The (—)" is the sign of the cyclic permutation. || A cyclic 1-cocycle obeys
e(ao,ar) = —p(ay,a0); ¢(aoai,az) — ¢(ao, araz) + ¢(azap, a;) = 0. (4.31)
Clearly, a cyclic 1-coboundary is a linear function of the commutator:

¢(ap,ar) = by(agp,ar) =y ([ao,a1]). (4.32)
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If ¢ is a reduced cyclic cocycle, then from (4.14) and (4.28) one can check that
¢(aoday ---da, bodby ---dby) = (=)"§(bodby - --dby agday - - - day). (4-33)

In other words, ¢ is a graded trace on the graded algebra Q°A.

Let us also introduce the cyclic antisymmetrizer N := id+A + - - - + A"*. From (4.27) and (4.30)
we find, after a brief struggle, that b N = Nb’, where b’ denotes the transpose of (4.2). Clearly any
Ny is cyclic, since AN = N. On the other hand, if 1¢ = ¢, then N (ﬁgo) = ¢, so that every cyclic
cochain lies in the image of N.

We denote the space of cyclic n-cochains by CC"(A) := ker(d —id) = im N. The identity
bN = Nb’ shows that b preserves CC"(A), so that (CC*(A), b) is a subcomplex of the Hochschild
cochain complex.

A cyclic cocycle is a cyclic cochain satisfying by = 0. Every cyclic cocycle is in particular a
Hochschild cocycle, but not every Hochschild coboundary by which is cyclic is a cyclic coboundary,
since Y might not itself be cyclic. Thus the cyclic cohomology of A, which we will denote by
HC*(A), is different from the Hochschild cohomology. Both cohomologies play a role in the
calculation of Yang—Mills functionals, as we shall see.

4.11. Let € be a hermitian vector bundle over a x-algebra A.

Definition 4.1. A (universal) connection on € is a linear map V: & — € ®,4 Q' A such that

V(sa) = (Vs)a+s®da, forall seé&, acA, (4.34)
this connection is compatible with the hermitian structure if

d(s|s")=(Vs|s)+(s|Vs), forall s,5 €é&. (4.35)
Note that € ®4 Q' A is a right A-module.

Compatible connections always exist. If & ~ A™ is free, then £ ®4 Q'A ~ (QA)™, and d
extended componentwise to A" defines a compatible connection on €.

Now, consider & ~ pA™, where p is a selfadjoint idempotent in A™*™. Regarding & as a
submodule of A™, we see that pd defines a compatible connection on E: if s = (s1,...,5,) = (5:),
ps = (p{sj), then pd(sa) = (pl].d(sja)) = (plj (dsj)a+p{sj da) = (p ds)a+s da whenever ps = s.
Moreover, d(s | 1) = d(X; sit;)) = X ds’ t; +s; dt; = (ds | pt) + (ps | dt) = (pds | 1) + (s | p d).

If V;, V, are two connections on &, then V-V, =: @ € End4 (&, E®,4 Q' A). If both connections
are compatible, then « is skewadjoint. Thus any compatible connection is of the form V = pd + «
with a* = —a. If we identify & ~ pA™, we can regard @ as an element of A" @4 Q! A such
that @« = ap = pa = pap. Conversely, given such a universal one-form @, the map V := pd + a is
indeed a compatible connection:

V(sa) := pd(sa) + asa = pdsa+asa+ psda = (Vs)a+sda, (4.36)

where again ps = s is used.
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4.12. We now extend V to a derivation of €-valued forms, V: € ®4 Q°A — & ®4 Q™' A, by
requiring
Vis@w)=(Vs) Qw+s®@dw, Vsel, weQ°A. (4.37)

Clearly, this extension is unique. Moreover, if w is homogeneous, we get from (4.9)
V((s®@w)n) =V(s®wn) = V(s ® w)y + (=) (s ® w) dn. (4.38)

We can now also define the square oV = V2, usually abbreviated 6, and call it the curvature
of V. We compute the general form for the curvature:

0(s) =pd(pds+as)+a(pds+as)
:pdpa’s+pda/s—p0/ds+a/pds+azs
= (pdpdp + pdap+a’)s, (4.39)

where we have used (4.17). The result of the computation shows that, in contradistinction to V, the
curvature is an A-linear operator. One may then regard  as an element of End 4 (€) ®4 Q>A, which
is to say, as a matrix of universal 2-forms satisfying 6 = pfp.
There is a natural action of the group of gauge transformations U(&) on the space of compatible
connections, given by
vu(V) :=uVu" : s > uV(u*s), (4.40)

with curvature ufu*. If € = pA™ and V = pd + a, then vy, (V)s = u(pd + a)u*s = pud(u*s) +
uau*s = (pd + y,(a))s, where we define the action of U(&) on matrices of 1-forms to be

Yu(@) == udu” +uau’. (4.41)

Example 4.3. If € = A, call @ = V1; then clearly Vf = df + af and @ = da + . Even in this
almost trivial commutative case A = C* (M), we have a difference with respect to the classical
expression, as now @ #0.

Example 4.4. When € = A = C?, the two-point space, a compatible connection is specified by an
element of Q'C? of the form a = (¢* — 1,0 — 1) = (1 —¢*)pdp + (¢ — 1)(1 — p) dp. (The reason
we write ¢ — 1 rather than ¢ € C will become clear later.) We get for the curvature, using (4.17):

de+a®=~{(¢=1)+ (¢~ 1) +|¢p -1} dpdp = (1-¢*) dp dp. (4-42)
The gauge group U(1) x U(1) action on connections is found from (4.41). Since udu* = (1 —
uiuy)p dp + (ujuz — 1)(1 - p) dp, we obtain y, (@) = (1 —uu5¢*)p dp + (ujuz¢ — 1)(1 - p) dp.
Thus the gauge action is just multiplication of ¢ by uju>.
5 Noncommutative Geometry: K-cycles

5.1. In this section we pull the previous strands together. We introduce the basic object of
noncommutative integrodifferential calculus, the K-cycle.
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Definition 5.1. A K-cycle (3, D) on the x-algebra A consists of a unitary representation of A
on a Hilbert space J{, together with an (unbounded) selfadjoint operator D on J{ with compact
resolvent, such that [ D, a] is bounded for all @ € A. In many cases, H is a Z,-graded Hilbert space,
equipped with a grading operator I such that I'> = 1, A acts on J{ by even operators, and D is an
odd operator, i.e., al' =T'a for a € A, and DI" = -I'D.

To show the usefulness of this definition, we take up the important commutative example of the
Dirac operator on a compact spin® manifold. The Dirac operator is important for several reasons,
as we shall see. Firstly, as a distinguished square root of the Laplacian, in some sense (to be
made clearer below) it incorporates the entire Riemannian geometry of the underlying manifold.
Secondly, as a first-order elliptic pseudodifferential operator, it provides a bridge to index theory
and thus to manifold invariants, such as the Chern character, so it is of manifest importance for
gauge-invariant phenomena. Thirdly, it determines a special cyclic cocycle, which indeed gives the
dual object to the Chern character [7]. If a Dirac operator is available, classical gauge theory can
be lifted to the purely operator level, ripe for generalization.

We take A = C*(M). Let I := L?(S), the space of square integrable sections of the irreducible
spinor bundle S over M, and D the corresponding Dirac operator (for precise definitions, see the
Appendix). Recall that A acts on J{ by multiplication operators, i.e., multiplication by scalars on
each fibre of S.

Lemma 5.1. The densely defined operator [ D, a] is bounded.

Proof. The operator [D, a] should be viewed as a quadratic form, its boundedness meaning that
|(Ds’ | as) — (a*s’ | Ds)| < C||s]|| ||s”|| for all sections s, s” in the domain of D. We introduce the
Lipschitz norm ||a(|Lip := sup,., la(p) —a(q)|/d(p, q) with respect to the geodesic distance

d(p,q) = irylffy(p, q), (5-1)

where £, (p, q) is the length of the path y from p to g.

If a € C*(M), the Lipschitz norm of a is the essential supremum ||da||~; recall that da €
EY(M) = T'(T*M) denotes the ordinary differential of a. We remark that D(as) = a Ds + c(da)s,
as is clear from Proposition A.7. Thus [D, a] is nothing but Clifford multiplication by da, i.e., the
action of ¢(da) on L?(S). The operator norm of c¢(da) equals ||dal|... Hence:

I[D, alll = ldallew = llallLip - (5.2)
See also [3, Prop. 3.38]. O

We note that the algebra of Lipschitz functions is uniformly dense in C(M).
The metric on M may also be recovered from the Dirac operator, as shown by the following
lemma [9].

Lemma 5.2. The geodesic distance between two points p, q of M is given by

d(p,q) = sup{|a(p) —a(g)| :a € A, ||[[D,a]| < 1}. (53)

Proof. ltis clear that d(p, q) is majorized by the right hand side of (5.3), by taking a(q) := d(p, q);
this is a Lipschitz function with constant 1, so that ||[D, a]|| < 1. The converse inequality follows
from (5.2). O
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The formula (5.3) for the distance is dual to the original formula (5.1), in that, instead of
involving functions from R to M, it involves functions from M to R. In the case of discrete or
noncommutative spaces there is a scarcity of arcs, but there are plenty of “functions”, i.e., the
elements of A itself. The right hand side of (5.3) defines also a distance on the space of states of a
smooth algebra (equipped with a K-cycle), so it admits a natural noncommutative generalization.
Note finally that (5.1) is suspect from the point of view of quantum mechanical operationalism.

5.2. Another important element of Riemannian geometry is the canonical volume measure:

w(dx) = +/detgdx' A--- A dx", n=dimM. (5.4)

The elliptic pseudodifferential operator D has a finite dimensional kernel. To avoid the irrelevant
complications which arise if this kernel is not zero (which can be dealt with, for instance, by adding
a “mass term” [7]), we will adopt from now on the notation that ker D = {0}, so that D has a
bounded inverse.

We now recover the measure from the Dirac K-cycle in the following way.

Theorem 5.3. Fora € C*(M):

o / a(x) p(dx) = Te* (a| DI, (5.5)
M

where the constant C, is given by

(2m)k nk-1
Cop = Cotst = ———.
=T " T o

Proof. This is an easy consequence of the trace theorem. Since a € A is a bounded multiplication
operator, a|D|™ is a pseudodifferential operator of order —n. Its principal symbol is just p_, (x, &) =
a(x)||€]|™", which reduces to the scalar matrix a(x) — of rank 2l"/2 = dim S, — on the cosphere
bundle ||£]| = 1. Thus Tr*(a|D|™) = C, [,, a p. with C, = 21"/21Q, /n(27)", which simplifies to
the stated values. |

Definition 5.2. A K-cycle is said to be n* summable if |D|~' € £ ().

Equivalently, a K-cycle is n* summable if |D|™ belongs to the Dixmier ideal. This is the
case in the commutative example we have been examining, with n = dim M, and so the order of
summability may be regarded as the dimension of the K-cycle (3, D). Indeed, from Theorem 2.3
we get (1+ D?)71/2 e L™ (H), since D? = —A, and |D|~! = T(1 + D?)~'/? with T bounded.

5.3. The availability of a K-cycle allows us to project from the algebra of universal forms Q°A to
a more useful graded differential algebra. It will transpire that, in the Riemannian case, we need
not go through the Hochschild complex, in order to descend to the de Rham algebra.

Proposition 5.4. Given any K-cycle (H, D) over an algebra A, the following equality defines a
x-representation of Q* A in JH:

n(apday ---day,) =i"ay [D,a1]---[D,a,]. (5.6)
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Proof. That r is a homomorphism is evident, since both d and [ D, —] are derivations on .A. Also,
since [D, a]* = —[ D, a*] by selfadjointness of D, we gett(ag da, - - - da,)* = n((ap da, - - - day,)*),
using (4.16). O

However, the 7 homomorphism is not necessarily a differential one. 1If };; aé[D,a{] is a
denizen of 7(Q'A), we would like to define d 3 ; aj[D,al] as i ¥ ;[D, a)][D, a]]; however, the
same 2 ; a{)[D, ajl] could be represented in several ways using elements of A, so the expression

2D, a(j)] [D, a‘{ ] is potentially ambiguous. Indeed, 7(b) = 0 for b € Q*A does not in general
imply 7(db) = 0, so the ambiguity does occur.

We prove this by a simple but important example. Let b = ada — }d(a*) € Q'A. In the
Riemannian commutative case, b is Clifford multiplication by i a da — —d (a?); thus 7(b) = 0.
However, n(db) = —c(da)c(da) = g(da,da) # 0.

We need the following technical lemma.

Lemma 5.5. Let Jy be the graded two-sided ideal given by Jg ={be QXA :7(b)=0}. Then
J :=Jo +dJy is a graded differential two-sided ideal of Q°A.

Proof. We must show that Jo + dJj is still an ideal. Let b € J* be a homogeneous element of J.
Writeitas b = by +dby, where by € JX, by € J5™1. If ¢ € Q' A, then be = bic— (=) by de+d(byo).
Since bjc — (—)kb2 dc € Jog and byc € Jy also, we get bc € J. The computation for ¢b proceeds
similarly. Finally, J is a differential ideal, as clearly dJ = dJy C J. O

Definition 5.3. Let (J(, D) be a K-cycle over an algebra A. We define the graded differential
algebra of D-forms on A as
QA =m(Q°A)/J. (5.7)

The canonical projection from Q°*(A) to QF,(A) will be written 7p.
In order to grasp the meaning of (5.7), we consider Qgﬂ, fork =0,1,2.
o Clearly J8 =J%={0}, so QODA = A as expected.

o Next, J' = J§ +dJ) = J}, thus Q] A is the quotient of Q! by ker 7. When A = C*(M) and
D is a Dirac operator 1ts.elements operate by Clifford multiplication c¢(w) on spinors, where
wisal-form i} ; aj) daj.

o Finally, J2 = J3 + dJ}. Thus Q3 A =~ 7(Q2A)/r(dJ;). More concretely, notice that the
vector space of operators of the form

{%; Da[Da]' aeAZa =0} (5.8)
form a subbimodule of 7(Q2A), since the side condition entails the identities

a'(3,[D,al][D,dl]) = 3,[D,d'al][D, af]
(2;[D,dl1[D,all)a’ = 3,[D,all[D,dla’] - 3;[D,ala’1[D,d'], (5.9)

whose right hand sides also belong to (5.8); in the second case, this follows simply from

Zj(aé[D,a{a’] - a(]).aj1 [D,d’]) = (Zj aé[D,a]l])a’ =0.
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Therefore, an element of QZDA is a class of elements of the form

Y;al[D,a]l[D,all,  al,al,deA, (5.10)

modulo the subbimodule (5.8).

The ambiguity in the definition of db for b € m(Q'A) no longer arises in the context of QA
More generally,
QLA = n(QY) /n(dIf ™). (5.11)

5.4. We now specialize again to the commutative Riemannian case. Here, for ag,...,a; € A,
one has n(agday - - - day) = i"ag c(da; - - - day), where the differentials da; and their products are
considered as sections of the Clifford algebra bundle C£(M).

Foreachx €e M,and k = 0,1, ...,n, let C)’; denote the subspace of the Clifford algebra fibre
C¢, of C{(M) generated by products of at most k cotangent vectors in 7; M. Using the canonical
inner product on C¢, given by the trace of the spin representation, we can identify AéT;M with the
orthogonal complement C¥ © C¥~!. Let us denote the quotient map from C¥ to AéT;‘M by o; then

O'k(vl---vk):vl/\---/\vk, for vl,...,vkET;M. (5.12)

Lemma 5.6. Let (3, D) be the Dirac K-cycle on the algebra C* (M), and let k € N. A pair of
operators (A1, Ay) on H is of the form Ay = rn(b), Ay = n(db) for some b € QXA iff there exist
sections s, s of C* and C**! respectively such that:

Aix =c(s1)x, Axx=c(s2)x, and idoy(s1)=0k+1(52). (5-13)

Proof. If b = agda ---day, it is clear that 7(b) = i*agda;---day, € T'(C¥) and n(db) =
i*dayda, - --day € T(C*). In this case i doy (s1) = i**'dag A - - Adag = 041 (52).
Conversely, if 51 € I'(CK) and s, € T'(C**) satisfy i doy (s1) = 0k+1(s2), then s; is determined
by s1 up to an ambiguity in I'(C¥). We may therefore suppose that s; = 0 and s, € T'(C*¥™1). If we
set b’ := (ag dag — 3d(al)) day - - - day_y € QX A, then n(b’) = 0, n(db’) = ||dao||* day - - - day;.
Since terms of the latter type generate I'(C¥~!) as a C*°(M)-module, we can find b € QXA with
n(b) = 0 and 7(db) equal to any given element of I'(C*~1). O

[ We can give an example of the above relations in physicists’ language. In the trivial bundle
€ = A, a connection is defined by a universal 1-form a = }, a; db;. Suppose np(a) = A = A, dx*.
Then n(a) = y#A, will hold; n(a?) = A? clearly, whereas p (a)? = A A A = 0. Moreover, 7(da)
is certainly not dA. Writing da = })da; db; and performing the necessary calculations, we get
n(da) = %F#V’y“’yv + ¢ + 0 - A with the scalar field ¢ = —g#” > a;0,0,b; and 0 - A := 3" A,.
Therefore 7(0) = n(da + ), but only the first term of m(da) can be identified to the “Maxwell
form” dA. |

We finally recognize that Q7,C* (M) is isomorphic to the de Rham algebra £°(M) of everyday
forms and that the relation between 7 (2°*A) and Q7,A in this example is just the relation between
the space of sections of the Clifford algebra — we can identify 7(Q*A) and I'(C¥) — and the space
of sections of A{éT*M . Indeed, the above proof shows that if s € I'(C¥) with o%(s) = 0, then
s = n(db) for some b with 7(b) = 0; in other words,

m(dJ§™") = c(ker o). (5.14)
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It is also clear from (5.12) that if t € T'(C'), then o4 (st) = o (s) A oy(t) in EX*/(M). Thus the
symbol maps o combine to yield an isomorphism of graded algebras op: Q3 C*(M) — E*(M).
This is also an isomorphism of C*° (M )-modules. We note that we cannot at this stage say that op is
isometric, since no hermitian structure has yet been given on Q7 A.

5.5. Tointroduce a hermitian structure on Q7,C* (M), we need a basic technical lemma.

Lemma 5.7. Let (H, D) be an n*-summable K-cycle on A = C®(M). If T € n(Q*A) and S is a
bounded operator on H, then

T (ST|D|™) = Te* (S|D|™"T). (5.15)

Proof. The statement is that S(T'|D|™ - |D|™T) € L}f(ﬂ-(); since S is bounded and L(I)J’ is an ideal,
we can take S = 1. Moreover, since

n—1
T|DI™" = [D|™"T = ) DI (T|D|™ = |D|'T)| D+,
r=0

we just have to show that T|D|~! — |D|7!T € L. And it is enough to show this for T = a or
T =[D,a] witha € A.

Now multiplication by a, or Clifford multiplication by da, are pseudodifferential operators of
order 0, whereas |D| ! is a pseudodifferential operator of order —1, its principal symbol being ||£]| .
From the symbol calculus formulas (2.4), if P and Q are of orders m and m’, then [P, Q] is of order
m +m’ — 1 at most, since the m + m’ term of its complete symbol clearly cancels. So [|D|™!,a]
and [|D|™!, [D, a]], and more generally [D, T] for T € n(Q*A), is of order —2 at most. Therefore
T|D|™ —|D|™T has order (—n — 1) at most, so by the trace theorem its Dixmier trace vanishes. 0O

Remark. Connes asserts in [10, p. 206] that the conclusion of Lemma 5.7 holds for any n*-sum-
mable K-cycle. This is plausible, but we are not aware of a proof at the moment. Therefore, we
provisionally propose the following definition.

Definition 5.4. An n*-summable K-cycle (H, D) on an algebra A is tame if for any T € n(Q°A)
and S € L£(%H), (5.15) holds.

From tameness and the traciality of Tr*, the following three traces coincide and define an inner
product on 7(QFA):

(S|T) =T (S'T|D|™) = Tr* (ST |D|™"T) = Tr* (T|D|™ST). (5.16)

Let us write fﬁk for the Hilbert space obtained by completing 7(QFA) with respect to this inner
product.
Fora € Aand S,T € n(Q*A) we find that

(aS|aT) = X' (T|D|"STa*a), (Sa|Ta) = Trt(aa*ST|D|™"T). (5.17)

This says that the unitary group U(A) := {u € A : u*u = uu™ = 1} has two commuting unitary
representations L and R on Iy, given by left and right multiplications. Now n(dJ(’)‘_l) Is a
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subbimodule of 7(QF.A), by the obvious generalization of (5.9), so the unitary representations leave
its closure in Hy invariant. Let P be the orthogonal projector on H; whose range is the orthogonal
complement of ﬂ(ng_l), and define H; := PHj. Then P commutes with L(a) and R(a) for
a € U(A) and so for any a € A; thus

P(aTd’) = aP(T)a’ for T € Hy, a,d’ € A. (5.18)

Now the projector P is just the continuous extension to H « of the quotient map from 7 (QFA)
to QkDA. Thus Q’[‘)A is identified with a dense subspace of J{;. Moreover, the left and right
representations of A on H; reduce to algebra representations on J, on account of (5.18), which
extend the left and right module actions of A on QZA.

Let us go back to Q7,C*(M). From now on, in view of the application to the Standard Model,
we will assume that the dimension n of M is even. If T € Q¥ A with 7(T) = ¢(s), then Px(T) = c¢(n)
in J{;, where 7 is the component of s in I'(C* © C*~!). The trace theorem now gives

(Pr(r) | PR, = 5 [ e (e eIl
-n/2
~ i [ e et ax
2
(2n)~ n/2 (2n)~ n/2 5
= /) /M”A*"_ T Jy I . (519

The third equality follows from the formula for the trace of the spin representation (A.15); we recall
that if the k-form 7 is written in local coordinates as = > g axex, A --- A ek, and 1 denotes its
Hodge dual, thenn A s = (Xg |aK|2)el A -+ A ey, which thus equals 27/ tr(c(n)Tc (1)) times the
volume form on M. We adopt the usual notation of writing this multiple as the squared norm of 7.
We conclude that the inner product on H given by (5.16) corresponds, under the identification op,
with the hermitian structure on £°(M) arising from the Riemannian metric.

5.6. We now turn to the example of the two-point space A = C?, and construct K-cycles over this
algebra.

Take H = CN @ CV, with the action of A = C? given by a(sy, s2) := (a1s1,azs2). We denote
by D the hermitian matrix

0 m'

D Dl (m O ) b (5'20)
where m is any nonzero N X N matrix. The grading is given by I' = ((1) _1). The diagonal action
of A is even for this grading. Clearly,

T
2 m'm 0
D* = ( 0 mmT) . (5.21)
We compute:
. . 0 -m'\ 2 RV m'm 0\
l[D’a] - l(al a2) (m 0 ) ] [D9a] - (Cll aZ) ( 0 mmT) s (5'22)
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so||[D, 01]||2 |ai —axs|?||m m||, which, together with the distance formula (5.3), yields d (g1, g2) =

1//|lm m||.

The K-cycle (H, D) is tame. Notice first that for a finite-dimensional Hilbert space, the
Dixmier trace is merely a multiple of the usual trace; we therefore replace Tr* by Tr. Moreover, the
dimension n of this K-cycle is zero, since the Dixmier ideal is £ ().

Suppose there is a skew form @ = (¢* — 1,0 — 1) = —(¢* — )pdp + (¢ — 1)(1 — p)dp in
Q'C? = C2. Since p = (1,0), we get at once:

ot +
ﬂ(p)=((1) 8), 7T(dp)=i(,?1 81) ﬂ(dpdp)=(m0m 0 ) (5-23)

Therefore,

i(¢p—1)m 0

The curvature of the universal connection d + @ on A is

T +
n<a>=(. 0 i 1)’”). (5.24)

0=da+a*=2-¢-¢")dpdp—|¢—11*dpdp = (1 - |¢|*)dp dp,
which projects to
n(0) = (1 - |¢>)n(dp dp) = (1 - |¢|*)D*. (5.25)

In this example 7 is injective, so m(Q°*A) and Q},.A coincide.

6 Noncommutative Geometry: the action

6.1. Recall that any skew form @ € Q!A determines a universal connection V = d + « on the
trivial bundle € = A, whose curvature is 8 := da + a*. Let (H, D) be a tame K-cycle on A. We
then define the pre-Yang—Mills functional:

1[(V) :=Tr" (z(6)* |D|™). (6.1)

Then 1(V) > 0, since it is the square of the norm of 7(6) in j:Cz, and moreover this functional is
gauge invariant. To see that, recall that for any u € U(A), the gauge transformation vy, acts on the
curvature 6 by v, (0) = uu*, and so by tameness:

I(7u(V)) = Tr* (2(6)* u*|D|"u)
= Tr* (7 (0)> u*u|D|™) = 1(V). (6.2)

6.2. In the commutative Riemannian case, using the Dirac K-cycle, let w be a one-form in
&(M), and choose @ € Q' A with 7p (@) = w; then o»(n(da)) = i dw. For any two such a, the
corresponding operators 7 (da) differ by an element of n(dJOI) = c(ker o).

We thus get P(n(da + a?)) = idw in H,. From the nearest-point property of orthogonal
projectors, we thus have

n/2
inf{ (V) : np(a@) =w} ={dw | dw), = ( /2)' / ldw)||? dx. (6.3)
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Let us call the right hand side of this equation YM (V). Since the curvature of the classical
connection determined by w on the trivial line bundle over M is just dw, we see that Y M (V) is,
in this instance, just the usual Yang—Mills action of classical gauge theory. The trace theorem can
now be regarded as saying that the Dixmier trace is the “dequantizer” for the K-cycles built over the
setting of classical gauge theories. Notice that for n = 4, the constant in YM (V) is just 1/87.

6.3. The previous discussion tells us that the correct definition of the Yang—Mills action in
noncommutative geometry is given by (dw + w? | dw + w?), where w is a 1-form and the derivation
and inner product are taken in the sense of QpA. To determine it for an arbitrary hermitian vector
bundle & :~pAm, we introduce connections whose values are D-forms. Such a connection is a
linearmap V: € — £ ®y Q})A satisfying the analogue of (4.34) with the derivation taken in Qp.A.
From the universal property of Q! A, there is a universal connection V such that (id ®7p)(Vs) =i Vs
fors € €. I N
The curvature of V is 6V := V2 € End4 (&, € ®y Q%A). Here 0¥ = —(id ®7p)(6), where 0 is
the curvature of V, and we define L
YM(V) = (07 | 6%), (6.4)

where this inner product incorporates the one induced on Endy € by the hermitian structure on £.
To make this precise, we remark that the tensor product € ® 4 H can be made a Hilbert space with
inner product

(s1@n1|s2@m) == | (s1]|s2)m), s1,82 €& ni,n e X (6.5)

Here (71 | n2) denotes the inner product in H and the action of A on H is understood. Henceforth
we will write simply 7 (rather than id ®) for the homomorphism from € ® 4 Q*A to L(€ ®4 H)
extending (5.6). Now (5.16), with D replaced by 1 ® D, defines an inner product on (€ ®4 Q*A).
As before, there is an orthogonal projector P whose range may be identified with the completion
of EQy Q%A; adapting previous arguments, we arrive at

YM(V) =inf{ I(V) : np(V) =iV } = (Px(0) | Pr(6)). (6.6)

For the Dirac K-cycle on M, this is computed by (5.19), where now 7 = i(dw + w A w) is the
matrix-valued 2-form such that Pr(6) = Pr(da +a?) = ¢() when V = pd + @ and 7(e) = w. We
thereby recover the standard Yang—Mills functional on general vector bundles:

(27r)_”/ 2

MO =

/ ldw + w A wl||? dx. (6.7)
M

6.4. In many cases there is a curvature-independent lower bound for /(V) which arises from
a Hochschild cocycle corresponding, in the commutative Riemannian case, to the fundamental
homology class of the underlying manifold. To glimpse this truth, we introduce the following
Hochschild cochain:

¢(ag,...,a,) =T (Tag[D,a1]---[D,a,]D™"), (6.8)

34



where (I, D) is a tame K-cycle over A and I is the grading operator on J{. This ¢ is in fact a
Hochschild cocycle: here (4.27) telescopes to

be(ao, ..., an) = {Tr*(Tag [D,a\] -+ [D,ay] ape1 D)
—Tr*(Taps1ao [D,a1] -+ - [D,a,] D™} =0, (6.9)

since Tr" is a trace, and the tameness allows a4 to slip past D" under the Dixmier trace. One
can check that A¢ # ¢ in general, so ¢ need not be a cyclic cocycle. However, it turns out that ¢ is
cyclic in many cases.

For example, in the case of the Dirac K-cycle, we get from the trace theorem:

o(ag,...,a,) = PYCIRT /S*M tro_y(c(y)c(apday - --da,)D™)

-n/2
:%/A‘/Iaodal A---Nday, (6.10)

where vy is the chirality section (A.13) of the Clifford bundle, since I' = ¢(y), and also because
tr(c(y)c(apday - - - day)) times the volume form on M equals agdaj A - -+ A day, by (A.15). Note
that for this example, ¢ is indeed a cyclic cocycle.

This suggests that the cohomology class [¢] € H" (A, A’) is the right generalization of the notion
of “fundamental class” of a Riemannian manifold in noncommutative geometry. As it happens,
this is not the whole story, since a further subtlety is involved: one may in many cases deform ¢ to
a cohomologous Hochschild cocycle 7, given by 7(ay,...,a,) := Te(TF[F,ag] - - - [F,a,]) with
F = D|D|™'; now T is always a cyclic cocycle, and it is the class [7] € HC"(A) which provides the
right generalization [10].

To see that ¢ provides a lower bound for /(V), we consider first the case & = A, and take n = 4.
In this case, using (4.28), (V) = /(6%), where

W(ao, ...,as) =¥(aoda ...das) =Tr' (ag[D,ai] - [D,as] D™, (6.11)

so that ¢ is also a Hochschild cocycle, as is seen by dropping I' from (6.9). Now, the sum and
difference ¥ + ¢ are positive cocycles, i.e.,

(¥ £ @) (ao da) daz(ag day das)*) = (¥ + ¢)(ap day day day da’ ag)
=Tr* (ao[D, a1][D, a2]D~*(1 £ 1) D *(ag[D, a1][D, a2])*) > 0, (6.12)

since %(1 +T') are positive operators (in fact, orthogonal projectors) commuting with D=2 and with
n(Q%A). The inequality shows that (w | 7)1 := (¥ + @) (nw*) is a positive inner product on Q2A.
In particular, since 6* = 6, we arrive at the following inequality:

1(V) = §(6%) > |§(6%)| = [Te* (Tx(6)* D). (6.13)

/2 be an

Note that the same argument works whenever # is divisible by 4 (since we require that D
even operator).
To extend (6.13) to the general case where & = pA™, we assume that ¢ is a cyclic cocycle, so

that ¢ is a trace on Q%A on account of (4.33); we know that 1/7 is also a trace there, since (H, D)
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is tame. By tensoring these with the matrix trace on Endyg(p.A™), we prolong them to traces
on Endy (€ ®4 Q?A), which we continue to denote by ¢ and . One checks that the inequality
I1(V) = (6% > |¢(6?)| remains valid in the general case. _
Finally, we show that the right hand side |$(6?)] is independent of the universal connection V,
on account of the cyclicity of ¢. Indeed, if V= pd+a, write V; := pd +ta for0 <t < 1. Then

d

o S((pdpdp +1tp dap+t2a2)2)

t=0

=2¢(pdpdpdap)=2¢(dpdp p da)

= 2¢(dp dp da) - 2¢((dp)’@)

=2¢ od(pdpda) -24(p(dp)’pa) =0, (6.14)

d
5(6%) =
@(0;) dr

t=0

using the traciality of ¢, the property ¢ o d = 0 of the definition (6.8), the identity @ = pap, and
p(dp)’p = 0 from (4.17). In consequence, $(6%) = ¢((p dp dp)*) = ¢(p. p, p, . p).

We have found the desired lower bound Y M (V) > |¢(p, p, p, p, p)| for n = 4. The fine theory
of cyclic cohomology allows one to say much more about the right hand side. It turns out [7] that
it depends only on the stable isomorphism class [p] € Ko(A) of the vector bundle € and on the
cyclic cohomology class [¢] € HC*(A); for the Dirac case, with & = I'(E), it is related via the
index theorem to the Chern classes of the ordinary vector bundle £. Whenever one can show this
term to be positive, one has a measure of the “nonflatness” of the underlying gauge theory.

6.5. To the Yang-Mills action we now want to add a “fermionic piece”. Suppose we have a tame
K-cycle (3, D) on A and a vector bundle € over A; let V be a compatible connection with values
in&®y Q})A. On the Hilbert space € ® 4 H{ with inner product (6.5), we want to define a selfadjoint
operator Dg by the minimal coupling recipe:

D3(s®mn) :=s®Dn+ (65)77- (6.15)

At first glance this is not well defined, since Vs is not, strictly speaking, an operator on € ® 4 J{ on
account of the quotient involved in the definition (5.7) of QlDA. Thus we take a universal connection

V for which 7p (V) = iV, and define Dz as
D3(s®n) :=s® Dy —in(Vs)n. (6.16)

If &€ = pA™ and V = pd + , then D3 = pD —in(«), where we regard D as acting componentwise
on A™ @4 J. This is clearly a symmetric operator on € ®4 H, since m(«) is skewadjoint; so it is
a selfadjoint operator with domain & ® 4 Dom D. Moreover, two universal connections with image
iV differ by a; — a; € ker «, so the right hand side of (6.16) depends only on V.

The fermionic action is now given by

Ip(y) =¥ | Dgy) (6.17)
for “wavefunctions” ¢y € € ® 4 H.

Lemma 6.1. This action is gauge invariant, i.e., {uy | Dyu(ﬁ)uw) =Ip(yY) foru € U(E).
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Proof. It suffices to show that uDgu* = Dyu(ﬁ) on & ®4 H. If x € u Dom Dg, then

uDgu*x = u(pD — in(a))u*x
= puD (u"x) — iun(@)u"x
= pDx +u(Du*)x —in(uau™)x
= pDx —in(udu™ + uau™)x
= (pD —in(yu(a))x. (6.18)

using (4.41). O

With this, we are nearing the construction of a dictionary spelling out the translation between
noncommutative geometry and particle physics. The Hilbert space J{ and the Dirac operator D
have the more straightforward translation; the first is the Hilbert space of fermions. They are defined
now in a compact “Euclidean” space, rather than in Minkowskian spacetime, but never mind. Then
D is plainly the Dirac operator familiar from quantum electrodynamics. The algebra A and the
bundle € are related to gauge transformations, and the Yang—Mills action corresponds to the pure
gauge boson part of the action in particle theory. The obtained action must be “Wick-rotated” to
Minkowski space. After that process leading to a Poincaré (and gauge) invariant action, we shall
impose the chirality condition on our fermions. Thus, the concept of K-cycle is an embodiment of
the “neutrino paradigm” that pervades modern particle physics [33].

6.6. Other ingredients, like the Higgs fields that result from “spontaneous symmetry breaking” in
the standard approach, giving rise to mass for some gauge bosons, the Yukawa couplings giving
mass to fermions, . .. are already present in schematic form in the example of the two-point space.

Example 6.1. We come back to gauge theory on the finite space {qi, g>}, but in a slightly less
trivial context: we consider the simplest nontrivial bundle of rank 2 over ¢ and rank 1 over g5.
First we briefly reexamine the trivial rank-1 bundle € = A, with the tame K-cycle (CNeCV,D)
given by (5.20), and the connection V =d + @ with @ = (1 — ¢*)pdp + (¢ — 1)(1 — p) dp; recall
that 7(6) = (1 — |¢|*)D? by (5.25). Since n = 0 and Tr* = Tr for this finite dimensional example,

YM(V) = Tr(n(6)%) = 2(1 - |¢|H)* te((m'm)?). (6.19)

Recall that the gauge group U(1) x U(1) acts by ¢ +— wujuz¢, so that (6.19) is manifestly gauge
invariant. Now

om 0

the fermionic action being (¥ | Dvy) = 2R (¢ysmyy) for € H. As indicated above, we have
already reproduced here the situation of symmetry breaking (the ground state of the Yang—Mills
action, given here by |¢| = 1, is nonunique and is acted on nontrivially by the gauge group), and the
situation of ““Yukawa coupling” between the “fields” ¢ and .

Dv:D—iﬂ(a):(O ¢m), (6.20)

I 0
0 1-p
form Vs = fds +as witha = faf = —a*. If we write @ = apdp — a*(1 — p) dp with a €

Now we consider the vector bundle & = fA?, where f := ( ) A connection is of the

2%2
C,
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the condition @ = fa f amounts to az; = ax = 0. Letus write ay; =: 1 — ¢7, a1z =1 —¢3, so that

_((A=¢Dpdp+(¢1—1)(1 - p)dp —¢§pdp)
¢ _( —¢2(1 = p)dp 0 ' (621)

Then the curvature 6 is f df df + f da f + a2, that is,

o— ((1 —1¢11>)dpdp — |¢ol*pdpdp  —¢1¢5(1 - p)dp dp ) (6.22)
—¢i¢2(1 - p)dpdp (1-1¢21)(1 = p)dpdp|’ '

so the diagonal entries of 62 are (1 — |¢1|*> — |#2]%)% p(dp)* + ((1 = |¢1]?)?> + |p162|%) (1 = p)(dp)*
and ((1 = |¢2]*)? + |¢162)%) (1 = p)(dp)*. Now, bearing in mind (5.23), we compute Tr 7(6).
Since Tr(p(dp)*) = Tra((1 = p)(dp)?*) = tr((mTm)?), we get

YM(V) =Ten(6%) = (1+2(1 = |1 = |¢2[*)?) te((m"m)?). (6.23)

This is, by construction, invariant under the gauge group U(2) x U(1), which spells some trouble,
as we shall need SU(2) x U(1) gauge invariance; but let us not anticipate events. The space of
sections realizing the minimum of the Yang—M ills action is a 3-sphere; note that this minimum is now
positive, so the bundle is not flat. One easily checks that for this example ¢( f (df)*) = — tr((mm)?),
so the minimum of (6.23) is given by the general estimate obtained in (6.13).

6.7. Itis afeature of the formulation of the Standard Model in noncommutative geometry that the
K-cycle one needs is not just a module over one algebra, but a bimodule over two. Very roughly
speaking (we shall later be more precise), one algebra incorporates the electroweak gauge group and
the colour symmetries belong to the other. To see that it is perfectly natural, within the mathematical
framework of noncommutative geometry, to consider two commuting algebras acting on the same
Hilbert space, we pause to examine how a version of Poincaré duality may be formulated in the
noncommutative case.

By Poincaré duality (over an ordinary compact n-dimensional Riemannian manifold M) we
understand the isomorphism of de Rham differential forms w — *w : EX(M) — &' (M)
determined by /Mn A %@ = /M(n | w) dvol, where the pairing of k-forms (7 | w) is given by
the metric on M. For a fixed n, the continuous linear form *w > fM(n | w) dvol thereby
determines a de Rham current C;;, which in turn determines a unique Hochschild cohomology class
in H"%(A, A’); here A = C®(M). Recalling that the algebra of D-forms for the Dirac K-cycle is
just the de Rham algebra, we thereby get a canonical map:

O (A) — HF(A,A). (6.24)

The point at issue is that the same algebra appears on both sides of (6.24) only if A is commutative.
In general the right hand side must be replaced by H" (B, B’), where B is a new algebra. Below
we shall give some sufficient conditions for a suitable choice of B. On a deeper level, the right
“Poincaré dual algebra” may be sought systematically using the KK-theory of Kasparov: this is
discussed in [13].
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6.8. Let us recall that if A, B are two algebras, a representation p of the tensor product A ® B
on a Hilbert space J{ is given whenever there are commuting representations p; of A and p, of B
on H; and p(a ® b) := pi(a)p2(b).

Connes [13] has identified the conditions of the following definition as being the main ingredients
of Poincaré duality in noncommutative geometry.

Definition 6.1. Let A, B be two algebras. We shall say that a graded K-cycle (H, D, T") over their
tensor product is a matching K-cycle for A ® B provided that:

(a) (X, D) is n*-summable for some integer n, and is tame;
(b) forany a € A, b € B, the relation [[D, a], b] = 0 holds;
(c) the Hochschild cocycle ¢ for this K-cycle satisfies ¢(1,cy,...,c,) =0, i.e.,
Tt (T'[D,c1] -+ [D,c,]|D|™) =0, for ci,...,cm € A®B. (6.25)
Since [[D, a], b] + [a, [D,b]] = [D, [a,b]] = 0, we see that condition (b) is equivalent to
[[D,b],a]l =0foralla € A, b € B.

Consider the Dirac K-cycle (L?(S), D) over A = C®(M). We can regard H{ = L?*(S) as
a representation space for the algebra A ® A (with both copies of A acting by multiplication
operators), and so (H, D) is also a K-cycle over the algebra A ® A. This K-cycle satisfies (a) by
Lemma 35.7; (b) is just the observation that c(da) commutes with b on the space of spinors; and
(c) follows from (6.10) and Stokes’ theorem.

The duality map is now given by the following result.

Theorem 6.2. Suppose (H, D,I') is a matching K-cycle over the algebra A ® B. Then for each
a € QF(A), there is a Hochschild cocycle ¢, € Z"*(B, B’) given by:

ca(bos ... bp_i) = (=)"FTe*(Tr(a) bo[D, b1] ... [D, bui]|D|I™). (6.26)

Moreover, ¢, depends only on np(a), so np(a) = [cq] is a well-defined linear map from Q’I‘)A to
H"K(B,B).

Proof. To show that ¢, is a cocycle, we compute bcy (bo, . . ., by—r+1). Asin (6.9), this expression
telescopes to

Tr*(Ta bo[D, b1] ... [D, by—i]bp—i+11D]™)
=T (Fa by—gs1b0[D, b1] ... [D, by—]|DI™) = 0, (6.27)
using tameness and condition (b) to interchange b,_x.1 successively with |[D|™, T", and ().
Ifa' =3 ;alda).. daj, € J*!, then
cda’ (bo, ..., bnt) = Tr* (Tbor(da’) [D,by] ... [D,b,]|D|™)
=Y, Tr*(T[D, boal] [D,al]...[D,al] [D,b1]...[D,bui]ID|™)
—Tr*(T[D, boln(a’) [D,b1] ... [D, b,—«]|D|™), (6.28)

and the right hand side vanishes, using 7(@’) = 0 and (6.25). Thus ¢, = 0 whenever 7p (@) = 0; so
¢, depends only on 7p (@) and gives a well-defined map from QZ (A) to Z"*(B, B’). Passing to
the quotient, we obtain the aforementioned map from Qé‘)ﬂ to H' (B, B). ]
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Remark. The story can be taken further. If da = 0 in Q’l‘;’lﬂ, one can show that ¢, is a cyclic
cocycle. A finer analysis then produces a linear map from the cohomology of the differential algebra
(Q7)A, d) to aquotient of the cyclic cohomology of the algebra B. These algebraic developments are
outlined in [13]. The upshot is that Poincaré duality can be given a fully cohomological formulation
in noncommutative geometry.

6.9. A necessary last step before turning to the Standard Model is a brief discussion of product
spaces. Let (Hy, Dy), (H,, D;) be K-cycles on the respective algebras A, A,, and let I'; denote
the grading operator on H . Their product is the K-cycle (H; ® H,, D) for the algebra A ® A5,
where D := D; ® 1 + '} ® D,. The trick of this definition is that D? = D% I1+1® D%, showing
that the orders of summability add up.

There is a canonical bimodule homomorphism from the space of forms Q(A; ® A,) to QA ®
QA,. Given hermitian vector bundles €, €, associated respectively to A, A, there is a hermitian
vector bundle £ ® &€, associated to A ® A,.

7 The Glashow—Weinberg—Salam model from noncommutative geometry

7.1.  We have now all the ingredients necessary to reconstruct the Standard Model. The contention
is that a pure gauge field with a fermionic current is able to give us all the intricacies of the standard
model Lagrangian, if we suitably modify the spacetime continuum. We next spell out in detail how
the GWS Lagrangian is recovered, in a Euclidean spacetime framework with a noncommutative
geometry. In this section and the next, we mainly follow Connes and Lott [11, 12], incorporating the
simplifications due to the 7p homomorphism brought in by Connes in [13], described in Section 5.

The general strategy will be to think of the algebra A together with a vector bundle € as specifying
the gauge group, and the action of A on the Hilbert space as specifying the fermionic representation
of the gauge group. Thus, as & ~ C" ® C* (M), roughly speaking, and 3{ ~ L?(S) ® CV¢, the total
space of fermions is £ ® 4 H ~ C" ® L*(S) ® CV6. We have denoted by N the number of leptonic
generations. In other words, we obtain N fermions in the fundamental representation of the vector
bundle.

To obtain the GWS model, we take the structure group U(1) x U(2) for the time being. We
take the product, in noncommutative geometry, of the K-cycles corresponding to the 4-dimensional
space example and the two-point example, so the spacetime is formed by two copies of a compact
spin® manifold; we take a C-bundle on one leaf and a C2-bundle on the other.

Recall that the two graded K-cycles we have been considering so far are the Dirac K-cycle
(L*(S),d,ys) over the algebra C*(M) and the K-cycle (CN¢ ® CN¢, D,,, o3) over the algebra
C @ C. Here we abbreviate ¢ := Y0, as usual, and

D, = (’?1 ’g) o3 = ((1) _01) . (7.1)

We assume here that m is a positive-definite matrix, indeed a real positive one, since we shall
interpret it as a mass matrix (the reality condition is not a restriction, as we may assume it to be
diagonalized). For the product K-cycle over A = C*(M) & C* (M), the operator can be written as

(7-2)

1 1
D;:(ﬂ®(0 (1))+*)/5®Dm:(a® ')’5@1’1’1).

ys®@m d1
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This product K-cycle is 4*-summable and tame.
As the vector bundle, we take the product of the trivial bundle C*®° (M) and the bundle f((C?)?),
1 0

with f := (o L p). Thus & = f((C® (M) ® C?)?) ~ C®*(M)®C>. Note that £ = A® (1 - p)A.
The total fermion space & ®,4 J is then L?(S) ® C* ® CV6; an element of it can be written in the
suggestive form:

yo=|er], (7-3)
VL

where the entries live in L?(S) ® CV6; we shall write operators on this space as 3 x 3 matrices of
operators over L?(S) ® CN6. (The presence of the projector f may be accounted for if one thinks
of these as 4 X 4 matrices of operators with zero third row and column, which we suppress.)

7.2. A universal connection V is given by Vs = f ds + as, with @ € AP? @4 Q' A. Here ais a
2 x 2 matrix of 1-forms, satisfying fof = @ and ¢* = —a.

To describe @ more explicitly, we consider the structure of Q'A. Let a = (a1,a2) € A,
with each a; € C®(M). An element b € Q'A c A ® A is given by a quadruple of functions
b = (b11,b12, bo1, bay) with each b;; € C*(M x M); the functions b1, by> vanish on the diagonal,
but b1, and by; need not. An element ¢ € Q%A c A®A®A can be written as a family of functions
c={cijr € C*(MXxMxM) :ij,k=1,2}, subject to some relations. The algebraic rules for
manipulating such expressions can be determined by combining the rules for the commutative and
two-point examples. One gets:

(ab)j(x,y) :
(ba)ij(x,y) :
(aC)ijk(X,y, 7):
(ca)iji(x,y,2) :

ai(x)b;;(x,y),
bij(x,y)a;(y),
ai(x)cijk(x’y’ 2),
Cijk(xaya z)ai(z),
(bb")iji(x,y,2) = bij(x,¥)bji(y, 2),
(da)ij(x,y) = a;(y) —a;(x),
(db)iji(x,y,2) = bjx(y,z) = bix(x,2) + b;j(x,y).
(6%)ij(x,y) := =bJ;(y,x),
(i (x,y,2) = ¢ (2, y,%). (7.4)

Writing elements b € Q! A in matrix form, we can express the condition @ = fa f as
by biiz 0 ban

g=|br2t D122 0 bax (.5)
0o 0 0 0| 75

biz1 b3pn 0 bax

where each 2 x 2 block b, lies in Q' A. The skewadjointness of « is now:

biij(x’y) :bl,ji(yax)a b;’[j(x’y) :b3,ji(y’x)’ bz,l‘j(x’y):b“-,ji(y’x)' (76)
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We shall also write elements of A as a = ). (f", f") with f", f”" € C*(M), to minimize
the clutter of indices. If b = (f, f’) d(g,g’) is one summand of a typical element of Q' A, then
n(b) € L(H) is given by

_-f 0 de®1 Y5 @m g 0
ﬂ(b)_l(o f’) [(75®m (ﬂ®1)’(0 g’)]
:.(c(fdg)®1 —stAg(X)m)
vs ffAg®@m c(f'dg)®1)’

where Ag := g — g’ € C*(M). Taking finite sums of such operators, we get the reduction rules:

(7-7)

bii(x,
ic(lim M) ®1 ifi=],
n(b)ij = y=xo X =y (7-8)
iys bij(x,x) ® m ifi #j.

If we rewrite (7.5) as @ = ), @ (a finite sum), where @ (x, y) equals

@) —g1(x)  fT)Ey () —g1(x) £ (x)(85(y) —g5(x)
0@ () —gl(x) ()7 (v) — g7 () £ (0)(gy (v) — g5 (X)) |, (7.9)
fr)(g5() —gy (x) fi7(0) (g5 (v) —g5 (x)  fir () (g () — gy (x))

we then get for 7(a) € L(€ @4 H):
c(Ayel  ys(¢j-Dom 75¢§®m)

m(a)=ilys(p1—1)@m c(A)®1 —c(W) el
Ysd2®m c(W)y®1 c(Z)®1

(7.10)

where we have introduced

A=Y frag, Wim 31 el =~( 3 det)
A=) frdgl,  gi-1:= ) flAgh= —(Z f qu)*,
Z:= ) fidgl, b= ) fi Mgy = —(Z Vi Agg)*. (7.11)

Here A, A’ and Z are skewadjoint 1-forms on M, W is a complex 1-form, and there are two scalar
fields ¢1, ¢2; we aim to show that these form a Higgs doublet.

7.3.  We now compute the Yang—Mills action functional of paragraph 6.3. We must first determine
n(da). From (7.7) we get for the top left block of 7(da):

_Z cdff)®1l —ysAff ®@m) [c(dg]) ®1 —ysAgi®@m
- ysAffem c(dff)®1 |\ysAgiom c(dg])®1

B Z —c(df)c(dgh) ® 1 + AffAg: ® m? ysc(AfI dg —dff Agh) @ m (7.12)
B - ysc(df]"Ag] —Af] dg}) ® m —c(df{")c(dg]) ® 1+ AffAg| ® m2) T
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One can simplify:
D odfr NGy - Aff dgl = d(f7 Agh) + f{" dgi — f{ dg}
=d¢+A" - A. (7.13)

Similarly
SAfdgy - df] Ag) =dgi+A- A and Y AfIAG =261 -9},
Moreover,

Dc(df)e(dgh) = c(dA+yy) and > c(dff")c(dgy) = c(dA"+y),

r

for some scalar fields /1, . When one computes the Yang—Mills functional Y M (V) using (6.6),
the projector P suppresses the scalar terms y; ® 1, so we can as well assume that each ¢; = 0. Thus
the top left block of 7(da) is:

(_ddA) @1+Q2-¢i—gpom’  ysc(dfi+A-A)Om ) (7.14)

vsc(dpi+A"—A)®@m —c(dA) @1+ (2- ¢ —(]5*1‘)®m2
For the third column of 7 (da), we get similarly:

ysc(Afy dgl —df; Agh) ®@m Ysc(des+ W) @m
—c(dfy )c(dg)) ® 1+ AfJAg, ® m?|=c(dW)e1- 5 ® m? |, (7.15)
r\—c(df, )c(dg])®1+Af/Ag) ® m? —c(dZ)®1

after using (7.11) and suppressing terms of the form ¢ ® 1. For the bottom row, we check that
DA Agy - Afdgi=doy+ W, Y c(dff)c(dgy) = c(dW +y3),
r r

and X, AfiAgy = —¢2. (Note that sums such as ), f{Ag}, which do not appear on the right
in (7.11), necessarily vanish on account of @ = fa f.) Putting everything together, we arrive at the
following expression for 7 (da):

—c(dA) 0 0 2-¢1- ¢} 0 0
0 —c(dA) c(dW) |®1+ 0 2-¢1—¢% —¢;|em?

0 —c(dW) —c(dZ) 0 D) 0
0 Ysc(dgi+A—A") ysc(dg;+ W)
+|ysc(dp + A" - A) 0 0 ®m (7.16)
ysc(dgr+ W) 0 0
The curvature 6 has image
7(0) = n(f df df) + n(f da f) + n(a)* = R+, (7.17)
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where, after subtracting the term § killed by the projector P — each matrix entry S;; is of the form
¥ij ® 1 for some y;; € C* (M) — the selfadjoint operator R has components:

Ry =—c(dA) @1+ (1—|¢1)> = |42]") @ m>,

Ry =iysc(p1(A—A") + pW* —dgy) ® m,

Ry =—c(dA =W AW)® 1+ (1= |1 ) @ m?,

R31 =iysc(p(A—Z) — p1W —dor) @ m,

Ryp=—c(dW+WAA +ZAW)®1—¢165@m2,
Ryz=—c(dZ-WAW)®1+(1-|¢p|>) @m?. (7.18)

Note that the subtraction of S will kill matrix multiples of the identity: we have written
mi =m® — N&l tr(m?) (7.19)

to denote the orthogonal projection of m — in the Hilbert—Schmidt space of matrices — on the
orthogonal complement of the multiples of the identity (see the discussion at the end of this
subsection).

The Yang—Mills functional can therefore be expressed as a sum of three terms:

YM(V) =L +1+1, (7.20)

where [, is of the form fM In]1? by (5.19), with i, € EK(M). Omitting the common multiplicative
constant 1/87% (which amounts to normalizing the Yang—Mills functional), we find explicitly:

b= NG/ (I AN + | dA" = W* AW|> + |[dZ - W AW ||> +2||[dW + W A A"+ Z A W|?),
M

I = 2tr(m?) / (ld1 + (A" = A)py — W* sl + | dds + Wo + (Z — A)a?).
M

h=u(@d)?) [ 1+201- 101 - 1022 (721)
M
It is clear that 7 is the pure gauge part of the Lagrangian; indeed, if we introduce the covariant
derivative
d+A" -W*
D = ( W d+ Z)’ (7.22)
we see that I, = Ng fM L5, with
A -\
— 2 -
¢1

It is also clear now that the pair of scalar fields @ = ), arising from the cross-terms between

2
the two leaves of our spacetime, is to be interpreted as a doublet of Higgs bosons. Indeed, /; may
be rewritten as

I = 2tc(m?) /M (D - )0, (7.24)
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representing the kinetic term for the Higgs fields; and I is then the Higgs self-interaction term.
Notice that its form is almost identical to the action (6.19) for the two-point example; that example
should thus be thought of as a “pure Higgs” construction, which thereby finds its natural home in
noncommutative geometry.

Notice also that the Higgs self-interaction term Iy is proportional to tr((m?)?), where m? is
traceless, on account of the projection involved in computing the Yang—Mills functional (6.6). This
reflects the difference between 7(Q?) and Q2 , mathematically speaking, and has also a transparent
physical interpretation: whereas in the usual version of the Glashow—Weinberg—Salam model the
existence of the Higgs potential has nothing to do with the number of generations, here, if all the
electron-like fermions in the various generations had the same mass, in particular, if there were
only one generation, there would not be a Higgs potential.

7.4. Thus far, we have obtained essentially the boson part of the GWS model. The main point of
noncommutative geometry has been made and rewriting that part in Minkowskian form is trivial.
For a more precise identification of the various terms, we refer to the treatment of the full Standard
Model in the next section.

The computation of the fermionic action is more of an afterthought in noncommutative geometry.
We first “Wick-rotate” Ir(¢) = (¢ | DY) —i{¥ | n(a)y¥) and then impose (ys ® o3)¥ = . The first
of these terms gives the integral over M of

i(e_RdeR + €_L(3€L + VLJVL) - (éLmeR + éRmeL). (725)
Employing (7.10), the second term is the integral of

i(épdeg+erd'er + Vi Wer — e W'vy +viZvy)

—ér(¢1 — l)meg — er(¢) — 1)mer — Vppomegr — érprmvy, (7.26)
where we have written A = y* A, instead of ¢(A). Adding these expressions together, we get
Ir(y) = J1 + Jo, (7.27)
with

J1 :i/(e_R(a'FA)eR+e_L(a+A/)eL+17L(a+Z)VL+17LW€L_e_LW*VL)’
M

Jo = _/ (eLpimeg + erpimer + Vi pomer + Erpymvy). (7:28)
M

The full action functional YM (V) + I[g(¥) = I, + I} + Iy + J1 + Jy thus contains five terms corres-
ponding to those of the GWS model. The integrand of J; is simply the fermion kinetic term of the
Lagrangian with a minimal coupling to the gauge field; recall that A, A’, Z are skewadjoint fields.
The Jy term gives the Yukawa coupling of the fermions of left and right chirality; recall that m is a
positive matrix, whose eigenvalues are the various lepton masses.

7.5. The local gauge group for this model is U(1) x U(2), rather than U(1) x SU(2). We identify
the latter group with the subgroup

G:={(v,u) e U(1) xU(2) : v =detu}, (7.29)
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via the isomorphism (v, u) — (v, v~'u). At the Lie algebra level, the condition v = det u gives:
A=A"+Z. (7.30)

The somewhat ad-hoc replacement A” — A — Z gives a quick recipe which reduces the action
computed here to the expected form of the GWS model. In the next section we will reexamine the
matter, to obtain a more meaningful procedure for the reduction of the gauge group when a quark
sector is present.

8 The full Standard Model

8.1. To reflect on the construction of the Standard Model in noncommutative geometry, we begin

d
with the gauge group. An isodoublet of quarks, such as ( L), comes in three colors:
ur,

(dz d; di)

u l/ty Ltb

r
L L L

which is acted on by the representation 2 ® 3 of SU(2) x SU(3). So far we have worked under
the assumption that the full gauge group could be represented as Uy = {u € A : u*u =uu* =1}
for some involutive algebra A (perhaps with an added unimodularity condition), and that the
representation of the gauge group on the Hilbert space of fermions could be obtained by restriction
from that of A. This is certainly true for a U(/N) model (or an SU(/N) model), but the representation
2 ® 3 cannot be so obtained, because x-algebra representations cannot in general be tensored.
We therefore need two separate algebras A and B, incorporating electroweak and color gauge
symmetries, respectively, with commuting actions on the underlying Hilbert space; the gauge
group is then a unimodular subgroup of U4 X Ug. This double algebra action is suggested in
noncommutative geometry by the Poincaré duality mapping.

8.2. We shall keep to the scheme of using an algebra of type C*(M) ® Ar where Ap is a finite-
dimensional algebra. We examine the finite part first. In the GWS model, we let A be the algebra
C o C acting on a vector bundle over the two point space {q1, g2} with fibers E, = C, E,, = C2.
Alternatively, we could replace A by C & C>? acting on E = C @ C? in the obvious way; nothing
is lost by dropping the commutativity (which is the whole point of noncommutative geometry); and
the formulas for connections and curvatures simplify, since one may replace pd + @ by d + a.
0 -1
1 0
which is necessary to give mass to both quarks (whereas in the leptonic sector the neutrino remains
massless), suggests that the SU(2) gauge group be introduced directly by restricting the C>*?
summand of A by the condition JxJ~! = x*. For {u € U(2) : JuJ™' = u*} = SU(2) this realizes
the unitary equivalence between the fundamental representation of SU(2) and its contragredient
representation. Of course, {x € C>? : JxJ~! = x*} gives precisely the quaternion algebra H, so
the best choice of Ay is the real algebra C @ H rather than C @ C>*?.

If g € H, we can write ¢ = a + §j = a + jB* with @, € C; the corresponding element

However, the presence of the conjugate Higgs field ® = @* =: J®* in the Yukawa term,

of C**? is _(;* C’f . |- Let us recall that quaternion multiplication is given by (a + B3j) (o + 7j) =
(o = Bt*) + (at + Bo™) .
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The colour symmetry has gauge group SU(3), acting trivially on leptons and by its fundamental
representation 3 on quarks; so the corresponding algebra is naturally C & C3.

8.3. The finite-space part of the proposed model is therefore a graded A ® B module (hg, D, yr)
with A = C® H, B = C ® C¥°. We may decompose b as follows:

br=ho@h @b ®h =hyd (h ®C), (8.1)

with B acting by scalars on by, b, each of which carries a *-representation of A.
A finite dimensional s-representation of the real involutive algebra A is of the general form

a g

Since there are no right-handed neutrinos, the lepton sector hy has dimension 3Ng, and the quark
sector h; has dimension 4N, where Ng is the number of generations. For a typical vector, we use
the suggestive notation:

n(Ad,q) = Al ®A71,- & (

éR ZR

Yo :=|eL|, Y= dR , (8.2)
y L
L "

where each e, dg, etc. denotes an Ng-tuple with one representative in each generation. Accord-
ingly, we choose the representations g, 1 of A on b, h; respectively as

10 0 o4 0 0
ﬂO(/l,Q) = 0 a ﬁ ®1NGa ﬂl(/l,Q) = 0 0 a ﬁ ®1NG (83)
0 _B a 0 0 _ﬁ* a

In summary, hr = [C®@H & (C® C® H) ® C*] ® RY6. Note that 7 := 19 @ (711 ® 13) is faithful.
The grading operator is given by yr = n(1, —1); since (1, —1) lies in the centre of A, both A and B
act by even operators on .

We choose the selfadjoint odd operator Dg := Dy ® D ® 13 as:

T
0 me O 8 8 " 0
Do:=|m. 0 0|, D, := M (8.4)
o o0 o mg 0 0 0
0 my, 0 O

Here m,, m,, are real positive-definite Ng X Ng matrices. Also mg is positive-definite, but we cannot
assume that it is diagonalized simultaneously with m,,. The matrix that will interchange the orthonor-
mal basis given by the mass eigenstates of the u-quarks and the d-quarks is essentially the Kobayashi—
Maskawa matrix. Note that Dz commutes with B, so that the condition [[Dg,n(a)],b] = 0 is
satisfied, and it commutes also with the diagonal subalgebra { 7(1,1) : 1 € C} of n(A).

Notice also that if one suppresses the second row and column of 71(4, g) and of D, these
reduce to copies of mp(A, g) and Dy, so we need only compute with 7r; when exploring further.

47



8.4. We must identify the A-bimodules Q}) (A) and QZD (A). Now the m-homomorphism is
determined by the action of A by 7y on the K-cycle (h1, D). It is straightforward to check that

OX)

_iﬂ'l(Zr a()da’i) = Zrﬂ'l(/lr’ q()) [Dl’ﬂ-l(/lra C]i)] = (Y 0 (85)

with :
- (md 0 ) ( a2 ,312) —mtqn, Y= (0/21 ,321) (md 0 ) —gam.  (8.6)

0 m,)\-Bj, aj, By ay)\ 0 my

where we have abbreviated

m = (nz)d n(;u), (8.7)
and
g = Z%(a? - A)), B2 = 2/16,37»
v v
@2 = Y (X —aD) + BB, B = Y B4 — o) — o,
thus

q12 = a2+ Baj = X, 4y(q] — 1)), g21 = az1 + Pa1j = X, qp(A] — q), (8.8)
SO we arrive at

(3.9)

+
m(Z,agdaq) =i( 0 m qlz),

q21m 0

analogously to (5.24). Thus Q}) (A)=He H.
Before plunging into the determination of Q% (A), notice that m g = g m if and only if g is

complex. Indeed, if ¢ = a + B8j with @, B complex, then [m,q] = (mg — m,) ® (,é)* g) and
o+ O
[mm’. q] :<mdm;—m3)®(ﬁ* ﬁ)
From (8.9),
, Z 0
ﬂ'l(CIIZ’ QZI)T"I(CI]Q, qu) :_(O W)’ (8'10)
where
Z=m"qigym, ~ W=gumm'q,. (8.11)
On the other hand,
ror m'(q12 + q21)m 0
T (Zr daodal) = - 0 mm7q12+C121mmT+X)’ (8.12)
where
. BoBy @B
X=2,qy[mm", q]]= (mme —mi) ® ( o o (8.13)
¢ Z @y B =By B
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d “Q*
with A, u complex numbers. If V denotes the vector space of such elements, then by examining
m1(de) when 71 (@) = 0 we conclude at once V = m1(dJ;). Now it is clear that Q7 (A) = H & H
and that d: Q] (A) — Q2 (A) is given by d(q12,g21) = (q12 + @21, 912 + 21).

Leta € QID(A) be skewadjoint. Since (q12,921)" = (=¢5,>—4q],), this means that @ = (¢, ¢*).
The vector bundle is A itself; then the curvature of the connection 7p (d + @) is:

) . ) ) A
Note that X is not a quaternionic block matrix, but is rather of the form (mme — mﬁ) ® (,u* K )

O=np(da+a®)=(q"+q+qq",q+q " +q"q) = (|l +q|* = 1,[1+g|* - 1). (8.14)

Thus
Tr(6%) = [3(trmd)? + 3 (tr [my|H)* + rmima*] (J11 +q)* = 1).

The minimal connections form a 3-sphere: 1+ g € SU(2), just as for the finite-space part of the
GWS model.

8.5. With the necessary bookkeeping for the finite part now completed, we turn to the full model.
We take a compact 4-dimensional spin® manifold, with K-cycle (I'2(S), d, ys), of the Dirac type
and construct the following K-cycle (3, D,T") as a module over the algebra A ® B, where now

A:=C*(M)® (CaH), B = C(M) ® (C o C™). (8.15)

Here H = T'?(S) ® (ho ® (h; ® C?)) = Hoy & (H; ® C), where I'2(S) is the Hilbert space of
square-integrable sections of the spinor bundle over M, hy = C3¥6 and h; = C*N6 as before; B acts
on J{ in the obvious manner and A acts on Hp and on H{; by representations g, 7 extending those
of (8.3). The grading operatorisI' = ys ® yr,and D = § ® 1 +y5 ® Df,i.e., D = Do+ (D ® 13),
where now

dol ys®m, 0

Do=|ys®m, d&1 0 |,
0 0 del
deol 0 ysem), 0
D = . 8.16
lyseomg 0 Jo1 0 (8.16)
0 Ys & my 0 (3@1

The bimodule Qb (A) is readily identified. Given aj = (f7,q), a] = (f{.4q}), with f| €
C*(M,C) and g} € C*(M,H) complex- and quaternion-valued functions, respectively, on M, let

a =Y, ayda; € Q'A. (8.17)
We now find that
. ror ror (P X
m@) =i % m ) el =iy p). 5.18)
where X = ysm" q12, Y = ys5 g21m, and
_[c(A) 1 0 W)l c(W)el
P=l 0 cane 1)’ Q0= (—c(W;) ®l c(WHel)’ (8.19)
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with
qlz:er(;(q’i_f{)’ A:ergdf{’
q21 = 2, q0(f] —4}), W=W+Wyj =3, qydq). (8.20)

We see that ¢, and g5 lie in C*°(M, H); and that A and W are ordinary 1-forms on M, C-valued
and H-valued, respectively. Therefore,

Qp(A) =&Y (M,C)® C®(M,H) & C¥(M,H) ® E' (M, H); (8.21)
a typical element may be denoted (A, g12, g21, W). The algebraic rules for QID (A) are

(f, @) (A, q12,921, W) = (fA, fq12,9921,9W),

(A, q12, 921, W) (f,q) = (Af,q129, 9211, Wq),

(A, q12,q21, W) = (A%, =451, =415, W),
d(f.q)=df,q-f.f-q.dq). (8.22)

IfaeQlAisa skewadjoint 1-form, then A* = —A, W* = —W, and qu = qo1.

8.6. We rewrite (8.18) in block matrix form as

_fc(A)®1 ysm'qin
mile) = (75 gum c(W)e 1) (8.23)
From this we find
2 _ [c(AD)@1+mTgiagam  ysm' c(qiaW — Aqra) )
- = . 8.2
m{e) ( ysc(gnA-Waa)m  c(W?) ® 1 +gymm’ q12 (8:24)
Moreover, since da = . d(fy, q) d(f{.q}) € Q’A, we get
cdff)®l  ysm'(qp- fr)) ( cdffyel  ysm'(q] - fr))
—m1(da) = 0 0~ Jo 1 ARSI
1(da) = 2 (mfg “gpm  cdgyel |y —gpm clagyer | 29

The entries of the product block matrix may be simplified as follows, using the technique developed
in Section 7:
—mi(da) = 3, c(dff dff) @ 1+m'(qf - f§)(f] —q))m
=c(dA+y)® 1+m'(q12+q2)m,
—ri(da)iy = ysm' c(X, —df] (g} - f]) + (qf — £3)dq})
=—ysm' c(dgr+A-W),
—mi(da)r = ys c(Z(fy —ap)df]) —day(f] = q})) m
=-ysc(dga — A+ W) m,
—mi(da)y = 3, c(dgpdg) ® 1+ (f§ — gp)mm™ (g = f])
=c(dW+ )@ 1l+mm'qir+qgmm’ +X, (8.26)
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where i, y are complex- and quaternionic-valued functions, respectively. Let V denote now the

vector space with elements of the form (mme -m?) ® (;* _ﬂ ) with 4, u € C*(M,C). By

d A
examining 71 (da) when 71 (a) =0 (i.e., when A =0, W =0, q12 = g21 = 0), it yields
| (vl 0
Sem(d)y) S—( 0 X®1+X)’ (8.27)

where y € C*(M,C), y €e C*°(M,H),and X € V.
The image of the curvature 6 = da + a? may now be obtained. Let us write ¢12 := g2 + 1 and
®21 = q21 + 1. Adding (8.24) and (8.25), we get an expression for 71 (6):

~m1(0)11 = c(dA+y) ® 1+ (|¢p12]* = 1)m ' m,
~m1(0)12 = —ysm' c(dp1o + Ap1a — p12W),

—m1(0)21 = —ysc(dga1 — p21A + W1 )m,
1) =c(dAW+WAW+x)®1+¢yymm ¢p1n —mm' +X. (8.28)

If 12 = a2 + Pi12j and ¢21 = a1 + B21/, then

T w2 T )
arnap — ymgm', — m % mgm', + alm
domm’ $1o — mm’ = (@21 ‘2 ) arg *,321[3122 p ) 21812 4y 621*12 i 2)
=B a1amam ; = @y B,ny —By Bramam  + (a3 @y, — ymy,
2 n(d H
= L(mgm’, + m2) (¢21612 = 1) + L(mgm’, — m2) ('u* _/1*) , (8.29)

with 4 = azj1a12 + B2187, — 1, u = 21812 — Ba1a],. The second term on the right hand side lies
in V, and hence in 7y (dJé). Finally, we get 71(6) = R + S|, where S is the component in 7 (dJé),
and

(RD11 = —c(dA) @ 1+ (1 = |¢12])(m'm) .,
(R)12=ysm' c(dpin+ Ad1a — p12W),
(R1)21 =ys5c(dor1 — dp21A+ Weo1)m,

(Ri)z2 = —c(dW + W AW) @ 1+ 5(1 = |$12]*) (mamy + m3) . (8.30)
Here
(m'm), =m'm - %N&l tr(mdmz + mi),
(mdm; + mﬁ)L = mdmz + mi — N(_;1 tr(mdmjl + mﬁ).

We remark that at this point we have determined the structure of the bimodule Q%)A. Indeed, if
we express Ry symbolically as

(dA,dW + W AW; ddr1a+ Ad12 — p1oaW, ddo1 — ¢a1 A+ Weat; d1ador, 21012), (8.31)

then QZDA may be identified with the vector space generated by such quantities, i.e.,

QLA ~ X (M,C) ® EX(M,H) ® (' (M, H))* ® (C™ (M, H))?, (8.32)
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where a typical element may be denoted by (F, G; w12, w21; r121,7212). The algebraic rules for
Q%)A are then

(f.q) (F,G; wiz, w21; r121,1212) = (fF, qG; fwia, qwai; friz1, qrain),
(F,G; wiz, w215 1121, 1212) (f, q) = (Ff,Gq; wiag, w1 f5 r121f,12129),
(F,G; w2, w215 1121, 7212)" = (F7, G™5 w5, 0,5 Ta157310)- (8.33)

The differential d: Qp A — Q2% A is given, in view of (8.26) and (8.27), by
d(A,q12,q921, W) = (dA,dW; dqia+ A-W,dqg1 — A+ W; g2+ q21,921 + q12),  (8.34)
and the product Q) A x QLA — Q2 A by

(A, q12, 921, W) (A, 45, 45, W)
=(ANAWAW'; Agly —quuW . Wl — anA’s q1295,,9214),)- (8.35)

Similarly, 7o (6) = Ro+So, where Sy € ﬂo(d]é) and, on making the replacement m +— (m, ®0),
we obtain:

—c(dA)® 1+1®@m?2, vsc(By2) ® m, vsc(Cr2) ® m,
Ry = ¥s c(B7,) ® m, c(D))®1+ %/l ®m?2, c(Dy)® 1 , (8.36)
ysc(Ci,) ® m, c(D3)®1 c(Dy)®1+31@m?,

where 1 — |¢12|2 =4, d¢12 +Ad1p — oW =B+ CraJ, mgl = mg - N'(_;1 tr(mg), and
Dy Dj\ dWl—Wz/\W; tﬂ’Vz+W1/\W2+‘/Vz/\‘/V;K (8.37)
D3 Dy) ~\=dW; Wi AW = W! AW dW? = W3 A W; ' 37
Actually, we have computed R; in more generality than necessary, since we must take into account

the relations A* = —A, W* = —W (i.e., W has no real part), ¢, = ¢;1, as indicated after (8.22).

D
Note that ¢ =: ®; + @, is identified as the Higgs doublet ® = ((Dl)'
2
If R := Ry ® (R; ® 13), the flavourdynamics part of the action for this model would be given by

YM(V)=YM(V)y+YM(V);, where

1 1
YM(V)o = — R--zz—/L + L0 + Loo) dx,
=3 J ko1 = o5 [ (Gt 10+ Lan) d

where Ly9, L£19, Loo denote the parts of the Lagrangian density coming from (ordinary) 2-forms,
1-forms and O-forms, respectively; similarly for YM(V);. However, here we must pause for a
moment to weigh in other considerations. First we wish to consider the colour algebra.

8.7. Since the action of B commutes with the off-diagonal terms of the operator (8.16), we find
QEB ~&Y(M,C)® &' (M, C>3) and similarly for QZDA. Thus the chromodynamics part Y M (V).
of the Yang—Mills action is “purely commutative”; we can write in an abbreviated way, for the
corresponding curvature R,

R. = (Reo, Re1) = (dA’, dK + K AK), (8.38)
where A’ is a U(1) gauge field and K is a U(3) gauge field.
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8.8. [Itistime that we turn to the matter of the “correct” gauge group. The unitary group U(A Q@ B)
of the algebra A ® B would obviously be too large. However, the Hilbert space J is not regarded
as an A ® B-module, but rather as an A-B-bimodule; this insight comes from the general scheme
of matching the algebras with the Poincaré duality mapping. (To get a bimodule, B must act on H
on the right, rather than on the left; this is easily achieved by replacing the original B by B°PP, i.e.,
reversing the order of products in B, which amounts to representing C & C3*3 on J{ by right matrix
multiplication.)

The relevant symmetries now form the product unitary group U(A) x U(B), which is still too
large. Indeed, the gauge group that we seek is Map(M,U(1) x SU(2) x SU(3)); some sort of
unimodularity condition must be imposed in order to extract this as a subgroup of U(A) x U(B).

We begin by considering the finite-space example again, i.e., (h¢, D) as an Ap—B g-bimodule,
with Ap = C @ H, Bf = C ® C¥3. Now if

u=(A,q; 17", v) € WAR) x U(Br) = U(1) x SU(2) x U(1) x U(3), (8.39)

and if %(1 —-vr) =1e=(0,1), %(1 +vyr) =1 —e = (1,0) are complementary projectors in Ap, we
impose the following algebraic chirality condition:

u € SU(ebhr) X SU((1 —e)bp). (8.40)

Since e lies in the centre of A, such a u is a direct sum of blocks: u = eue® (1—e)u(1—e). To show
that this effects the necessary reduction of the gauge group, we simply compute the determinants
of both blocks of u:

det(eue) = det(q ® Iy, ® (u™ ' ®v)) = (u " detv)No,
det((1 = e)u(1 —e)) = det((Au""Iy,) ® (AUy, ® 1 Iy,) ® V)
= (Au~ " (detv)?)Ne. (8.41)

Thus (8.40) holds if and only if
A = =detv, (8.42)

-1/3

in which case u — (u, g, u~'/°v) gives an isomorphism:

(UCAF) X U(BF)) N (SU(ebhr) X SU((L = e)hr)) =~ U(1) X SU(2) x SU(3). (8.43)

It is clear that this mechanism cannot be incorporated into the GWS model of Section 7, since the
relations (8.42) require the presence of the bimodule structure provided by the second algebra B.
Notice also that condition (8.40) imposes no restriction on the number of generations Ng.

The restriction of the representation 7 to this subgroup gives linear relations between generators
of the Lie algebra, whose coefficients may be identified with the hypercharges. In fact, one may
regard y as the parameter for the symmetry group U(1)y. Writing v = u!'/3v(, where v € SU(3)

and u'/3 is a cube root of u, we get
(4 0\ _; A" 0 1/3
n(u) = (0 q),u ) ( 0 q) ® u v
-2 -2/3 4/3
u 0 u ®u 0
= )@ ® v, 8.
( 0 qu 1) ( 0 q#1/3) 0 (8.44)
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which is interpreted as assigning hypercharges of —1 to ey and vy, —2 to eg, —% to dg, %‘ to ug, and
% to dy, and u;. We see that these are indeed the correct hypercharges for the component fermions
of the Standard Model [23]. The total hypercharge will be zero, as is needed for full anomaly
cancellation in the quantized theory [18].

To complete our task, we further digress in order to justify (8.40) in the general case. We
remark that ¢ and (1 — ¢) form a basis for the centre of the algebra A, so that (8.40) says that u is
unimodular with respect to the determinant function associated to any of the following traces:

7(9) (x) :=Tr(cx), for x € Ar ® Bp, (8.45)

where c¢ runs over selfadjoint elements of the centre of Ag. The associated determinant function is
given by
det (expx) = exp(r\9 (x)). (8.46)

The phase of this determinant function can be computed by

1
Phase(“) («) ::zim_ /0 W () u()™") dr (8.47)

where t +— u(t) is a smooth path from 1 to u in U(AFr) X U(Br). Thus (8.40) is equivalent to the
following condition:

Phase(”) (1) =0 for all selfadjoint ¢ € Z(AF). (8.48)

We can now formulate the sought-after unimodularity condition in general. If (H, D) is a
d*-summable K-cycle over A ® B, which is an A-B-bimodule, then (8.48) makes perfect sense
provided (a): u lies in the identity component of U(A) X U(B); and (b): the traces on the right
of (8.47) are obtained from the Dixmier trace on £!*(3{) by

7 (x) := Tr* (n(cx) D] ™), (8.49)

where ¢ runs over selfadjoint elements of the centre of A. Let SU(A, B) denote the subgroup
of U(A) X U(B) whose elements satisfy (8.48). We adopt this as our definition of the gauge
group (of the second kind) for our model. Using the trace theorem once more, it can then be seen
that SU(A, B) = Map(M, U(1) x SU(2) x SU(3)). At the infinitesimal level, the unimodularity
condition (8.42) gives the following reduction of the gauge fields:

A=A"=—(Ki + K +K33). (8.50)

8.9. As persuasively argued by Connes and Lott [12], to compute YM (V)g + YM (V) + YM(V),
would be surely irrelevant, as the Hilbert space of the fermions is not irreducible under the ac-
tion of the gauge group; in effect, we would be artificially imposing relations between the cou-
pling constants. A more general gauge invariant bosonic action can be obtained by multiplying
Ry, Ry, Rc0, R:1 by (arbitrary) positive operators zo, 21, Z¢0, Zc1, commuting with the actions of
A and B, before taking the Dixmier trace. On the other hand, Kastler [29] will only admit
20 = 2.0 = oyl and 21 = z¢1 = a4 1 with @y + @4 = 1. We leave it to the reader to sort out
the different possibilities, according to his judgement and taste; for the “maximalist” view on the
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relations among the constants appearing in the Lagrangian, whereupon one obtains all parameters
of the Standard Model from the fermion masses and a single universal coupling constant, we refer
to [30]. At any rate, if we follow Connes and Lott, it is clear that we have reproduced the terms in
the bosonic part of the standard model Lagrangian, with arbitrary constants — if we were allowed to
rescale the Higgs field ad libitum. More precisely, we get the following terms.

1. The terms corresponding to the gauge fields: ||dA||%, ||dW + W A W|?, ||dK + K A K||? (the
electroweak and the gluon parts, respectively).

2. The kinetic term for the Higgs field. For later use we give a “precise” coeflicient here. We
had

1
TI‘+(R% ® 13) = 3TI‘+(R%) = —= / (£21 + L1+ ﬁm) dx (8.51)
87’(2 M
and from (8.30) we compute
L1 = 6tr(mam, +m2) ||dg1z + Apro — p1aWI* =: C, lddr12 + Adra — paW[*  (8.52)
and therefore

Lo = 2tr(m2) |dp12 + Ad1a — p1aW||* =: Cr ||[d1a + A1z — d12W]|2. (8.53)

3. The Higgs self-interaction term. Proceeding as above, we get

Lot = Dy(1 - @2, (8.54)
where
Dy = $te(mgm’)? + 2 tr(m}) + 3 tr(mam’im?2) = 3(te(mam’, + m2))*/Ng. (8.55)
Also
Loo = Di(1—|®*)?, (8.56)
where
D; = 3(a(m}) - (rm2)?)/Ng. (8.57)

One must now make the Wick rotation and can write, for instance, A = i(g1/2)B, dx*, W =
—igaW}i(74/2) dx*, where the 7, are the Pauli matrices . . . to translate into the physicist’s language.

We close this subsection by mentioning that Chamseddine et al [6] have recently developed a
formalism apparently akin to noncommutative geometry and used it to obtain Lagrangians for grand
unification models.

8.10. The fermionic action is (¢ | Dyy/), where

(d+4)®1 ysm' ¢,

py=D-in(W) =" " e et (8.58)

Clearly, as in Section 7, the Yukawa part is the contribution of the off-diagonal terms in Dy and
(again imposing chirality after the Wick rotation) we obtain an expression altogether analogous to
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the fermionic part of the Lagrangian of the Standard Model. We shall not bother to write it except
for pointing out that the terms with masses m, correspond to those of the GWS Lagrangian, while
the new terms with masses m, like ity ¢p{myug, igd1myuy, etc., are of the same form but with the

Higgs doublet ¢ = @ replaced by ®.

Now, however, a new consideration enters the picture. If Yukawa terms of the above type are to
represent (in the broken symmetry phase) the mass terms of fermions in the Standard Model, then
we are not allowed to scale the Higgs field arbitrarily. The net result is a relation between the two
parameters of the Higgs field, leading immediately to the formula:

_9 D1+Dq 3
my = c+c, (8.59)

for the mass of the Higgs particle. We recall that the values of D;, D, C;, C, given in formulas
(8.52) to (8.57) are only indicative, as the Yang—Mills functional could have been chosen somewhat
differently. As they stand, however, they illustrate the conclusion that the relation implies that the
Higgs mass is of the same order of magnitude as the top quark mass.

In fine, all the properties of the standard model Lagrangian may be obtained from a single
K-cycle in the framework of Connes’ noncommutative geometry; moreover, it is “predicted” that
the Higgs mass will fall well within the perturbative regime. The particular relation for the Higgs
mass, however, as every other relation purported to follow from noncommutative geometry, is
washed out by the standard renormalization process [1].

A Clifford algebras, spinor bundles, Dirac operators and all that

A.1. Inthis Appendix we collect the facts about Clifford algebras and spinors that we need. General
references are the fundamental paper [2], the books [3, 5,31] and the useful surveys [15, 20].

The Clifford algebra C1(E) = CI(E, gq) determined by a real vector space E equipped with a
quadratic form ¢ is an associative algebra generated by the elements of E subject to the relation
x-x = —q(x,x). It may be defined as CI(E, q) := T(E)/I(q), where T(E) is the tensor algebra
over E and I(q) is the ideal generated by { x ® x + g(x,x) : x € E }. Also denote by ¢ the bilinear
form g(x,y) := %(q(x +y,x+y) —q(x,x) —g(y,y)). The canonical mapping of E into CI(E) is
injective, so E may be regarded as a subspace of C1(E); we then get the relation

xy+yx =-2¢q(x,y) for x,ye€kE. (A.1)
It is clear that C1(E) satisfies a universal property:

Proposition A.1. If B is a real algebra with identity and f: E — Bisa lineflr mapping such that
f(x)? = q(x,x), then it factors uniquely through CI(E): f = f|g where f: CI(E) — B is an
algebra homomorphism. m|

From this one sees that the orthogonal group of g consists of automorphisms of the Clifford
algebra: O(E,qg) C Aut(CI(E)). In particular, the orthogonal transformation x +— —x yields an
involutive automorphism of CI(E), which we denote by a; explicitly, a(x1 - - - x¢) = (=) xq - - - xg.
Its +1 eigenspaces give a Z»-grading, CI°(E) @ C1'(E), of CI(E).
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Taking now for B the opposite algebra of C1( E) (the same vector space with the product reversed),
we also find an involutive antiautomorphism called g, i.e., S(x;---xx) = xi---x;. Note that «
and 8 commute. We define another antiautomorphism x — X, called conjugation, by x := S(a(x)).

Given two Z,-graded algebras A, B, let A ® B denote their Z,-graded tensor product:

(A®B)=(A"9B) e (A'®B"), (A®B)' =A'®B") & A’® B, (A.2)

with multiplication
(x®) - (z@w) = (-)*E*E (xz ® yw). (A.3)

Many properties of the Clifford algebra come from the following simple proposition.

Proposition A.2 (Chevalley). Let q1, g2 be quadratic forms on real vector spaces E1, E», respec-
tively; define f: Ey ® E, — ClI(E1,q1) ® CI(E2,q2) by (x,y) —» x® 1+ 1®y. Then f extends
uniquely to a Z»-graded isomorphism of Cl(E; @ E», q1 ® q2) onto C1(Ey, q1) ® Cl(E3, g2).

Proof. Check that f(x,v)? = —(q1 ® ¢2)(x ® y,x @ y) 1 ® 1, using (A.3). It follows that there
is an algebra homomorphism f: CI(E| ® E>,q1 ® q2) — CI(E1,q1) ® CI(E», g>). Since the
x® 1+1®y generate CI(E, g1) ® Cl(E», ¢») as an algebra, f is onto; and one easily sees that it
is injective by examining its effect on a basis for CI(E| @ E3, g1 ® ¢q2) generated by bases for E|
and E>. O

Corollary A.3. If ej, ea,...,e, is a basis of E, then 1 and {e; e;,---e;, : 1 <k <n, 1 <i] <
.- < ix < n} form a basis of CI(E). Thus dimCI°(E) = dim Cl' (E) = 2""1,

Proof. If dimE = 1, then T(E) ~ R[X], a polynomial algebra; so CI(E) ~ R[X]/(X? +q(X, X)),
with basis {1, X}. Since there is a g-orthogonal decomposition E = EB?:I E; into 1-dimensional
subspaces, the result follows by induction on 7. O

The natural filtration of the tensor algebra induces a filtration on the underlying vector space
of CI(E); in the same way one gets the usual filtration of the exterior algebra A*(E). There is a
canonical vector space isomorphism E: A®*(E) — CI(E), compatible with the filtrations, given by

1 )
Er(xr A Axg) = o Z Sign(T) Xz (1) * - Xr(k)» (A.4)

TESK

LetCY c C' ¢ --- ¢ C" = CI(E) be the first filtration. We can define an associated graded algebra
GbyG =P, Ck/C*=1. Composing Z; with the canonical projection C¥ — C*/C*=!, we obtain
a graded algebra isomorphism between A®(E) and G.

A.2. The multiplicative group of units CI(E)* is an open subset of CI(E), since x is a unit
iff y — xy is a nonsingular linear transformation; hence it is a Lie group. The twisted adjoint
representation of C1(E)* on CI(E) is defined by y — ¢(x)y := a(x)yx~!. Let I" be the subgroup
{x €e CI(E)* : ¢(x)y € E forally € E}; I is invariant under & and 8. The map N: CI(E) —
CI(E) : x — xXx is called the spinorial norm of x; for x € E, there holds N(x) = g(x, x).

Henceforth, we concentrate on the case E = R”, ¢,(x,x) := (x")? + - - + (x)2. Write Cl,, for
CI(R", gy). It is clear that Cl; ~ C, Cl, ~ H (the quaternions). We write I',, for the subgroup I" in
this case.
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Proposition A.4. (a) The kernel of ¢: I', — GL(n, R) is R*, the nonzero multiples of 1.
(b) The restriction of N to I, is a group homomorphism into R* and N o « = N.
(¢) ¢(I';) € O(n), the orthogonal group of R™.
(d) Forx € R"\ {0}, x € I';, and ¢(x) is the reflection across the hyperplane orthogonal to x.

(e) Let Pin(n) denote the kernel of N : I';, — R*. The restriction of ¢ to Pin(n) is a surjection
onto O(n) with kernel {1, —1}. In other words, the following sequence is exact:

0— Z, — Pin(n) — O(n) — 0. (A.5)

Proof. If u € kero, let u = ug + u; with u; € Clﬁ; (i = 0,1); then u;x = (=)'xu; for x € R". If
{e1,...,e,} is an orthogonal basis for R", we can write ug = zo + e;z; with z; € Cl;_l. Now
€120 — 21 = ejug = uge; = e1z0 + 21, so z; = 0. By permuting the basis of R”, we see that u( does
not involve any e, and so is a scalar. A similar argument shows that u; vanishes, so u € R*.

Now suppose x € I',; then N(x) € I, too. For y € R”, there holds ¢(X)y = B(¢(X)y) =
B(a(x)y(¥)~!) = a(x)"'yx. From this, y = a(N(x))yN(x)~!, which implies N(x) € R*. More-
over, for x,y € I'y: N(xy) =xyyx = N(x)N(y). That N o @ = N is obvious. For the orthogonality,
it is enough to note that N(¢(x)y) = N(a(x))N(y)N(x~1) = N().

If x,y € R", x # 0, from (A.1) we get p(x)y = —xyx~ ! =y -2 qg);)yci x. Since the reflections
generate the whole group O(n), ¢: Pin(n) — O(n) is surjective. Also, keronker N ={1,-1}. O

Note that Pin(n) is a closed subgroup of the group of units in Cl,,, thus carries a natural Lie group
structure. This makes ¢|pin(n) a Lie group homomorphism. The group Spin(n) is by definition the
preimage of SO(n) under ¢. There is an exact sequence:

0 —> Z, —> Spin(n) — SO(n) —> 0. (A.6)

If x € Pin(n), then ¢(x) can be written as a composition of reflections o7 - - - 03,. Pick elements
x; € R" N Pin(n) such that ¢(x;) = o for each j. By Prop. A.4(e), x = £x1 - - - X, Thus Pin(n) is
the disjoint union of Pin(n) N CI® = Spin(n) and Pin(n) N Cl.. For example, Cl; = C, Cl(l) =R and
Cl} = iR. Here « is complex conjugation and S is the identity; N is the square of the usual norm
onC,T' ={zeC":ziz7' ciR} =R UIR\ {0} and Pin(1) = {1,4, -1, —i}, Spin(1) = {1, -1}.

Proposition A.5. Forn > 2, ¢: Spin(n) — SO(n) is a connected twofold covering. Forn > 3,
this is the universal covering group of SO(n).

Proof. Since SO(n) is connected, the connectedness of Spin(n) follows from finding a path in
Spin(n) joining the two elements {+1} of ker ¢. Such a path is given by

t > cos it +sinnt ejey = (cos 1xt eq +sin 37t e;) (- cos 3t ey + sin g7t e3),

where {e], e;} are the first two elements of an orthogonal basis of R”. This twofold covering is the
universal covering since the fundamental group of SO(n) is Z, for n > 3. O
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A.3. Write Cl'(n) := CI(R", —g,). Note that Cl}, ~ R**2. There are isomorphisms of real algebras
Cl,®Cl, =~ CI' , and Cl;, ® Cl, = Cl,4. Indeed, if ey, ..., e, form the canonical basis of R”",
denote by e, ..., e;, their images in Cl;,. We can define a linear mapping  : R™? - Cl, ® CI;, by

yle)) =1®e), yYler) =1®¢),
Yle) =er®ele, for 3<i<n+2. (A.7)

One checks that yr(e;)y(e;) +(e;)y(ej) = 26;;(1 ® 1) in all cases. By the universal property,
extends to a homomorphism of CI ,, into Cl, ® CI’,, which is clearly onto and must be injective by
dimension count. The argument establishing Cl;, ® Cl, ~ Cl,,; is similar.

The complexification C((E, q) := CI(E, q) ®r C can be regarded as the Clifford algebra over C
of the complexified vector space E¢ := E ®r C with the complexified quadratic form gc. On C" all
nondegenerate bilinear forms are equivalent; in particular C¢(E, g,) ~ C{'(E, g,) =: C{,. Thus
we obtain the following classification of complex Clifford algebras.

Theorem A.6. The complex algebras C{, are isomorphic to C2k><2k, for n = 2k; and to the direct
sum C2 2" @ Czkxzk,for n=2k+1. O

We see that C{; is simple and its unique simple module has dimension 2k whereas Cloj1
has two simple modules, each of dimension 2*. Note that there is an isomorphism of algebras:
H®r C =~ C>2.

For the classification of real Clifford algebras, which is more involved, see [31, Sect. 1.4].

We shall also find useful the group Spin®(n), defined as (Spin(n) xU(1))/Z,, where we quotient
by the relation (h, z) ~ (—h, —z). There is a homomorphism ¢°: Spin®(n) — SO(n) x U(1) given
by ¢(x,1) = (p(x), 2%), so that the following sequence is exact:

0 —s Z» —> Spin®(n) — SO (1) x U(1) —> 0. (A.8)

Note that ¢¢ is a representation of Spin®(n) on C" = R"” ®g C.

A.4. Let E be areal vector space of even dimension n = 2k. A (complex) spinor space associated
to (E, q) is simply a C{(E, g)-module. There is no canonically defined spinor space; one can give
an explicit representation by choosing a complex structure J on E (i.e., J is an isometry such that
J? = —id). On (E,J), viewed as a complex space by the usual recipe (@ + i8)x = ax + BJx, we
can define the nondegenerate hermitian form

(ul|v):=q(u,v)+ig(Ju,v), (A.9)

naturally extended to the spinor Fock space F(E,J) := @f:o Ac(E,J). Then there is an iso-
morphism of algebras c¢: Cl(E,q) — Endc F(E,J), defined as follows. If x € E, define
e(x): s — x A s, and let i(x) be contraction with the bra vector (x|, given by

k
i(x) (xp Ao Axg) = Z(—)j_l(x | Xj))x1 Ao AXG A A g (A.10)
j=1
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One easily checks the anticommutators {e(x),e(y)} = {i(x),i(y)} =0 and {e(x),i(y)} = (y | x),
so that

{e(x) =i(x),e(y) =i()} ==y [ x) = (x [ y) = —2q(x,y). (A.11)

We write c(x) := e(x) — i(x), and recover c(x)c(y) + c(y)c(x) = —2¢g(x,y). Thus the linear
map c¢: E — Endc F(E,J) extends to an injective algebra homomorphism from C{(E, q) to
Endc F(E,J), which is surjective by dimension count. We may therefore identify C£(E, g) with
its image under c¢. This is just the theory of the canonical anticommutation relations, where e(x),
i(x) are regarded as creation and annihilation operators, respectively.

Remark. An analogous construction works for real Clifford algebras [20,31]; one need only replace
(x | x;) by g(x,x;) in (A.10). Subject to this understanding, we can also represent the Clifford
product by x € Cl, as e(x) — i(x) acting on A*R".

The Fock space is Z,-graded by parity of the order of exterior products. Now for each x € E,
c(x) is an odd endomorphism, i.e., it exchanges F.(E,J) and F_(E,J), and so c¢ is a graded
isomorphism from C¢(E, g) to End¢ F(E, J).

Ifxe Eands,s’ € F(E,J), then (s | e(x)s’) = (i(x)s | s”), from which we conclude that every
c(x) is skew-adjoint on F(E, J). Hence

(c(x)s|c(x)s) =Nx)(s|s). (A.12)

There are inclusions Spin(n) c Pin(n) c Cl, c C¢,, with Spin(n) C 0352. The (complex)
spin representation of Spin(n) is simply the restriction of ¢ to Spin(n). The restriction to Pin(n)
is unitary in view of (A.12), and irreducible, because the complex subalgebra generated by this
group is all of C¢,. The restriction to Spin(n) is the direct sum of two irreducible “half-spin”
representations, the nonisomorphic simple modules being F.(E,J) and F_(E, J).

We also note that Spin®(n) embeds naturally in C¢,, by (x, 1) > Ax for x € Spin(n), A € U(1).
We thus obtain a unitary representation of Spin®(n) on F(E, J) by restriction of c.

A.5. Consider the element
y :=il"eier e, € CLy, (A.13)

where {e,...,e,} is an orthonormal basis for (E, g,), and [n/2] = k forn = 2k or n = 2k — 1.
If e} = Z;f:l gije; is another orthonormal basis, then iln/2] eye,...e, = det(g)y = £y, so y is
independent of the basis provided the vector space E is given a fixed orientation; this we shall
assume. It is clear that yz = 1, and that

xy=(=)"lyx for x€E, (A.14)

since each e; anticommutes with every factor of y but itself.

In particular, if n is odd, then vy lies in the 2-dimensional centre of C{(n). If n is even, then
xy = —yx for x € E. We shall call y the chirality element of C¢,,.

Suppose that n = 2k is even. Then p* := %(1 +v)and p~ = %(1 — y) are complementary
idempotents in C¢,, i.e., (p*)? = p*, ptp~ =p p* =0, and p* + p~ = 1. If S is any left module

for C¢,, it is Z,-graded: S = S* @ S, where S* = p*S are the +1 eigenspaces for s — c(y)s.
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In particular, the spinor Fock space F(E,J) is Z,-graded. An orthonormal basis for the
Hilbert space (E,J) is given by {wy,...,wi}, where w; = (ezj—1 — Jezj)/\/i; write also w;‘. =

(ez;_1 +Jer;)/V2. Then wiw; — w;w% = —2i es;_1e2; in CE(E), so that
J J Wi W j-1€2)

y = 2_”/2(w’fw1 —wiw]) - (Wwr — wiwy).
Since (w; | w;‘.) = O for any i, j, one checks that c(y) acts by (=1)" on A(E, J); thus S* = F,.(E,J)

and S™ = F_(E, J). The grading operator c(7y) is the chirality operator on the spinor Fock space.

A.6. The trace of the spin representation induces a canonical inner product on C¢, (for n =
2k even). If ex = e, ---ex, for K = {ky,...,k,} c {1,...,n} (with indices increasingly
ordered), then tr(c(eg)) = 0 for odd K since c(eg) interchanges S* and S~, whereas 2 tr(c(ek)) =
tr([c(ek,), c(ek\k,)]) = O for K even and nonvoid. Hence tr(c(x)) = 2"244, where ay is the scalar
term in the expansion x = Y g ag eg of x € Cf,. Now if y = Y x bx ex € C{,, then since each
c(e;) is skewadjoint, we get

tr(c(x)’e(y) = ) agbr(=) twr(e(Blex)er)) = 2" ) ayby. (A.15)
KL K
In particular, if x = e; - - - ¢, this trace gives the coefficient of e; - - - e,, in the expansion of y.

A.7. Let M be a compact manifold without boundary. We consider metric vector bundles £ — M
(i.e., each fibre E has a positive definite inner product, depending continuously on x); it happens
that any vector bundle can be provided with a metric. The Clifford bundle CI(E) — M is a vector
bundle whose fibre at x € M is the Clifford algebra CI(E,). The space of sections of C1( E') becomes
an algebra under the fibrewise Clifford multiplication.

Suppose P — M is a principal fibre bundle with structure group G (acting freely on P on the
right), and V is a vector space carrying a linear representation p of G. The associated vector bundle
is Px,V — M, where PX,V is the space of orbits of PxV under the action (u,v)-g = (ug, p(g~Hv);
its transition functions are of the form p(g;;), where the g;; are local sections of the principal bundle.
Conversely, a vector bundle naturally induces a principal bundle associated with it by employing
the same transition functions; in which case G is — in principle — either GL(k, R) or GL(k, C).

The point is that nothing is lost by constructing metric vector bundles as associated to principal
bundles of the orthogonal or unitary groups. Thatis, if E — M is areal (or complex) vector bundle
of rank k over M, there always exists a principal bundle with structure group O(k) [U(k)] such that
E~Px, R* [E ~ P x, CK], where p: O(k) — End(R¥) [o: U(k) — End(C¥)] is the standard
representation. This is basically due to polar decomposition, applied to the trivializing maps of E:
we can substitute the corresponding isometries for these maps, as the topology of GL(k,R)/O(k)
[GL(k,C)/U(k)] is trivial.

A real vector bundle E — M is orientable if an orientation can be continuously defined on the
fibres; this amounts to choosing the transition functions g;; in SO(k) rather than O(k). In view
of (A.6), we may then attempt to lift the transition functions to ;; € Spin(k) such that ¢(h;;) = g;;.
If this can be done consistently, we obtain a new principal bundle P* — M with structure group
Spin(k), so that E = P’ X, R*; and we also get a double covering map u: P’ — P satisfying
u(uh) = u(u)e(h). The pair (P’, u) defines a spin structure on E.
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There are obstructions to orientability and existence of spin structures; these are the Stiefel—
Whitney classes wi(E) € H' (M, Z»), which vanishes iff E is orientable, and w1 (E) € H*(M, Z,),
which vanishes iff a spin structure exists; for details, see [19,20,35]. M is a spin manifold if its
tangent bundle is orientable and carries a spin structure.

A wider class of vector bundles is related to the group Spin®(k). A spin® structure on E — M is
given by a Spin® principal bundle P and an isomorphism E =~ P Xgpye R*. There is a homomorphism
¢: Spin(k) — SO(k) : (h,d) — @(h). Thus, a spin bundle is naturally spin®; but a real
vector bundle can be spin® without being spin. This is the case for the underlying bundle of a
complex vector bundle, whose structure group is U(k). To see this, let 7: U(k) — SO(2k) be
the identification taking g € U(k), with g(e;) = e'%i¢; for a suitable basis {ey, ..., ex} of C*, to
7(g): ej > (cosB;)e;+ (sinb;) f; with f; =ie;. Then 7 x det: U(k) — SO(2k) x U(1) lifts [2]
to o: U(k) — Spin®(2k) given by

=

o(g) = l—[ e'%i/2(cos 10, + (sin16,)e, f7),
j=1

and ¢¢ o 0 = T X det. The complex 2-dimensional projective space is the outstanding example of a
spin® manifold which is not spin.

It can be shown that E — M is a spin® bundle if and only if its second Stiefel-Whitney class
wa(E) € H*(M, Z) can be lifted to an element of H>(M, Z). It turns out that for dim M = 3, M is
a spin manifold, and if dim M = 4 with M orientable, then M is a spin® manifold, i.e., TM — M is
a spin® bundle [20].

A.8. Suppose E — M is a complex spin® bundle with E' = Pg X, Ck, where P — M is the
principal spin® bundle with the transition functions of E. Suppose also that S is a complex left
module for C¢, and p is the unitary action, by left Clifford multiplication, of Spin®(k) on S. Then
we can form the complex spinor bundle

S(E) := Pg X, S. (A.16)

An important complex spinor bundle is the Clifford bundle C£(E) itself. If E has rank &, then
Spin®(k) acts on Cf; by Ad(g)c = gcg~!. We can therefore create the spinor bundle P Xaq Cly.
Now Ad(—1) = id, so Ad drops to a representation o of SO(k) x U(1) and we can replace Pg by the
principal SO (k) x U(1)-bundle P with the same transition functions as E. Now Ad(g)x = ¢(g)x
for x € CK, so that o is just the usual action of SO(k) x U(1) on C¥. The associated bundle
P, Xo Cly is just the Clifford bundle C¢(E).

Let I'(S(E)) be the space of smooth sections of S(E); these are in natural one-to-one correspon-
dence with the functions s: Pr — S(E), satisfying s(ug) = p(g~")s(u), foru € P, g € Spin°(k).
Now let k € I'(C{(E)); then p(«)s makes sense as a function from Pg to S(E), and (p(«)s)(ug) :=
p(k(ug))s(ug) = p(g~ k(u)g)p(g)'s(u) = p(g7")p(x)s(u), so p(k)s € T(S(E)) also. We con-
clude that S(E) is a bundle of modules over the bundle of algebras C{(E), and that I'(S(E)) is a
module over I'(C£(E)).

If n = 2k is even, an irreducible complex spinor bundle S(E) carries a natural Z,-grading. Since
E is oriented, each fibre C{(E,) of C{(FE) contains a canonically determined chirality element 7y,
given by (A.13): let v denote this section of C{(E). Then S(E) = S*(E) @ S™(E) where y acts
by +1 on S*(E).
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A.9. We recall some facts about connections on vector bundles, mainly to establish notations. The
full story can be found, e.g., in [31].
A (linear) connection on a vector bundle E — M is a linear map V: I'(E) — TI'(E @ T*M)
which satisfies
V(sf)=(Vs)f+s®df for feC”(M). (A.17)

The tangent bundle of a Riemannian manifold M carries a distinguished connection — the Levi-
Civita connection — which is compatible with the metric and is torsion-free. Consider CI(M) :=
CI(T M), the Clifford bundle of M. It may be shown that there is a canonical connection, also called
a Levi-Civita connection and denoted by V, on C1(M) such that

V(cica) = (Verp)ea +¢1(Vep) for  cq,cp € T'(CI(M)). (A.18)

[ On the right, I'(CI(M) ® T*M) is a bimodule for I'(C1(M)) in the obvious way. || Moreover, if
S — M is a spinor bundle on M, there is a canonical connection on S, also denoted by V, such that
V(c(k)s) = c¢(Vk)s + c(k)Vs for k € T'(CI(M)), s € I'(S). These linear connections are related
via a principal connection on Pry, obtained by lifting a principal connection on the orthonormal
frame bundle of M. Analogous results hold for complex spinor bundles, with CI(M) replaced by
its complexification C{(M) := C{(TM).

If S is the spinor bundle associated to the complex irreducible module for C¢,,, the canonical
connection on § satisfies the three properties:

(1) V(c(k)s) =c(Vk)s+c(k)Vs forc e I'(CL(M)), s € IT'(S).

2) (c(X)s|s)+(s]c(X)s')y =0for X e I'(TM), s,s" € I'(S). Here (— | —) is the hermitian
form on S defined on the fibres in paragraph A.4.

(3) (Vxs|s)+(s|Vxs) =X(s|s)forX e '(TM), s,s’" € I'(S). Here Vx: I'(S) — I'(S) is
the contraction of V with the vector field X.

Property (2) holds since the Clifford action of TM, on S, is skew-adjoint, by the remarks
preceding (A.12).
For more general bundles S of modules over C£(M), we take (1), (2), (3) as axioms.

A.10. LetaRiemannian metric on M be given; denote by &: T*M — T M the bundle isomorphism
induced by the metric. With it, we identify TM and T*M.

Definition A.1. Let S — M be a complex spinor bundle, a left module for C£(M), and let
V:T'(S) - I'(S ® TM) be the canonical connection on S. There is a morphism of vector bundles
m: S®TM — § given by restriction of the Clifford multiplication to 7M. The Dirac operator is
the mapping D :=m o V : T'(S) — ['(S).

Proposition A.7. Let {ey, ..., e,} be an orthonormal frame on an open set U C M, and let s be a
smooth section of S over U. Abbreviating V; =V, , the Dirac operator obeys

n

Ds = Zc(ej)Vjs. (A.19)
j=1
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Proof. Let {t1,...,t} be a trivialization of S over U. The connection is given locally by a matrix
of 1-forms wg,, such that V(1) = 20 _; 14 ® £(wgp). I now s = 3, 1, f, € I'(S), then

n

V(s) = Z(tp ® £(df,) + Z ty ® §(wqp)fp). (A.20)
q=1

p=1

Thus

n

Ds = Z(C(f(dfp))fp + C(f(wqp))qup)
p=1 q=1

(a’fp(ej) clej)t, + Z wyp(ej) c(ej)tqu) = Z c(ej)Vj(Z tpfp), (A.21)
1 q=1 14

J.P=

j=1
since §(w) = X ; w(e;) e; for any 1-form w. O

As an immediate consequence of (A.19), we note that when n = 2k, D is an odd operator on
the Z,-graded spinor bundle, i.e., D: I'(S*) — T'(S¥).

Example A.1. If M = R", § = R" X §,, where §,, is the irreducible complex module for C¢,,, we
find that Ds = Z’}zl c(e;) d;s. In particular, if n =1, Cl; =C, S; = C, and D =i 9/0x. Its kernel
ker D consists of the constant functions on R.

Example A.2. If M = R*, then Cf;, = C**, andso D = y#0,, where y* = c(e,) are the four 4 x 4
matrices generating the Clifford algebra Cly, i.e., satisfying y*y” + y”y* = =26*". Thus D = @ is
essentially the operator introduced by Dirac.

Example A.3. The spinor bundle S on which the Dirac operator D = m o V acts need not be
irreducible. An interesting example is when S is the Clifford bundle C£(M) = C(T*M) itself,
regarded as a C£(M)-module under left multiplication. We may also describe this module as the
complexified bundle of differential forms Ag7*M on which CI(M) acts by c(@)B = a A B —i(a)B
for @ € A'(M). Now one can invoke the properties of the Levi-Civita connection V to verify
that e o V = d, the exterior derivative on I'(AZT*M) = E°(M), and that i o V = —d*, the formal
adjoint to d.

The Dirac operator on £*(M) is thus D = d + d*. Its square is D? = dd* + d*d, the so-called
Hodge Laplacian on M. Since d raises and d* lowers degree, it follows that ker D = ker D?, which
is the space of harmonic forms on M. Since M is compact, Hodge’s theorem assures us that for
each k, ker D N X (M) is isomorphic to the de Rham cohomology group H é‘R(M ; R), which is finite
dimensional.

A.1. Denote by L?(S) the Hilbert space of square-integrable sections of S, the completion of I'(S)
with the norm

lIsl* == / (s(x) | s(x)) p(dx), (A.22)
M
where u(dx) is the canonical Riemannian volume element on M. We wish to establish:

Theorem A.8. The Dirac operator is formally selfadjoint on L*(S).
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The divergence div X of a smooth vector field X on M is the function in C*(M) such that
(divX)u = Lx(u), where Ly is the Lie derivative with respect to X. If {ej,...,e,} is an
orthonormal frame on an open subset U of M such that Ve; = 0 on U for each j, then on U:

Lxpt=d(i(X)p) = d( Y ()7 (es | X)er A A G A ey
J

= Z ej(ej | X)p= Z(Vjej | X+ (ej | V; X)u (A.23)
J J
and from Ve; = 0 we conclude that

divX = (e; | V;X). (A.24)
j=1

[ The assumption Ve; = 0 can always be made; if need be, we can replace the e; by the vector
fields obtained by parallel translation of an orthonormal frame along the geodesics through a given
point. ||

If f € C®(M), it follows that div(fX) = X f + fdiv X. Since M is without boundary, Stokes’
theorem gives /M(div X)u= /M d(i(X)u) = 0. We conclude that

/Xf:—/fdiVX. (A.25)
M M

Proof of Theorem A.8. We prove that if s, s” € I'(S) then (Ds | s’) = (s | Ds’), with (- | -) denoting
the inner product of L?(S). We can assume, by using partitions of unity on M, that both s and s’
have their support inside an open set U € M on which there is an orthonormal frame {ey,...,e,}
such that Ve; = 0. Being mindful of the “axioms” for V, we arrive at

(Ds|s’>=; /M <c(ej>vjs|s'>=—; /M ()5 | c(e))s)
:—; /M e,~<s|c<e,~>s'>+; /M (51 V;(c(e))s"))

= Z / (dive;) (s|c(ej)s’) + Z/ (s]V;(c(e))s)). (A.26)
j M j M
From (A.24), div e; = 0 for the chosen parallel frame. Thus, the formal adjoint DT of D satisfies
n n
Dis = Z Vi(clej)s) = Z c(Vje;)s+c(e;) V;s = Ds, (A.27)
j=1 j=1
again since Ve; = 0. O

By examining the domain of D more closely, it can moreover be shown that D is essentially
selfadjoint; see, for instance, [31, Thm. II.5.7]. The Dirac operator may now be redefined to be the
closure of D, which is a selfadjoint operator on the Hilbert space L?(S).
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