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1 Introduction

Given a bounded polyhedral domain Ω ⊂ R3, we seek 𝑢 ∈ 𝐻1
0 (Ω) such that

𝑎(𝑢, 𝑣) :=
∫
Ω

𝜌∇𝑢 · ∇𝑣 =
∫
Ω

𝑓 𝑣 ∀𝑣 ∈ 𝐻1
0 (Ω), (1)

where 𝜌 ∈ 𝐿∞ (Ω) is a positive function that is uniformly bounded from below. We
recall that 𝐻1

0 (Ω) is the space of functions in 𝐿2 (Ω) with gradient also in 𝐿2 (Ω) and
vanishing trace.

The discretization of the variational problem by finite element or virtual element
methods (FEM or VEM, respectively) generally leads to large and ill-conditioned
linear systems, especially when the coefficient 𝜌 exhibits strong variations or when
nonuniform meshes are employed. In this setting, the design of efficient precon-
ditioners is essential to ensure the scalability and rapid convergence of the itera-
tive methods used to solve such systems. Among the available strategies, additive
Schwarz preconditioners constitute a particularly appealing family because they are
built from independent local solvers defined on each subdomain, which simplifies
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their implementation and makes them suitable for complex geometries. However,
achieving scalability requires the inclusion of an appropriate global coarse space,
whose construction must be carefully designed to ensure robustness with respect
to mesh refinement and coefficient variations. Compared with more sophisticated
approaches such as BDDC or FETI-DP, additive Schwarz schemes offer a favorable
balance between computational performance and practical simplicity, while retaining
solid theoretical properties and good parallelization capabilities.

Early studies on overlapping Schwarz methods focused on tetrahedral or cubic
subdomains; see, e.g., [25, Chapter 3]. The study of irregular subdomains for FEM
in 2D was initiated for problems posed in 𝐻1 (Ω) in [11, 12, 13, 26]. Such theory
has been studied in 2D for John and Jones domains and the rates of convergence of
the preconditioners are determined by parameters that characterize such domains.
Coarse spaces consist of vertex and edge functions that are extended as discrete
harmonic functions into the interiors of the subdomains.

Authors in [14] defined coarse functions at each subdomain vertex by assigning
specific values on the interface and extending them harmonically into the interior
for 2D. These ideas were later generalized to VEM in [8, 9] for 2D problems, where
projectors replaced the harmonic extensions. Such coarse spaces form a partition of
unity, which can be used to construct robust domain decomposition methods for high-
contrast multiscale problems on irregular domains by solving suitable eigenvalue
problems to enrich the coarse space [10]. Moreover, a small coarse space is defined
even for irregular subdomains in [15], but numerical examples for 3D problems
were reported only for cubic subdomains. For problems posed in 𝐻 (rot;Ω) in 2D
and 𝐻 (div;Ω) in 3D, see [6, 7] and [22, 21], respectively.

In 3D, however, to the best of the authors’ knowledge, no results exist for the
systematic construction of global coarse functions on general irregular partitions with
appropiate energy estimates for VEM. Relevant works for FEM include [20], which
studies a parallel implementation of a two-level additive Schwarz preconditioner for
tetrahedral elements; [23], which analyzes two-level Schwarz methods for matrices
from p-version FEM on triangular and tetrahedral meshes with the coarse level given
by the lowest-order finite element space; and [18], which introduces an energy-
minimizing coarse space of reduced size, with basis functions forming a partition of
unity on subdomain interfaces and extended as discrete harmonic functions into the
interior with cubic subdomains.

In this paper, we present a two-level overlapping Schwarz preconditioner for
problem (1) discretized with VEM in three dimensions. To the best of our knowledge,
there are no theoretical results for additive preconditioners for the linear system that
arises from (1) when VEM are used and irregular subdomains are considered. Our
method allows us to handle irregular subdomains and general polygonal meshes, and
applies to a broader range of material properties and subdomain geometries than
previous studies. Similarly as in previous studies, we assume that 𝜌 is constant on
each subdomain of the decomposition.

A theoretical bound for the condition number 𝜅 of a two-level overlapping Schwarz
preconditioner for FEM, based on two reduced versions of the GDSW coarse space
in three dimensions [16], has the form
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𝜅 ≤ 𝐶

(
1 + 𝐻

𝛿

) (
1 + log

𝐻

ℎ

)𝛼
, (2)

where 𝛼 ∈ {0, 1, 2} and 𝐶 is a positive constant independent of the number of
subdomains; see [18] for further details, where authors present results for cubic
subdomains.

We numerically observe a bound comparable to (2) for our VEM preconditioner.
We remark that there are different DDM such as FETI-DP and BDDC methods; see
[4, 5] for 2D and 3D studies related to our problem. Nevertheless, the simplicity of
implementing an overlapping additive Schwarz algorithm with competitive results
gives relevance to our work.

The rest of this paper is organized as follows. In Section 2, we briefly describe
the VEM for our model problem (1). Section 3 presents the two-level overlapping
additive Schwarz method and the construction of our coarse space. Numerical results
are given in Section 4. Finally, Section 5 contains our conclusions and closing
remarks.

2 The virtual element method

For the sake of completeness, we briefly describe the 3D VEM; we follow [1, 2]. We
remark some numerical implementations for 2D [24, 19] and 3D problems [27, 17].
Let Tℎ be a decomposition of Ω into general polyhedral elements 𝐸 ; see [3] for
assumptions and study on the stability of the method. In Figure 1, we present a
hexagonal prism and a Voronoi mesh. For simplicity, we consider the lowest order
virtual space. We denote by P𝑘 (O) the set of polynomials of degree at most 𝑘 defined
in O (where O could represent an edge, face or element), and denote by {𝑚𝜶} the
set of scaled monomials (for edges, faces or elements).

First, we define the virtual space 𝑊 ( 𝑓 ) for a face 𝑓 ∈ 𝜕𝐸 . A function 𝑢 ∈ 𝑊 ( 𝑓 )
satisfies: (i) 𝑢 |𝑒 ∈ P1 (𝑒) for each edge 𝑒 ∈ 𝜕 𝑓 ; (ii) 𝑢 |𝜕 𝑓 ∈ 𝐶0 (𝜕 𝑓 ); (iii) Δ𝑢 ∈ P1 ( 𝑓 ),
and (iv)

∫
𝑓
𝑢𝑚𝛼 =

∫
𝑓
Π∇

𝑓
𝑢𝑚𝛼 for a base of linear polynomials defined on 𝑓 . The

projector Π∇
𝑓
𝑢 is defined as the 𝐿2−projection of the gradient of 𝑢, where 𝑢 and Π∇

𝑓
𝑢

have the same nodal average.
A virtual element function 𝑢 belongs to the local virtual space 𝑉 (𝐸) if: (i)

𝑣 |𝑒 ∈ P1 (𝑒) ∀ edge 𝑒 ∈ 𝜕𝐸 , (ii) 𝑣 | 𝑓 ∈ 𝑊 ( 𝑓 ) ∀ face 𝑓 ∈ 𝜕𝐸 , (iii) 𝑣 |𝜕𝐸 ∈ 𝐶0 (𝜕𝐸),
and (iv) Δ𝑣 = 0. It is clear that P1 (𝐸) ⊆ 𝑉 (𝐸). The degrees of freedom are chosen
as the values of 𝑢 at the vertices of 𝐸 .

The projector Π∇ : 𝑉 (𝐸) → P1 (𝐸) is defined by (i)
∫
𝐸
∇𝑝 · ∇Π∇

𝐸
𝑢 =

∫
𝐸
∇𝑝 · ∇𝑢

for all 𝑝 ∈ P1 (𝐸), and (ii)
∑
𝑢(𝒙𝑖) =

∑
Π∇

𝐸
𝑢(𝒙𝑖), where the sum goes over the

vertices 𝒙𝑖 of 𝐸 . The global conforming virtual element space is then

𝑉ℎ := {𝑣 ∈ 𝐻1
0 (Ω) : 𝑣 |𝐸 ∈ 𝑉 (𝐸) ∀𝐸 ∈ Tℎ}.
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To discretize the weak formulation of the Poisson equation, the discrete bilinear
form is then defined similarly as the 2D case:

𝑎𝐸ℎ (𝑢, 𝑣) := (∇Π∇
𝐸𝑢ℎ,∇Π∇

𝐸𝑣ℎ)𝐸 + 𝑆𝐸
(
(𝐼 − Π∇

𝐸 )𝑢ℎ, (𝐼 − Π∇
𝐸 )𝑣ℎ

)
,

where 𝑆𝐸 (·, ·) is a stabilization bilinear form computable from the nodal values of
𝑢ℎ and 𝑣ℎ, typically chosen as 𝑆𝐸 (𝑢ℎ, 𝑣ℎ) = ℎ𝐸

∑
𝑢ℎ (𝒙𝑖)𝑣ℎ (𝒙𝑖), where the sum goes

over all the vertices 𝒙𝑖 of 𝐸 . The global matrix is then assembled via

𝑎ℎ (𝑢ℎ, 𝑣ℎ) :=
∑︁
𝐸∈Tℎ

𝑎𝐸ℎ (𝑢ℎ, 𝑣ℎ),

together with a discrete load term obtained via the 𝐿2-projection of 𝑓 onto P1 (𝐸).
This yields a conforming discretization of the Poisson problem on general polyhedral
meshes with optimal approximation properties. We omit implementation details; for
the 3D discretization we have used the library mVEM; see [27].

3 Coarse space

We consider the standard two-level additive Schwarz preconditioner; see [25, Chapter
3] for further details. Consider a coarse partition T𝐻 consisting of subdomains
{Ω𝑖}𝑁𝑖=1, where each subdomain is a union of elements; see Figure 1. The interface
of the decomposition {Ω𝑖}𝑁𝑖=1 is defined as the union of the local boundaries 𝜕Ω𝑖 ,
excluding the external boundary 𝜕Ω. Equivalence classes can be associated with the
subdomain faces, edges, and vertices.

A subdomain face F𝑖 𝑗 corresponds to the degrees of freedom associated with
nodes lying in the interior of the intersection of the boundaries of two neighboring
subdomains 𝑖 and 𝑗 , excluding any edges on the boundary of the face. If this inter-
section consists of multiple disjoint components, each component is considered a
separate face; see Figures 2 and 3 for typical subdomain faces.

A subdomain edge E𝑖 𝑗 ,𝑘𝑙 is defined as the interior of the intersection of the
closure of faces F𝑖 𝑗 and F𝑘𝑙 , typically consisting of nodes shared by three or more
subdomains. Subdomain vertices are the endpoints of all subdomain edges, excluding
the vertices in 𝜕Ω, since homogeneous Dirichlet boundary conditions are assumed.

The coarse space 𝑉0 could be defined as the virtual element space associated to
the coarse mesh T𝐻 composed by subdomains, but its dimension would in general
be too large. To obtain a coarse space of moderate dimension, we instead define a
reduced space as follows. For each subdomain vertex 𝒙0, we define a coarse function
𝜑𝒙0 that extends ideas presented in [14] for 2D problems first and then generalized
to 2D VEM in [8, 9]. This function satisfies 𝜑𝒙0 (𝒙𝑖) = 𝛿𝑖0 for all subdomain vertices
𝒙𝑖 , and vanishes at nodes on any subdomain edge that does not include 𝒙0 as an
endpoint. If E is an edge with endpoints 𝒙0 and 𝒙1, then 𝜑𝒙0 varies linearly along
the direction from 𝒙0 to 𝒙1; see [9].
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Fig. 1 (left) A polyhedral
mesh, (middle) a subdomain
Ω𝑖 and its overlapping sub-
domain Ω′

𝑖
, and (right) a

piecewise coefficient 𝜌 with
𝜌 |Ω𝑖

= 𝜌𝑖 ∈ [1, 103 ].

Fig. 2 Subdomain faces for
(left) square, (middle) Voronoi
and (right) hexagonal meshes
with subdomains based on
the incenter of the elements.
𝑅𝑇

0 𝜑𝒙0 is shown for each
subdomain face.

Fig. 3 Subdomain faces for
(left) square, (middle) Voronoi
and (right) hexagonal meshes
with METIS subdomains.
𝑅𝑇

0 𝜑𝒙0 is shown for each
subdomain face.

For nodes on a subdomain face F with 𝒙0 on its boundary, 𝜑𝒙0 is defined as the
solution of the discrete Laplace equation ΔF𝜑𝒙0 = 0, subject to the boundary values
on 𝜕F ; see Figures 2 and 3. For this discretization, we use the 2D VEM on each face.
The face projectors are required for the 3D stiffness matrix, and hence are computed
only once. In this construction, we obtain a partition of unity on the interface of the
decomposition.

Finally, the function is extended to the interior of the subdomains via discrete
harmonic extension. Each function 𝜑𝒙0 corresponds to a column of the extension
operator 𝑅𝑇

0 , which maps a function from the reduced coarse space to 𝑉ℎ. Following
[8], it could be possible to consider polynomial approximations to the interior of the
subdomains in order to obtain faster approximations.

We then construct overlapping subdomains Ω′
𝑖
⊃ Ω𝑖 by adding layers of elements

that are external to Ω𝑖 , and we will denote by 𝛿𝑖 the minimum width of the region
Ω′

𝑖
\Ω𝑖 . For each subdomain 𝑖, 1 ≤ 𝑖 ≤ 𝑁 , we define the local virtual space

𝑉𝑖 :=
{
𝑣 ∈ 𝐻1

0 (Ω
′
𝑖) : 𝑣 |𝐸 ∈ 𝑉 (𝐸) ∀ 𝐸 ⊂ Ω′

𝑖

}
.

The degrees of freedom of a function 𝑣𝑖 ∈ 𝑉𝑖 are given by its values at the fine nodes
lying in the interior of Ω′

𝑖
. We also introduce the natural operators 𝑅𝑇

𝑖
: 𝑉𝑖 → 𝑉ℎ,

1 ≤ 𝑖 ≤ 𝑁 , defined by zero extension from the subdomain Ω′
𝑖

to the global domain
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Ω. We remark that the matrix representation of these operators 𝑅𝑇
𝑖

are not required
to be assembled; we only require the indices of internal nodes of Ω′

𝑖
.

We finally consider the two-level additive overlapping Schwarz preconditioner

𝑃𝑎𝑑 :=
𝑁∑︁
𝑖=0

𝑃𝑖 = 𝐴−1
𝑎𝑑𝐴, with 𝐴−1

𝑎𝑑 =

𝑁∑︁
𝑖=0

𝑅𝑇
𝑖 (𝑅𝑖𝐴𝑅

𝑇
𝑖 )−1𝑅𝑖 , (3)

where we consider exact solvers for each subspace for simplicity; see [25, Chap. 2].

4 Numerical results

We present numerical results for the two-level additive overlapping Schwarz precon-
ditioner (3). We solve the resulting linear systems using the preconditioned conjugate
gradient method to a relative residual tolerance of 10−6. We estimate the condition
number 𝜅(𝑃𝑎𝑑) and compute the number of iterations 𝐼 for each experiment; see
results in Table 1. We present numerical experiments for dependence on 𝑁 (scala-
bility), 𝐻/𝛿 and 𝐻/ℎ, for cubic, Voronoi and hexagonal-prism elements. We include
two sets of coefficients: (i) 𝜌 = 1 in the whole domain, and (ii) 𝜌 = 𝜌𝐷 , a piecewise
constant function with 𝜌 |Ω𝑖

= 𝜌𝑖 ∈ [1, 103]. Numerical experiments were performed
in MATLAB on a MacBook Pro equipped with an Apple M3 Pro chip and 18 GB of
RAM, and the VEM discretizacion was obtained with mVEM [27].

We confirm the linear growth in the condition number as we increase 𝐻/𝛿 and
we observe no significant dependence on the parameters 𝑁 and 𝐻/ℎ, as expected
from previous bounds for the condition number of the preconditioner system as (2).
We remark that for the case of cubic elements, our method recovers the usual FEM
space in the coarse mesh.

5 Conclusions

Although a theoretical analysis of the proposed method is still pending, the numerical
results demonstrate its robustness with respect to the number of subdomains and the
ratio 𝐻/ℎ, while exhibiting approximately linear growth with the relative overlap.
As a direction for future work, alternative approaches to harmonic extensions inside
the subdomains could be explored, for instance by using projections intrinsic to
the VEM spaces, which may lead to significant computational savings, as in [9].
Furthermore, in the case of high-contrast or multiscale coefficients 𝜌, the partition
of unity provided by the coarse space is expected to enable the use of strategies
similar to those in [10], potentially yielding robust and efficient solvers in such
challenging scenarios.
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Table 1: Number of iterations 𝐼 and condition number 𝜅 (in parentheses) for cu-
bic, Voronoi, and hexagonal–prism triangulations with 𝑁 subdomains. Three sets
of tests are reported, in which 𝑁 , 𝐻/𝛿, and 𝐻/ℎ are varied independently while
keeping the other two parameters fixed. Both 𝜌 = 1 and 𝜌 = 𝜌𝐷 (a discontinuous,
piecewise-constant 𝜌 on each subdomain) are considered. The quantity |𝑉0 | denotes
the dimension of the coarse space.

Cubes Voronoi Hexagonal prisms
𝜌 = 1
𝐼 (𝜅 )

𝜌 = 𝜌𝐷
𝐼 (𝜅 ) |𝑉0 |

𝜌 = 1
𝐼 (𝜅 )

𝜌 = 𝜌𝐷
𝐼 (𝜅 ) |𝑉0 |

𝜌 = 1
𝐼 (𝜅 )

𝜌 = 𝜌𝐷
𝐼 (𝜅 ) |𝑉0 |

𝑁 Test 1: 𝐻/ℎ = 8, 𝐻/𝛿 = 2
43 18(10.7) 23(10.6) 27 27(13.3) 23(13.6) 54 25(12.4) 26(12.2) 54
63 18(11.9) 26(12.0) 125 26(13.3) 23(13.2) 250 25(11.6) 28(12.0) 250
83 18(13.1) 27(13.0) 343 28(14.3) 24(17.3) 686 25(12.7) 30(12.8) 686

103 18(14.8) 28(13.8) 729 30(14.8) 35(16.3) 1458 25(13.0) 30(13.3) 1458
𝐻/𝛿 Test 2: 𝑁 = 43, 𝐻/ℎ = 12

3 19(13.1) 24(13.6) 27 23(10.6) 20(12.3) 54 22(10.7) 26(12.8) 54
4 19(15.3) 25(15.7) 27 24(11.6) 21(18.4) 54 23(11.2) 28(13.6) 54
6 20(20.4) 27(18.7) 27 28(15.5) 23(18.4) 54 26(14.6) 31(15.7) 54

12 22(34.3) 33(31.6) 27 39(32.2) 34(37.1) 54 33(27.5) 38(22.0) 54
𝐻/ℎ Test 3: 𝑁 = 33, 𝐻/𝛿 = 4

8 17(14.4) 22(13.6) 8 24(11.2) 26(10.9) 16 22(11.9) 23(10.4) 16
16 18(13.1) 22(13.4) 8 25(10.7) 26(10.5) 16 23(11.1) 25(11.3) 16
24 18(11.2) 23(12.3) 8 27(11.0) 26(11.2) 20 23(10.8) 27(11.7) 16
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