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Abstract. In this paper we establish a Chowla-Selberg formula for abelian CM fields. This is an
identity which relates values of a Hilbert modular function at CM points to values of Euler’s gamma
function Γ and an analogous function Γ2 at rational numbers. We combine this identity with work
of Colmez to relate the CM values of the Hilbert modular function to Faltings heights of CM abelian
varieties. We also give explicit formulas for products of exponentials of Faltings heights, allowing
us to study some of their arithmetic properties using the Lang-Rohrlich conjecture.

1. Introduction and statement of results

1.1. Overview. The Chowla-Selberg formula [CS1, CS2] is a remarkable identity which relates
values of the Dedekind eta function at CM points to values of Euler’s gamma function Γ at rational
numbers. This formula arises in connection with many topics in number theory, including elliptic
curves, L–functions, modular forms, and transcendence. For a very nice discussion, see Zagier
[Z, Section 6.3]. In this paper we will establish a Chowla-Selberg formula for abelian CM fields.
This is an identity which relates values of a Hilbert modular function at CM points to values of
Γ and an analogous function Γ2 at rational numbers. The function Γ2 was studied extensively
by Deninger [D] in his work on the Chowla-Selberg formula for real quadratic fields. We will
combine our Chowla-Selberg formula for abelian CM fields with a theorem of Colmez [Col] which
relates Faltings heights of CM abelian varieties to logarithmic derivatives of Artin L–functions
to give a geometric interpretation of the CM values. Using this circle of ideas, we will also give
explicit formulas for products of exponentials of Faltings heights, allowing us to study some of
their arithmetic properties using the Lang-Rohrlich conjecture, which concerns algebraic relations
among values of Γ at rational numbers. We note that there has recently been a great amount of
interest in formulas for CM values of Hilbert modular functions. Some examples occur in the work
of Bruinier-Yang [BY, BY2, BY3] and Bruinier-Kudla-Yang [BKY], which is related to Borcherds
products and the seminal work of Gross-Zagier [GZ] on factorization of differences of singular
moduli. See also the work of Yang [Ya, Ya2, Ya3], which reveals new connections between the
Chowla-Selberg formula, Faltings heights, and arithmetic intersection theory.

1.2. The Chowla-Selberg formula. We begin by reviewing the classical Chowla-Selberg formula
(see e.g. [W, Chapter IX]). Let ∆ = f2d be a fundamental discriminant where f > 0 and d is square-

free. Let K = Q(
√
d) be a quadratic field of discriminant ∆, OK be the ring of integers, CL(K)

be the ideal class group, hd be the class number, wd = #O×K be the number of units (for d < 0),

εd be the fundamental unit (for d > 0), and χd(·) =
(

∆
·
)

be the Kronecker symbol associated to
K. Assume now that d < 0. Given an ideal class C ∈ CL(K), one may choose a primitive integral
ideal a ∈ C−1 such that

a = Za+ Z

(
−b+

√
∆

2

)
, a, b ∈ Z
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where a = NK/Q(a) is the norm of a and b satisfies b2 ≡ ∆ mod 4a. Then

τa =
−b+

√
∆

2a

is a CM point in the complex upper half-plane H which corresponds to the inverse class [a] = C−1.
The Chowla-Selberg formula is obtained by comparing two different expressions for the Dedekind

zeta function ζK(s). One has the classical identity

ζK(s) =
2

wd
ζ(2s)

(
2√
|∆|

)s ∑
[a]∈CL(K)

E(τa, s),

where

E(z, s) :=
∑

M∈Γ∞\SL2(Z)

Im(Mz)s, z ∈ H, Re(s) > 1

is the non-holomorphic Eisenstein series for SL2(Z). On the other hand, one has the well-known
factorization

ζK(s) = ζ(s)L(χd, s),

where L(χd, s) is the Dirichlet L-function associated to χd. Comparing these expressions and
making the shift s 7→ (s+ 1)/2 yields

∑
[a]∈CL(K)

E

(
τa,

s+ 1

2

)
=
wd
2

(√
|∆|
2

) s+1
2 ζ( s+1

2 )

ζ(s+ 1)
L

(
χd,

s+ 1

2

)
. (1.1)

Now, one has the “renormalized” Kronecker limit formula

E

(
z,
s+ 1

2

)
= 1 + log(G(z))(s+ 1) +O((s+ 1)2), (1.2)

where

G(z) :=
√

Im(z)|η(z)|2

and

η(z) := q1/24
∞∏
n=1

(1− qn) , q := e2πiz, z ∈ H

is the Dedekind eta function, a weight 1/2 cusp form for SL2(Z). Substitute (1.2) into the left hand
side of (1.1), calculate the Taylor expansion of the right hand side of (1.1) at s = −1, differentiate
both sides of the resulting identity with respect to s, and evaluate at s = −1 to get∑

[a]∈CL(K)

log(G(τa)) =
wd
2
L(χd, 0)

{
log

(√
|∆|
2

)
− ζ ′(0)

ζ(0)
+
L′(χd, 0)

L(χd, 0)

}
. (1.3)

Recall the evaluation

−ζ
′(0)

ζ(0)
= − log(2π), (1.4)

and the class number formula

L(χd, 0) =
2hd
wd

. (1.5)
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To evaluate L′(χd, 0), one uses the decomposition

L(χd, s) = |∆|−s
|∆|∑
k=1

χd(k)ζ

(
s,

k

|∆|

)
, (1.6)

where

ζ(s, w) :=
∞∑
n=0

1

(n+ w)s
, Re(w) > 0, Re(s) > 1

is the Hurwitz zeta function. Lerch [Le] showed that

ζ(s, x) =
1

2
− x+ log

(
Γ(x)√

2π

)
s+O(s2), x > 0 (1.7)

where

Γ(s) :=

∫ ∞
0

ts−1e−tdt

is Euler’s gamma function. Substitute (1.7) into (1.6), then differentiate to get

L′(χd, 0) = − log(|∆|)L(χd, 0) +

|∆|∑
k=1

χd(k) log

{
Γ

(
k

|∆|

)}
. (1.8)

Finally, substitute (1.4), (1.5) and (1.8) into (1.3), then exponentiate to obtain the Chowla-Selberg
formula ∏

[a]∈CL(K)

G(τa) =

(
1

4π
√
|∆|

)hd
2 |∆|∏
k=1

Γ

(
k

|∆|

)wdχd(k)

4

. (1.9)

1.3. Statement of the main results. To establish a Chowla-Selberg formula for abelian CM
fields, we will follow the basic structure of the argument just described.

The following facts concerning Hilbert modular varieties and CM points are explained in detail
in Sections 3 and 4.

Let F/Q be a totally real field of degree n. Let OF be the ring of integers, O×F be the group of
units, dF be the absolute value of the discriminant, and ζF (s) be the Dedekind zeta function. Let
z = (z1, . . . , zn) ∈ Hn. The Hilbert modular group SL2(OF ) acts componentwise on Hn by linear
fractional transformations.

Let E be a CM extension of F and Φ = {σ1, . . . , σn} be a CM type for E. Let hE be the class
number of E, and assume that F has narrow class number 1. Given an ideal class C ∈ CL(E), let
za be a CM point corresponding to the inverse class [a] = C−1. To ease notation, we identify the
CM point za with its image Φ(za) ∈ Hn under the CM type Φ. Let

CM(E,Φ,OF ) := {za : [a] ∈ CL(E)}
be a set of CM points of type (E,Φ). This is a CM zero-cycle on the Hilbert modular variety
SL2(OF )\Hn.

We will establish the following analog of (1.3),∑
[a]∈CL(E)

log (H(za)) =
hE
2

{
log

(√
dE

2ndF

)
− 1

n

ζ
(n)
F (0)

ζ
(n−1)
F (0)

+
L′(χE/F , 0)

L(χE/F , 0)

}
, (1.10)

where H : Hn → R+ is a SL2(OF )-invariant function analogous to G(z) which arises from a
renormalized Kronecker limit formula for the non-holomorphic Hilbert modular Eisenstein series
(see Section 3, and in particular, equation (3.8)), and L(χE/F , s) is the L–function of the quadratic
character χE/F associated by class field theory to the CM extension E/F .
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Assume now that E is abelian over Q. Then F ⊂ E ⊂ Q(ζN ) for some primitive N -th root of

unity ζN := e2πi/N . Let HE (resp. HF ) be the subgroup of GN := Gal(Q(ζN )/Q) which fixes E
(resp. F ). Using the isomorphism GN ∼= (Z/NZ)×, one defines the group of Dirichlet characters
associated to E (resp. F ) by

XE := {χ ∈ ̂(Z/NZ)× : χ|HE
≡ 1}

(resp. XF ). Clearly, we have HE ≤ HF and XF ≤ XE .
Given a Dirichlet character χ ∈ XE , let L(χ, s) denote the L–function of the primitive Dirichlet

character of conductor cχ which induces χ. The Gauss sum of χ ∈ XE is defined by

τ(χ) :=

cχ∑
k=1

χ(k)ζkcχ , ζcχ := e2πi/cχ .

We will establish the identity

L′(χE/F , s)

L(χE/F , s)
=

∑
χ∈XE\XF

L′(χ, s)

L(χ, s)
,

hence to evaluate the logarithmic derivative of L(χE/F , s) at s = 0, we must evaluate L′(χ, 0) for
χ ∈ XE \ XF . We can express L′(χ, 0) in terms of values of log(Γ(s)) at rational numbers as in
(1.8).

On the other hand, we will reduce the evaluation of the logarithmic derivative of ζ
(n−1)
F (s) at

s = 0 to the evaluation of L′(χ, 1) for nontrivial χ ∈ XF . Because each χ ∈ XF is even, L′(χ, 1)
cannot be expressed in terms of values of log(Γ(s)) at rational numbers (this is due to the sign of
the functional equation for L(χ, s) when χ is even). However, Deninger [D] showed how to evaluate
L′(χ, 1) in terms of values of the function

R(w) := ∂2
sζ(0, w), Re(w) > 0

at rational numbers. The function R(w) is analogous to log(Γ(s)/
√

2π), as we now explain.
Consider the Taylor expansion

ζ(s, x) =
1

2
− x+ log

(
Γ(x)√

2π

)
s+R(x)s2 +O(s3), x > 0.

By the Bohr-Mollerup theorem, log(Γ(x)/
√

2π) is the unique function f : R+ → R such that

f(x+ 1)− f(x) = log(x),

f(1) = ζ ′(0) = − log(
√

2π), and f(x) is convex on R+. Using properties of the Hurwitz zeta
function, one can show that ∂sζ(0, x) also satisfies these three conditions, hence by uniqueness, one
recovers Lerch’s identity

∂sζ(0, x) = log

(
Γ(x)√

2π

)
.

Note that using the limit

Γ(x) = lim
n→∞

n!nx

x(x+ 1) · · · (x+ n)
, x > 0

one has

log

(
Γ(x)√

2π

)
= lim

n→∞

(
ζ ′(0) + x log(n)− log(x)−

n−1∑
k=1

(log(x+ k)− log(k))

)
. (1.11)
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Deninger [D, Theorem 2.2] proved a similar result for the functions ∂αs ζ(0, x), α ∈ Z+, by mod-
eling the proof of Lerch’s identity just described. In particular, for α = 2 he proved that R(x) is
the unique function R : R+ → R such that

R(x+ 1)−R(x) = log2(x),

R(1) = −ζ ′′(0), and R(x) is convex on (e,∞). He also proved the following analog of (1.11),

R(x) = lim
n→∞

(
−ζ ′′(0) + x log2(n)− log2(x)−

n−1∑
k=1

(
log2(x+ k)− log2(k)

))
.

Define the function

Γ2(w) := exp(R(w)), Re(w) > 0

which is analogous to Γ(s)/
√

2π. Note that Γ2(w) does not extend to a meromorphic function on
C (see e.g. [D, Remark (2.4)]).

We can now state our Chowla-Selberg formula for abelian CM fields.

Theorem 1.1. Let F/Q be a totally real field of degree n with narrow class number 1. Let E/F
be a CM extension with E/Q abelian. Let Φ be a CM type for E and

CM(E,Φ,OF ) = {za : [a] ∈ CL(E)}

be a set of CM points of type (E,Φ). Then

∏
[a]∈CL(E)

H(za) = c1(E,F, n)
∏

χ∈XE\XF

cχ∏
k=1

Γ

(
k

cχ

)hEχ(k)

2L(χ,0) ∏
χ∈XF
χ 6=1

cχ∏
k=1

Γ2

(
k

cχ

)hEτ(χ)χ(k)

2cχL(χ,1)

,

where

c1(E,F, n) :=

(
dF

2n+1π
√
dE

)hE
2

.

Remark 1.2. Given a triple (E,F,Φ) satisfying the hypotheses of Theorem 1.1, one can obtain
explicit examples by determining the group of characters XE (resp. XF ) and a set of CM points
CM(E,Φ,OF ) of type (E,Φ) (see Section 2).

Remark 1.3. The narrow class number 1 assumption in Theorem 1.1 could be removed by working
adelically. We have worked in the classical language to emphasize parallels with the original Chowla-
Selberg formula.

When E/Q is a multiquadratic extension (equivalently, Gal(E/Q) is an elementary abelian 2-
group), one can explicitly determine the group of characters XE (resp. XF ), leading to the following
result.

Theorem 1.4. Let d1, . . . , d`+1 be squarefree, pairwise relatively prime integers with di > 0 for
i = 1, . . . , ` and d`+1 < 0 where ` = 1 or 2. Assume that F = Q(

√
d1, . . . ,

√
d`) has narrow

class number 1 and let E = F (
√
d`+1). Let χα (resp. χβ) be the Kronecker symbol associated

to the quadratic field Q(
√
α) (resp. Q(

√
β)), where α = de11 · · · d

e`
` d`+1 (resp. β = de11 · · · d

e`
` ) for

e = (e1, . . . , e`) ∈ {0, 1}`. Then

∏
[a]∈CL(E)

H(za) = c1(E,F, 2`)
∏

e∈{0,1}`

α=d
e1
1 ···d

e`
` d`+1

cα∏
k=1

Γ

(
k

cα

)hEχα(k)wα
4hα ∏

e∈{0,1}`

β=d
e1
1 ···d

e`
` 6=1

cβ∏
k=1

Γ2

(
k

cβ

) hEχβ(k)

4hβ log(εβ)

.
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Remark 1.5. The restriction to ` = 1 or 2 in Theorem 1.4 is made for the following reasons. By
Fröhlich [F, Theorem 5.6], if F is a totally real abelian field in which at least 5 rational primes
ramify, then the class number of F is even. If ` ≥ 5, then at least 5 rational primes ramify in
F = Q(

√
d1, . . . ,

√
d`), hence F cannot have narrow class number 1 (since the class number divides

the narrow class number). It is well-known that there exist real quadratic fields of narrow class
number 1, and these must be of the form Q(

√
2) or Q(

√
p) for a prime p ≡ 1 (mod 4) (see e.g. [CH,

Corollary 12.5]). This leaves the possibilities ` = 2, 3 or 4. One can compute many examples of
real biquadratic fields with narrow class number 1. We wrote a program in SAGE which calculates
the narrow class numbers of the real biquadratic fields F = Q(

√
p,
√
q) for p and q primes with

2 ≤ p < q ≤ n (see http://www.math.tamu.edu/~masri/NarrowOne.pdf). For example, if n = 30
there are 6 real biquadratic fields in this list with narrow class number 1, corresponding to the
pairs (p, q) given by {(2, 5), (2, 13), (2, 29), (5, 13), (5, 17), (17, 29)}. On the other hand, for ` = 3 or
4 the class number of F = Q(

√
d1, . . . ,

√
d`) can be 1 (see e.g. [Mou]), but we were unable to find

any examples with narrow class number 1.

For CM biquadratic fields of class number 1, we have the following result.

Theorem 1.6. Let p = 2 or p ≡ 1 (mod 4) be a prime such that F = Q(
√
p) has narrow class

number 1. Let d < 0 be a squarefree integer relatively prime to p such that E = Q(
√
p,
√
d) has

class number 1. Let ∆p, ∆d and ∆pd be the discriminants of the quadratic fields Q(
√
p), Q(

√
d)

and Q(
√
pd), resp., and assume that ∆p and ∆d are relatively prime. Then

H(zOE ) =
1

2
√

2π|∆d|

|∆d|∏
k=1

Γ

(
k

|∆d|

)χd(k)wd
4hd

|∆pd|∏
k=1

Γ

(
k

|∆pd|

)χpd(k)wpd
4hpd

∆p∏
k=1

Γ2

(
k

∆p

) χp(k)

4 log(εp)

,

where

zOE =

{
(
√
d,
√
d), d ≡ 2, 3 (mod 4)(

1+
√
d

2 , 1+
√
d

2

)
, d ≡ 1 (mod 4)

is a CM point of type (E,Φ) for Φ = {σ1 = id, σ2 :
√
p 7→ −√p,

√
d 7→

√
d}.

Theorem 1.1 gives a closed form evaluation of the product of CM values
∏

[a]H(za). On the

other hand, this product can also be related to Faltings heights of CM abelian varieties, giving
a link between the CM values and the arithmetic and geometry of abelian varieties. To explain
this relationship, we first recall that the product of CM values

∏
[a]G(τa) appearing in the classical

Chowla-Selberg formula (1.9) can be expressed in terms of the Faltings height of a CM elliptic curve
(see e.g. Gross [G] and Silverman [Si]), hence the Chowla-Selberg formula can be reformulated as
an identity relating the Faltings height of a CM elliptic curve to the logarithmic derivative of the
Dirichlet L–function L(χd, s) at s = 0. There is a vast conjectural generalization of this identity due
to Colmez [Col] which relates Faltings heights of CM abelian varieties to logarithmic derivatives of
Artin L–functions at s = 0. Yoshida [Y] made a similar conjecture relating periods of CM abelian
varieties (in the sense of Shimura) to logarithmic derivatives of Artin L–functions. See also the
work of Anderson [An] for results in this direction.

We now state Colmez’s conjecture in the form we will use. Let E be a CM extension of a totally
real field F of degree n over Q. Let A be an abelian variety with complex multiplication by E which
is defined over Q. Let K ⊂ Q be a number field over which A is defined and let ωA ∈ H0(A,Ωn

A)
be a Néron differential. The Faltings height of A is defined by (see e.g. [Col, p. 667, (II.2.12.1)])

hFal(A) := − 1

[K : Q]

 ∑
σ∈Hom(K,Q)

1

2
log

(∫
Aσ(C)

|ωσA ∧ ωσA|

)
−
∑
p<∞

∑
σ∈Hom(K,Q)

vp(ω
σ
A) log(p)

 ,
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where vp(ω
σ
A) is a certain rational number defined using the p-adic valuation on Qp (see [Col, p.

659]).
Given a CM type Φ ∈ Φ(E), let AΦ be a CM abelian variety of type (OE ,Φ) defined over Q.

Colmez [Col, equation (3)] conjectured the following identity for the average of the Faltings heights
hFal(AΦ) of the abelian varieties AΦ,

1

2n

∑
Φ∈Φ(E)

hFal(AΦ) = −1

2

{
L′(χE/F , 0)

L(χE/F , 0)
+

1

2
log(fχE/F ) + n log(2π)

}
,

where fχE/F is the analytic Artin conductor of the quadratic character χE/F (here we have corrected

a minor typographical error in the statement of [Col, equation (3)]). When E/Q is abelian, Colmez
[Col, Théorème 5] proved this conjectured identity, up to addition by a possible rational multiple
of log(2). Obus [O] recently completed Colmez’s proof by eliminating this possible term. Note that
Yang proved the first non-abelian cases of Colmez’s conjecture in [Ya].

By combining our results with Colmez’s theorem, we will obtain the following result.

Theorem 1.7. Let F/Q be a totally real field of degree n and narrow class number 1. Let E/F be
a CM extension with E/Q abelian. Given a CM type Φ ∈ Φ(E), let AΦ be a CM abelian variety of
type (OE ,Φ) defined over Q and

CM(E,Φ,OF ) = {za : [a] ∈ CL(E)}
be a set of CM points of type (E,Φ). Then∏

[a]∈CL(E)

H(za) = c2(E,F, n)
∏
χ∈XF
χ 6=1

cχ∏
k=1

Γ2

(
k

cχ

)hEτ(χ)χ(k)

2cχL(χ,1) ∏
Φ∈Φ(E)

exp(hFal(AΦ))−
hE
2n ,

where

c2(E,F, n) :=

(√
dE

fχE/F

1

22n+1πn+1d2
F

)hE
2

.

On the other hand, we will use Colmez’s theorem to evaluate products of exponentials of Faltings
heights in terms of values of Γ(s) at rational numbers.

Proposition 1.8. Let d1, . . . , d`+1 be squarefree, pairwise relatively prime integers such that di > 0
for i = 1, . . . , ` and d`+1 < 0 where ` ∈ Z+. Let F = Q(

√
d1, . . . ,

√
d`) and E = F (

√
d`+1). Let

χα be the Kronecker symbol associated to the quadratic field Q(
√
α) where α = de11 · · · d

e`
` d`+1 for

e = (e1, . . . , e`) ∈ {0, 1}`. Given a CM type Φ ∈ Φ(E), let AΦ be a CM abelian variety of type
(OE ,Φ) defined over Q. Then

∏
Φ∈Φ(E)

exp(hFal(AΦ)) = c3(E,F, `)
∏

e∈{0,1}`
α=d

e1
1 ···d

e`
` d`+1

cα∏
k=1

Γ

(
k

cα

)−22
`−2χα(k)wα

hα

,

where

c3(E,F, `) :=

(2π)2`dF
√
fχE/F

dE

−22
`−1

.

Remark 1.9. Proposition 1.8 should be compared with [Col, Remarque on p. 680] and [BMM-B].
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The formula in Proposition 1.8 allows us to study some arithmetic properties of the products∏
Φ∈Φ(E)

exp(hFal(AΦ))

using the Lang-Rohrlich conjecture (see e.g. [L, Appendix to Section 2, p. 66]). Roughly speaking,
the Lang-Rohrlich conjecture states that all polynomial algebraic relations among the special Γ-
values {Γ(s) : s ∈ Q\Z≤0} and 2πi with coefficients in Q are “explained” by the standard functional
equations. One can formulate this conjecture as a converse of the Koblitz-Ogus criterion for an

element of the subgroup of C× generated by the special Γ-values and 2πi to belong to Q× (see the
Appendix to [De] and Section 12). For a more detailed discussion of the Lang-Rohrlich conjecture,
including its various formulations and known results in this direction, see the introduction to
Anderson, Brownawell and Papanikolas [ABP].

We will prove the following result, which should be compared with the classical result of Euler

ζ(2n) ∈ π2nQ, n = 1, 2, . . .

concerning values of the Riemann zeta function ζ(s) at positive even integers.

Theorem 1.10. Let d1, . . . , d`+1 be squarefree, pairwise relatively prime integers such that di > 0
for i = 1, . . . , ` and d`+1 < 0 where ` ∈ Z+. Let F = Q(

√
d1, . . . ,

√
d`) and E = F (

√
d`+1). Given a

CM type Φ ∈ Φ(E), let AΦ be a CM abelian variety of type (OE ,Φ) defined over Q. Then assuming
the Lang-Rohrlich conjecture, ∏

Φ∈Φ(E)

exp(hFal(AΦ)) /∈ πkQ

for any k ∈ Q.

1.4. Connection to some existing work. We conclude the introduction by discussing the con-
nection between our results and some existing work. A version of the Chowla-Selberg formula for
CM fields was given by Moreno [Mo] over 30 years ago. The foundation for such a generalization
was laid by Asai [A] in the late 1960’s, who established a Kronecker limit formula for Eisenstein
series associated to any number field of class number 1. Following Weil’s [W, Chapter IX] beautiful
exposition of the classical Chowla-Selberg formula (which involves a renormalized Kronecker limit
formula for Eisenstein series over Q), Moreno obtained an expression relating values of a Hilbert
modular function at special points on a Hilbert-Blumenthal variety to the logarithmic derivative
of L(χE/F , s) at s = 0. Moreno then used Shintani’s [Sh1, Sh2] remarkable work on special values
of L–functions to express L′(χE/F , 0) in terms of certain Barnes-type multiple gamma functions
(formulas of this type resulting from Shintani’s work can be viewed as “higher” analogs of Lerch’s
identity). Putting things together, he obtained a version of the Chowla-Selberg formula for CM
fields (see [Mo, Main Theorem, p. 242]). The starting point of this paper was that it should be
possible to give a much more explicit version of the Chowla-Selberg formula for abelian CM fields.
The initial structure of the proof is similar to that of Moreno’s, namely to arrive at a version
of the identity (1.10), though there are important differences. For example, we identify the CM
zero-cycles along which we evaluate the Hilbert modular Eisenstein series, which allows us to give
explicit examples of our formula (see Section 2) and paves the way to relate the CM values of H(z)
to the arithmetic and geometry of CM abelian varieties via Colmez’s conjecture.

Acknowledgments. We would like to thank Matt Papanikolas for helpful discussions regarding
this work. We would also like to thank the referee for several helpful remarks. The second author
was supported by the NSF grant DMS-1162535 during the preparation of this work.
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2. Examples

In this section we give some explicit examples of the Chowla-Selberg formula for abelian CM
fields. Recall that the function H : Hn → R+ appearing in these examples is a SL2(OF )-invariant

function analogous to G(z) :=
√

Im(z)|η(z)|2 which arises from a renormalized Kronecker limit
formula for the non-holomorphic Hilbert modular Eisenstein series. See (3.8) for the definition of
H(z). For background and notation regarding CM points, see Section 4.

Example 2.1 (Theorem 1.6, d1 = 2 and d2 = −3). Let E = Q(
√

2,
√
−3) and F = Q(

√
2).

Then E has class number 1 and F has narrow class number 1. Moreover, ∆2 = 8,∆−3 = −3 and
∆−6 = −24, so that ∆2 and ∆−3 are relatively prime. The hypotheses of Theorem 1.6 are satisfied,
so it remains to determine the quantities in the identity stated in Theorem 1.6.

Since −3 ≡ 1 mod 4, the CM point of type (E,Φ) corresponding to the class [OE ] is given by

zOE =

(
1 +
√
−3

2
,
1 +
√
−3

2

)
.

The groups of characters associated to E and F are XE = {χ1, χ−3, χ2, χ−6} and XF = {χ1, χ2},
resp., hence XE \XF = {χ−3, χ−6}. We have the following correspondence between subfields and
associated character groups:

E = Q(
√

2,
√
−3)

F = Q(
√

2) Q(
√
−3) Q(

√
−6)

Q

XE = 〈χ2, χ−3〉

XF = 〈χ2〉 〈χ−3〉 〈χ−6〉

{χ1}

The characters χ2 =
(

8
·
)
, χ−6 =

(−24
·
)

and χ−3 =
(−3
·
)

have conductors 8, 24 and 3, resp. (note
the character χ2 generates XF and the characters χ−3 and χ2 generate XE). The following tables
give the values of these characters:

Values of χ2 =
(

8
·
)

k 1 3 5 7
χ2(k) 1 −1 −1 1

Values of χ−6 =
(−24
·
)

k 1 5 7 11 13 17 19 23
χ−6(k) 1 1 1 1 −1 −1 −1 −1

Values of χ−3 =
(−3
·
)

k 1 2
χ−3(k) 1 −1

The fundamental unit of F is ε2 = 1 +
√

2, and we have h−3 = 1, h−6 = 2, w−3 = 6 and w−6 = 2.
Substituting these quantities in Theorem 1.6 yields

H(zOE ) =
1

2
√

6π

3∏
k=1

Γ

(
k

3

) 3χ−3(k)

2
24∏
k=1

Γ

(
k

24

)χ−6(k)

4
8∏

k=1

Γ2

(
k

8

) χ2(k)

4 log (1+
√
2)

.
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After expanding each product on the right hand side, we get

H

(
1 +
√
−3

2
,
1 +
√
−3

2

)
=

1

2
√

6π

(
Γ
(

1
3

)
Γ
(

2
3

))3/2(
Γ
(

1
24

)
Γ
(

5
24

)
Γ
(

7
24

)
Γ
(

11
24

)
Γ
(

13
24

)
Γ
(

17
24

)
Γ
(

19
24

)
Γ
(

23
24

))1/4(
Γ2

(
1
8

)
Γ2

(
7
8

)
Γ2

(
3
8

)
Γ2

(
5
8

)) 1
4 log (1+

√
2)

.

Example 2.2 (Theorem 1.4, d1 = 2 and d2 = −5). Let E = Q(
√

2,
√
−5) and F = Q(

√
2). Then E

has class number 2 and F has narrow class number 1. Moreover, d1 = 2 and d2 = −5 are squarefree
and relatively prime. The hypotheses of Theorem 1.4 are satisfied, so it remains to determine the
quantities in the identity stated in Theorem 1.4.

The four embeddings of E are determined by

σ1 :
√

2 7−→
√

2,
√
−5 7−→

√
−5

σ2 :
√

2 7−→ −
√

2,
√
−5 7−→

√
−5

σ3 :
√

2 7−→
√

2,
√
−5 7−→ −

√
−5

σ4 :
√

2 7−→ −
√

2,
√
−5 7−→ −

√
−5.

Fix the choice of CM type Φ = {σ1, σ2}. The class group of E is given by CL(E) = {[OE ], [a]}
where

[OE ] = [OF (10−
√

2) +OF (
√
−5 + 18

√
2− 1)],

[a] = [OF 2 +OF (
√
−5−

√
2 + 1)].

Then

zOE =

√
−5 + 18

√
2− 1

10−
√

2
and za =

√
−5−

√
2− 1

2

are CM points of type (E,Φ) corresponding to the classes [OF ] and [a] resp., since

Φ(zOE ) =

(√
−5 + 18

√
2− 1

10−
√

2
,

√
−5− 18

√
2− 1

10 +
√

2

)
∈ E× ∩H2

and

Φ(za) =

(√
−5−

√
2− 1

2
,

√
−5 +

√
2− 1

2

)
∈ E× ∩H2.

The absolute values of the discriminants of E and F are dE = 6400 and dF = 8, resp., hence the
constant

c1(E,F, 2) =
8

23π
√

6400
=

1

80π
.

The groups of characters associated to E and F are XE = {χ1, χ2, χ−5, χ−10} and XF = {χ1, χ2},
resp., hence XE \XF = {χ−5, χ−10}. We have the following correspondence between subfields and
associated character groups:

E = Q(
√

2,
√
−5)

F = Q(
√

2) Q(
√
−5) Q(

√
−10)

Q

XE = 〈χ2, χ−5〉

XF = 〈χ2〉 〈χ−5〉 〈χ−10〉

{χ1}
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The characters χ2 =
(

8
·
)
, χ−5 =

(−20
·
)

and χ−10 =
(−40
·
)

have conductors 8, 20 and 40, resp.
(note the character χ2 generates XF and the characters χ2 and χ−5 generate XE). The following
tables give the values of these characters:

Values of χ2 =
(

8
·
)

k 1 3 5 7
χ2(k) 1 −1 −1 1

Values of χ−5 =
(−20
·
)

k 1 3 7 9 11 13 17 19
χ−5(k) 1 1 1 1 −1 −1 −1 −1

Values of χ−10 =
(−40
·
)

k 1 3 7 9 11 13 17 19 21 23 27 29 31 33 37 39
χ−10(k) 1 −1 1 1 1 1 −1 1 −1 1 −1 −1 −1 −1 1 −1

The fundamental unit of F is ε2 = 1 +
√

2, and we have h2 = 1, h−5 = 2, h−10 = 2, w2 = 2,
w−5 = 2 and w−10 = 2.

Substituting the preceding quantities in Theorem 1.4 yields

H(zOE )H(za) =
1

80π

20∏
k=1

Γ

(
k

20

)χ−5(k)

2
40∏
k=1

Γ

(
k

40

)χ−10(k)

2
8∏

k=1

Γ2

(
k

8

) χ2(k)

2 log (1+
√
2)

.

After expanding each product on the right hand side, we get

H

(√
−5 + 18

√
2− 1

10−
√

2
,

√
−5− 18

√
2− 1

10 +
√

2

)
H

(√
−5−

√
2− 1

2
,

√
−5 +

√
2− 1

2

)

=
1

80π

(
Γ
(

1
20

)
Γ
(

3
20

)
Γ
(

7
20

)
Γ
(

9
20

)
Γ
(

11
20

)
Γ
(

13
20

)
Γ
(

17
20

)
Γ
(

19
20

))1/2(
Γ
(

1
40

)
Γ
(

7
40

)
Γ
(

9
40

)
Γ
(

11
40

)
Γ
(

13
40

)
Γ
(

19
40

)
Γ
(

23
40

)
Γ
(

37
40

)
Γ
(

3
40

)
Γ
(

17
40

)
Γ
(

21
40

)
Γ
(

27
40

)
Γ
(

29
40

)
Γ
(

31
40

)
Γ
(

33
40

)
Γ
(

39
40

))1/2

×

(
Γ2

(
1
8

)
Γ2

(
7
8

)
Γ2

(
3
8

)
Γ2

(
5
8

)) 1
2 log (1+

√
2)

.

Example 2.3 (Theorem 1.1, E = Q(ζ5) and F = Q(
√

5)). Let E = Q(ζ5) and F = Q(
√

5). Then
E is a CM extension of the real quadratic field F with E/Q abelian (a cyclic quartic extension).
Moreover, E has class number 1 and F has narrow class number 1. The hypotheses of Theorem
1.1 are satisfied, so it remains to determine the quantities in the identity stated in Theorem 1.1.

The four embeddings of E are determined by σi(ζ5) = ζi5 for i = 1, . . . , 4. Fix the choice of CM
type Φ = {σ1, σ2} for E. We have OE = OF +OF ζ5, thus zOE = ζ5 is a CM point of type (E,Φ)
since Φ(zOE ) = (ζ5, ζ

2
5 ) ∈ E× ∩H2.

The absolute values of the discriminants are dE = 125 and dF = 5, resp., hence the constant

c1(E,F, 2) =

(
1

8π
√

5

)1/2

.

Since E = Q(ζ5) is cyclotomic, we have XE = ̂(Z/5Z)×. The following table gives the group of
Dirichlet characters modulo 5:
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Dirichlet characters modulo 5
1 2 3 4

χ1 1 1 1 1
χ 1 i −i −1

χ2 = χ5 =
(

5
·
)

1 −1 −1 1
χ3 = χ 1 −i i −1

We have the following correspondence between subfields and associated character groups:

E = Q(ζ5)

F = Q(
√

5)

Q

XE = 〈χ〉

XF = 〈χ5〉

{χ1}

It follows that XF = {χ1, χ
2} = {χ1, χ5} and XE \XF = {χ, χ3} = {χ, χ}.

The L–values corresponding to the characters χ, χ are given in terms of generalized Bernoulli
numbers by

L(χ, 0) = −B1(χ) =
3

5
+

1

5
i and L(χ, 0) = −B1(χ) =

3

5
− 1

5
i.

Moreover, by the class number formula we have

L(χ5, 1) =
2 log(1+

√
5

2 )
√

5
,

the Gauss sum is evaluated as τ(χ5) =
√

5, and the fundamental unit of F is ε5 = 1+
√

5
2 .

Substituting the preceding quantities in Theorem 1.1 yields

H(zOE ) =

(
1

8π
√

5

)1/2 5∏
k=1

Γ

(
k

5

) χ(k)

2( 3
5+1

5 i)
5∏

k=1

Γ

(
k

5

) χ(k)

2( 3
5−

1
5 i)

5∏
k=1

Γ2

(
k

5

) χ5(k)

4 log

(
1+
√

5
2

)
.

After expanding each product on the right hand side, we get

H(ζ5, ζ
2
5 ) =

(
1

8π
√

5

)1/2
(

Γ
(

1
5

)
Γ
(

4
5

))3/2(
Γ
(

2
5

)
Γ
(

3
5

))1/2(
Γ2

(
1
5

)
Γ2

(
4
5

)
Γ2

(
2
5

)
Γ2

(
3
5

)) 1

4 log

(
1+
√
5

2

)
.

3. Hilbert modular Eisenstein Series

In this section we establish a renormalized Kronecker limit formula for the non-holomorphic
Hilbert modular Eisenstein series. Moreno stated such a formula in [Mo, Section 3.1], and gave a
very brief explanation as to how it is derived from a Fourier expansion of Asai [A] for the Eisenstein
series. Here we give a similar formula using a slightly different form of the Fourier expansion (the
Fourier expansion we use for the Hilbert modular Eisenstein series goes back to Hecke).

Let F be a totally real number field of degree n over Q with embeddings τ1, . . . , τn. Let

z = x+ iy = (z1, . . . , zn) ∈ Hn

where H denotes the complex upper half-plane. Let OF be the ring of integers of F and SL2(OF )
be the Hilbert modular group. Then SL2(OF ) acts componentwise on Hn by linear fractional
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transformations,

Mz = (τ1(M)z1, . . . , τn(M)zn) , M =

(
α β
γ δ

)
∈ SL2(OF )

where

τj(M) =

(
τj(α) τj(β)
τj(γ) τj(δ)

)
.

Let

N(y(z)) :=
n∏
j=1

Im(zj) =
n∏
j=1

yj

denote the product of the imaginary parts of the components of z ∈ Hn. Define the non-holomorphic
Hilbert modular Eisenstein series

E(z, s) :=
∑

M∈Γ∞\SL2(OF )

N(y(Mz))s, z ∈ Hn, Re(s) > 1

where

Γ∞ =

{(
∗ ∗
0 ∗

)
∈ SL2(OF )

}
.

Furthermore, let

N(a+ bz) :=

n∏
j=1

(σj(a) + σj(b)zj)

for (a, b) ∈ OF ×OF and define the Epstein zeta function

Z(z, s) :=
∑′

(a,b)∈OF×OF /O×F

N(y(z))s

|N(a+ bz)|2s
, z ∈ Hn, Re(s) > 1

where the sum is over a complete set of nonzero, nonassociated representatives of OF ×OF (recall
that (a, b) and (a′, b′) are said to be associated if there exists a unit ε ∈ O×F such that (a, b) =
(εa′, εb′)). One has the identity

Z(z, s) = ζF (2s)E(z, s), (3.1)

where ζF (s) is the Dedekind zeta function of F .
Define the completed Eisenstein series

E∗(z, s) := ζ∗F (2s)E(z, s) (3.2)

where

ζ∗F (s) := d
s/2
F π−ns/2Γ(s/2)nζF (s),

is the completed Dedekind zeta function of F .
From [vG, Proposition 6.9], equation (3.2), and the shift s 7→ (s+1)/2, we obtain the renormalized

Fourier expansion

E

(
z,
s+ 1

2

)
= N(y)

s+1
2 +

ζ∗F (s)

ζ∗F (s+ 1)
N(y)

1−s
2 (3.3)

+
2nN(y)1/2

ζ∗F (s+ 1)

∑
µ∈∂−1

F /O×F
µ6=0

NF/Q((µ)∂F )
s
2σ−s((µ)∂F )

n∏
j=1

K s
2
(2π|µ(j)|yj)e2πiTr(µx),
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where ∂F is the different of F ,

σν(a) :=
∑
b|a

NF/Q(b)ν

is the divisor function,

Tr(µx) :=

n∑
j=1

µ(j)xj , µ(j) := τj(µ)

is the trace and

Ks(t) :=

∫ ∞
0

e−t coshx cosh (sx)dx

is the K-Bessel function of order s.
Let A(s), B(s) and C(s) denote the first, second, and third terms on the right hand side of (3.3),

resp. We compute the first two terms in the Taylor expansion of E
(
z, s+1

2

)
at s = −1 by doing

this for each of the functions A(s), B(s) and C(s), in turn.
First, observe that

A(s) = 1 + logN(y)1/2(s+ 1) +O((s+ 1)2).

Second, we calculate the Taylor expansion

B(s) = B(−1) +B′(−1)(s+ 1) +O(s+ 1)2.

Since

1

ζ∗F (s)
= d

−s/2
F

(
πs/2

Γ(s/2)

)n
1

ζF (s)

and ζF (s) has a simple pole at s = 1, the function 1/ζ∗F (s) has a simple zero at s = 1. Using the
functional equation ζ∗F (s) = ζ∗F (1− s), it follows that

(∗) 1/ζ∗F (s) has a simple zero at s = 0.

Now, by (∗) we have

B(−1) =
ζ∗F (−1)

ζ∗F (0)
N(y) = 0.

Moreover, an application of the product and quotient rules along with two applications of (∗) yields

B′(s) = −N(y)
1−s
2 ζ∗F (s)

(
d
dsζ
∗
F (s+ 1)

ζ∗F (s+ 1)2

)
+O(s+ 1),

so that

B′(−1) = −N(y)ζ∗F (−1)
(ζ∗F )′(0)

ζ∗F (0)2
.

A calculation using the Laurent expansion

ζ∗F (s+ 1) =
rF
s+ 1

+O(s+ 1)

yields

−
d
dsζ
∗
F (s+ 1)

ζ∗F (s+ 1)2
=

rF +O(s+ 1)2

{rF +O(s+ 1)}2
, (3.4)

where rF is the residue of ζ∗F (s+ 1) at s = −1. Hence

B′(−1) =
N(y)ζ∗F (−1)

rF
.
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Third, we calculate the Taylor expansion

C(s) = C(−1) + C ′(−1)(s+ 1) +O(s+ 1)2.

For convenience, we write

C(s) = 2nN(y)1/2
∑

µ∈∂−1
F /O×F
µ 6=0

Dµ(s)e2πiTr(µx),

where

Dµ(s) :=
NF/Q((µ)∂F )

s
2

ζ∗F (s+ 1)
σ−s((µ)∂F )

n∏
j=1

K s
2
(2π|µ(j)|yj).

By (∗) we have Dµ(−1) = 0, thus C(−1) = 0.
To compute C ′(−1), it suffices to compute D′µ(−1). Using the product rule, two applications of

(∗), and (3.4) we obtain

D′µ(−1) =
NF/Q((µ)∂F )−

1
2

rF
σ1((µ)∂F )

n∏
j=1

K− 1
2
(2π|µ(j)|yj).

A calculation using the identities K−s(t) = Ks(t) and K 1
2
(t) =

√
π

2
e−tt−

1
2 for t > 0 gives

D′µ(−1) =
NF/Q((µ)∂F )−

1
2

rF
σ1((µ)∂F )

n∏
j=1

√
π

2
e−2π|µ(j)|yj (2π|µ(j)|yj)−

1
2 . (3.5)

Note also that
n∏
j=1

√
π

2
e−2π|µ(j)|yj (2π|µ(j)|yj)−

1
2

 e2πiTr(µx) = 2−n|NF/Q(µ)|−
1
2N(y)−

1
2 e2πiT (µ,z), (3.6)

where

T (µ, z) := Tr(µx) + i

n∑
j=1

|µ(j)|yj .

Then using (3.5) and (3.6), we get

C ′(−1) =
∑

µ∈∂−1
F /O×F
µ6=0

NF/Q((µ)∂F )−
1
2

rF
σ1((µ)∂F )|NF/Q(µ)|−

1
2 e2πiT (µ,z).

Finally, by combining the Taylor expansions for A(s), B(s) and C(s), we obtain the following
result.

Proposition 3.1. We have

E

(
z,
s+ 1

2

)
= 1 + log (H(z)) (s+ 1) +O((s+ 1)2), (3.7)

where

H(z) :=
√
N(y)φ(z) (3.8)
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and

log(φ(z)) :=
ζ∗F (−1)N(y)

rF
+

∑
µ∈∂−1

F /O×F
µ6=0

NF/Q((µ)∂F )−
1
2

rF
σ1((µ)∂F )|NF/Q(µ)|−

1
2 e2πiT (µ,z).

Remark 3.2. Using (3.7) and the automorphy of E(z, s), we have H(Mz) = H(z) for all M =(
α β
γ δ

)
∈ SL2(OF ). Then a straightforward calculation yields the transformation formula

φ(Mz) = |N(γz + δ)|φ(z).

4. CM zero-cycles on Hilbert modular varieties

In this section we summarize some facts we will need regarding CM zero-cycles on Hilbert
modular varieties. For more details, see [BY, Section 3]. Let F be a totally real number field
of degree n over Q with embeddings τ1, . . . , τn, and assume that F has narrow class number one.
The quotient X(OF ) = SL2(OF )\Hn is the (open) Hilbert modular variety associated to OF . The
variety X(OF ) parametrizes isomorphism classes of principally polarized abelian varieties (A, i)
with real multiplication i : OF ↪→ End(A).

Let E be a CM extension of F and Φ = (σ1, . . . , σn) be a CM type for E. A point z = (A, i) ∈
X(OF ) is a CM point of type (E,Φ) if one of the following equivalent conditions holds:

(1) As a point z ∈ Hn, there is a point τ ∈ E such that

Φ(τ) = (σ1(τ), . . . , σn(τ)) = z

and

Λτ = OF +OF τ

is a fractional ideal of E.

(2) There exists a pair (A, i′) that is a CM abelian variety of type (E,Φ) with complex multi-
plication i′ : OE ↪→ End(A) such that i = i′|OF .

By [BY, Lemma 3.2] and the narrow class number one assumption, there is a bijection between
the ideal class group CL(E) and the CM points of type (E,Φ) defined as follows: given an ideal
class C ∈ CL(E), there exists a fractional ideal a ∈ C−1 and α, β ∈ E× such that

a = OFα+OFβ (4.1)

and

z =
β

α
∈ E× ∩Hn = {z ∈ E× : Φ(z) ∈ Hn}.

Then z represents a CM point in X(OF ) in the sense that Cn/Λz is a principally polarized abelian
variety of type (E,Φ) with complex multiplication by OE . Conversely, every principally polarized
abelian variety of type (E,Φ) with complex multiplication by OE arises from a decomposition as in
(4.1) for some a in a unique fractional ideal class in CL(E). We denote the CM zero-cycle consisting
of the set of CM points of type (E,Φ) by CM(E,Φ,OF ) and identify it with the set

{za ∈ E× ∩Hn : [a] ∈ CL(E)}

under the bijection just described. The reader should keep in mind that the latter set depends on
Φ.
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5. Periods of Eisenstein series

In this section we evaluate the non-holomorphic Hilbert modular Eisenstein series along a CM
zero-cycle on the Hilbert modular variety X(OF ). Let F be a totally real number field of degree n
over Q with narrow class number 1. Let E be a CM extension of F , and fix a CM type Φ for E.
By the results of Section 3, given an ideal class C ∈ CL(E), there exists a fractional ideal a ∈ C−1

such that

a = OFα+OFβ, α, β ∈ E× (5.1)

where za = β/α ∈ E× ∩Hn is a CM point of type (E,Φ).
By [M, Proposition 4.1], we have the identity

ζE(s, C) =

(
2ndF√
dE

)s 1

[O×E : O×F ]
ζF (2s)E(za, s),

where we have identified za with its image Φ(za) ∈ Hn. Make the shift s 7→ (s+1)/2 in this identity
and sum over ideal classes C ∈ CL(E) to obtain

∑
[a]∈CL(E)

E

(
za,

s+ 1

2

)
= [O×E : O×F ]

(√
dE

2ndF

) s+1
2 ζE( s+1

2 )

ζF (s+ 1)
.

By class field theory, we have the factorization

ζE(s) = ζF (s)L(χE/F , s), (5.2)

where L(χE/F , s) is the L–function of the quadratic character χE/F associated to the extension
E/F . Using the Taylor expansion (3.7), the factorization (5.2), and the Taylor expansion

ζF
(
s+1

2

)
ζF (s+ 1)

=
1

2n−1

{
1− 1

2n

ζ
(n)
F (0)

ζ
(n−1)
F (0)

(s+ 1) +O((s+ 1)2)

}
,

we obtain∑
[a]∈CL(E)

{
1 + log (H(za)) (s+ 1) +O(s+ 1)2

}
=

[O×E : O×F ]L(χE/F , 0)

2n
(5.3)

×

{
2 + log

(√
dE

2ndF

)
(s+ 1)− 1

n

ζ
(n)
F (0)

ζ
(n−1)
F (0)

(s+ 1) +
L′(χE/F , 0)

L(χE/F , 0)
(s+ 1) +O((s+ 1)2)

}
.

Let s = −1 in (5.3) to recover the class number formula

L(χE/F , 0) =
2n−1hE

[O×E : O×F ]
.

Then differentiate (5.3) with respect to s and evaluate at s = −1 to get∑
[a]∈CL(E)

log (H(za)) =
hE
2

{
log

(√
dE

2ndF

)
− 1

n

ζ
(n)
F (0)

ζ
(n−1)
F (0)

+
L′(χE/F , 0)

L(χE/F , 0)

}
. (5.4)

6. Evaluation of the logarithmic derivative

In this section we evaluate the logarithmic derivative of L(χE/F , s) at s = 0 in terms of values
of the gamma function Γ at rational numbers. Let Q ⊆ F ⊆ E be abelian number fields. By
the Kronecker-Weber theorem, there is a cyclotomic field Q(ζN ) such that F ⊆ E ⊆ Q(ζN ) where
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ζN := e2πi/N is a primitive N -th root of unity. Let GN := Gal(Q(ζN )/Q), which we identify with
the group (Z/NZ)× via the isomorphism

sN : GN −→ (Z/NZ)×

σ 7−→ [sN (σ)]N ,

where σ(ζN ) = ζ
sN (σ)
N for some integer sN (σ) modulo N . Let HF and HE be the subgroups of GN

which fix F and E, resp. Since GN is abelian, HF and HE are normal, and by Galois theory we
have Gal(F/Q) ∼= GN/HF and Gal(E/Q) ∼= GN/HE . We also note that HE ≤ HF ≤ GN , since
the Galois correspondence is inclusion reversing.

Let G be a finite abelian group and Ĝ be its character group. Given a subgroup H ≤ G, we have

Ĝ/H ∼= H⊥ where

H⊥ := {χ ∈ Ĝ | χ|H ≡ 1}.
Additionally, if H ′ ≤ H ≤ G then H⊥ ≤ H ′⊥.

Given an abelian field K ⊆ Q(ζN ), the group of characters associated to K is defined by

XK := H⊥K = {χ ∈ ̂(Z/NZ)× | χ|HK ≡ 1}.

By our preceding observations, we have ĜN/HE
∼= XE and ĜN/HF

∼= XF , and since HE ≤ HF ≤
GN , we have XF ≤ XE .

We now evaluate the logarithmic derivative of L(χE/F , s) at s = 0. The Dedekind zeta function
ζK(s) of an abelian field K ⊂ Q(ζN ) factors as

ζK(s) =
∏
χ∈XK

L(χ, s),

where L(χ, s) is understood to be the Dirichlet L–function associated to the primitive Dirichlet
character of conductor cχ which induces χ ∈ XK (see [Coh, Theorem 10.5.25]). Therefore by (5.2),
we have

L′(χE/F , s)

L(χE/F , s)
=

d

ds

(
log

ζE(s)

ζF (s)

)
=

∑
χ∈XE\XF

L′(χ, s)

L(χ, s)
, (6.1)

where

XE \XF = {χ ∈ ̂(Z/NZ)× | χ|HE ≡ 1 and χ|HF \HE 6≡ 1}

is the set of characters in ̂(Z/NZ)× that are trivial on HE but not trivial on HF .
Now, we have

L(χ, s) = c−sχ

cχ∑
k=1

χ(k)ζ

(
s,
k

cχ

)
, (6.2)

where

ζ (s, w) :=
∞∑
n=0

1

(n+ w)s
, Re(w) > 0, Re(s) > 1

is the Hurwitz zeta function. Differentiating (6.2) yields

L′(χ, s) = − log(cχ)L(χ, s) + c−sχ

cχ∑
k=1

χ(k)ζ ′
(
s,
k

cχ

)
.

The Taylor expansion of the Hurwitz zeta function at s = 0 is given by

ζ(s, x) = ζ(0, x) + ζ ′(0, x)s+O(s2), x > 0
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where ζ(0, x) = 1
2 − x and Lerch’s identity [Le] gives

ζ ′(0, x) = log

(
Γ(x)√

2π

)
. (6.3)

Using (6.3), we find that

L′(χ, 0) = − log (cχ)L(χ, 0) +

cχ∑
k=1

χ(k) log

Γ
(
k
cχ

)
√

2π

 .

Recall that if χ is even, then L(χ, 0) = 0, while if χ is odd, then L(χ, 0) 6= 0. If we assume that
E is a CM extension of F , then all of the characters χ ∈ XE \XF are odd (see Lemma 6.2). Hence
using the orthogonality relations for group characters, we get

L′(χ, 0)

L(χ, 0)
= − log (cχ) +

1

L(χ, 0)

cχ∑
k=1

χ(k) log Γ

(
k

cχ

)
. (6.4)

Finally, substituting (6.4) into (6.1) yields

L′(χE/F , 0)

L(χE/F , 0)
= −

∑
χ∈XE\XF

log (cχ) +
∑

χ∈XE\XF

cχ∑
k=1

χ(k)

L(χ, 0)
log Γ

(
k

cχ

)
. (6.5)

Remark 6.1. Since the primitive Dirichlet character χ of conductor cχ which induces a Dirichlet
character χ ∈ XK is also a Dirichlet character modulo N , we have the following analog of (6.2),

L(χ, s) = N−s
N∑
k=1

χ(k)ζ

(
s,
k

N

)
. (6.6)

Then by repeating the preceding calculation with (6.6) instead of (6.2), we get

L′(χE/F , 0)

L(χE/F , 0)
= − log(N)[F : Q] +

∑
χ∈XE\XF

N∑
k=1

χ(k)

L(χ, 0)
log Γ

(
k

N

)
, (6.7)

where we used #(XE \XF ) = [F : Q]. We will need (6.7) in the proof of Theorem 1.10.

It remains to prove the following

Lemma 6.2. If E/F is a CM extension, then all of the characters χ ∈ XE \XF are odd.

Proof. Let E/F be a CM extension. Then the nontrivial automorphism σc ∈ Gal(E/F ) is complex
conjugation, which when viewed as an element of GN ∼= (Z/NZ)× corresponds to the residue
class [−1]N ∈ (Z/NZ)×. Clearly, [−1]N ∈ HF but [−1]N /∈ HE , and by Galois theory we have
HF = 〈HE ∪ {[−1]N}〉. Let χ ∈ XE \ XF . Then χ is trivial on HE but nontrivial on HF , so we
must have χ([−1]N ) = −1, which implies that χ is odd.

�

7. Taylor coefficients of Dedekind zeta functions

In this section we evaluate the logarithmic derivative of ζ
(n−1)
F (s) at s = 0 and prove Theorem

1.1. The evaluation we obtain is analogous to (6.5), the difference being that log(Γ(x)) is replaced
by Deninger’s R-function R(x). Let F be a totally real field of degree n over Q. Write the Laurent
expansion of ζF (s) at s = 1 as

ζF (s) =
A−1

s− 1
+A0 +O(s− 1).
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Lemma 7.1. We have the Taylor expansion

ζF (s) = −
√
dFA−1

2n
sn−1 +

√
dF

2n
(A0 +A−1 log(dF )− nA−1{γ + log(2π)})sn +O(sn+1),

where γ is Euler’s constant.

Proof. From the functional equation ζ∗F (s) = ζ∗F (1− s), we have

ζF (s) = d
1
2
−s

F

(
ΓR(1− s)

ΓR(s)

)n
ζF (1− s),

where ΓR(s) := π−s/2Γ(s/2). Then the lemma follows by multiplying the Taylor expansions

d
1
2
−s

F =
√
dF −

√
dF log(dF )s+O(s2),(

ΓR(1− s)
ΓR(s)

)n
=

(
s

2
+

1

2
(γ + log(2π)) s2 +O(s3)

)n
=
sn

2n
+

n

2n
(γ + log(2π))sn+1 +O(sn+2),

and

ζF (1− s) = −A−1

s
+A0 +O(s).

�

From Lemma 7.1, we have

ζ
(n−1)
F (0)

(n− 1)!
= −
√
dFA−1

2n

and

ζ
(n)
F (0)

n!
=

√
dF

2n
(A0 +A−1 log(dF )− nA−1{γ + log(2π)}) ,

which gives

ζ
(n)
F (0)

ζ
(n−1)
F (0)

= −n
(
A0

A−1
+ log(dF )− nγ − n log(2π)

)
. (7.1)

Assume now that F is abelian. Then we have the factorization

ζF (s) = ζ(s)
∏
χ∈XF
χ 6=1

L(χ, s).

Substituting the Laurent expansions

ζ(s) =
1

s− 1
+ γ +O(s− 1)

and

L(χ, s) = L(χ, 1) + L′(χ, 1)(s− 1) +O((s− 1)2)

into this factorization yields

ζF (s) =

(
1

s− 1
+ γ +O(s− 1)

) ∏
χ∈XF
χ 6=1

(
L(χ, 1) + L′(χ, 1)(s− 1) +O((s− 1)2)

)
.
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Then expanding the right hand side and comparing coefficients yields

A−1 =
∏
χ∈XF
χ 6=1

L(χ, 1)

and

A0 = γ
∏
χ∈XF
χ 6=1

L(χ, 1) +

 ∏
χ∈XF
χ 6=1

L(χ, 1)

 ∑
χ∈XF
χ 6=1

L′(χ, 1)

L(χ, 1)
= γA−1 +A−1

∑
χ∈XF
χ 6=1

L′(χ, 1)

L(χ, 1)
.

It follows that

A0

A−1
= γ +

∑
χ∈XF
χ 6=1

L′(χ, 1)

L(χ, 1)
. (7.2)

Each of the characters χ ∈ XF is even, since [−1]N ∈ HF and

XF = {χ ∈ ̂(Z/NZ)× | χ|HF ≡ 1}.
Therefore, we must evaluate L′(χ, 1) for χ an even, primitive Dirichlet character. This problem
was solved by Deninger [D] in the following way. Let χ be an even, primitive Dirichlet character of
conductor cχ. Then the functional equation for the Dirichlet L–function is

L(χ, 1− s) =
2cs−1
χ Γ(s)

(2π)s
cos
(πs

2

)
τ(χ)L(χ, s),

where

τ(χ) :=

cχ∑
k=1

χ(k)ζkcχ , ζcχ := e2πi/cχ

is the Gauss sum of χ. A calculation with the functional equation yields

L′(χ, 1) =
2τ(χ)

cχ

((
γ − log

( cχ
2π

))
L′(χ, 0)− 1

2
L′′(χ, 0)

)
.

Because

L(χ, s) = c−sχ

cχ∑
k=1

χ(k)ζ

(
s,
k

cχ

)
,

to evaluate L′(χ, 0) and L′′(χ, 0), it suffices to evaluate the coefficients in the Taylor expansion

ζ(s, x) = ζ(0, x) + ζ ′(0, x)s+ ζ ′′(0, x)s2 +O(s3), x > 0.

Recall the logarithmic form of the Bohr-Mollerup theorem.

Theorem 7.2 (Bohr-Mollerup). Let f : R+ → R be a function such that

f(x+ 1)− f(x) = log(x),

f(1) = 0, and f(x) is convex on R+. Then f(x) = log(Γ(x)).

Deninger [D, Theorem 2.2] proved the following result.

Theorem 7.3 (Deninger). The function

fα(x) := (−1)α+1
(
∂αs ζ(0, x)− ζ(α)(0)

)
, x > 0, α = 0, 1, 2, . . .

is the unique function such that
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(1) fα(x+ 1)− fα(x) = logα(x)

(2) fα(1) = 0

(3) fα(x) is convex on (exp(α− 1),∞).

Let α = 1 in Theorem 7.3. Then f1(x) is convex on (1,∞) (hence convex on R+ by virtue of
(1)), so by the Bohr-Mollerup theorem, f1(x) = log(Γ(x)), or equivalently

ζ ′(0, x) = log

(
Γ(x)√

2π

)
,

where we used ζ ′(0) = −1
2 log(2π). This gives a conceptual proof of Lerch’s identity (6.3) (a

beautiful account of this approach to Lerch’s identity is given by Weil [W, Chapter VII]). Moreover,
using the limit

Γ(x) = lim
n→∞

n!nx

x(x+ 1) · · · (x+ n)
, x > 0

one has

log

(
Γ(x)√

2π

)
= lim

n→∞

(
ζ ′(0) + x log(n)− log(x)−

n−1∑
k=1

(log(x+ k)− log(k))

)
.

Next, let α = 2 in Theorem 7.3 and define R(x) := −ζ ′′(0, x). Then R(x) is the unique function
such that

(1′) R(x+ 1)−R(x) = log2(x), x > 0

(2′) R(1) = −ζ ′′(0)

(3′) R(x) is convex on (e,∞).

Moreover, by [D, Lemma 2.1, eqn. (2.1.2)] one has

R(x) = lim
n→∞

(
−ζ ′′(0) + x log2(n)− log2(x)−

n−1∑
k=1

(
log2(x+ k)− log2(k)

))
. (7.3)

These facts show that R(x) is analogous to log(Γ(x)/
√

2π) (see [D, Section 2] for more details
concerning this analogy).

Remark 7.4. Alternatively, one could define R(x) by the limit (7.3), then verify directly that R(x)
satisfies conditions (1′)–(3′). Then by uniqueness, one has the identity R(x) = −ζ ′′(0, x). This is
analogous to the conceptual proof of Lerch’s identity just described.

Using the preceding facts, Deninger [D, Section 3] established the formula

L′(χ, 1) = (γ + log(2π))L(χ, 1) +
τ(χ)

cχ

cχ∑
k=1

χ(k)R

(
k

cχ

)
. (7.4)

Substituting (7.4) into (7.2) yields

A0

A−1
= γ +

∑
χ∈XF
χ 6=1

{
(γ + log(2π)) +

τ(χ)

cχ

cχ∑
k=1

χ(k)

L(χ, 1)
R

(
k

cχ

)}
. (7.5)
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Since XF
∼= ĜN/HF

∼= GN/HF
∼= Gal(F/Q), we have #XF = [F : Q] = n. Then substituting

(7.5) into (7.1) and simplifying yields the formula

ζ
(n)
F (0)

ζ
(n−1)
F (0)

= −n

− log(2π) + log(dF ) +
∑
χ∈XF
χ 6=1

τ(χ)

cχ

cχ∑
k=1

χ(k)

L(χ, 1)
R

(
k

cχ

) . (7.6)

Proof of Theorem 1.1. By combining equations (5.4), (6.5) and (7.6), we obtain Theorem 1.1
after a short calculation with the conductor-discriminant formula

dL =
∏
χ∈XL

cχ, (7.7)

where dL denotes the absolute value of the discriminant of a number field L. �

8. The group of characters of a multiquadratic extension

In this section we determine the group of characters associated to a multiquadratic extension. Let
d1, . . . , dt be squarefree, pairwise relatively prime integers and define the multiquadratic extension
K = Q(

√
d1, . . . ,

√
dt). The absolute value of the discriminant of the quadratic subfield Q(

√
di) is

given by

Di =

{
|di| if di ≡ 1 (mod 4)

4|di| if di ≡ 2, 3 (mod 4).

One has Q(
√
di) ⊆ Q(ζDi), so by taking compositums we obtain

K = Q(
√
d1, . . . ,

√
dt) ⊆ Q(ζD1 , . . . , ζDt) ⊆ Q(ζD1···Dt) = Q(ζD)

where D := D1 · · ·Dt.
Recall that the group of characters associated to K is given by

XK = {χ ∈ ̂(Z/DZ)× | χ|HK ≡ 1},

where HK is the subgroup of GD := Gal(Q(ζD)/Q) which fixes K. Let m = de11 · · · d
et
t for

(0, . . . , 0) 6= (e1, . . . , et) ∈ {0, 1}t, and define the quadratic subfield

Q(
√
m) = Q(

√
de11 · · · d

et
t ) ⊂ K.

Let χ1 be the trivial character of (Z/DZ)×, and χ′m be the Dirichlet character of (Z/DZ)× induced
by the Kronecker symbol χm associated to the quadratic field Q(

√
m).

Proposition 8.1. The group of characters associated to K is given by

XK = {χ1} ∪
{
χ′m : m = de11 · · · d

et
t for (0, . . . , 0) 6= (e1, . . . , et) ∈ {0, 1}t

}
.

Proof. For notational convenience, let Gm := Gal(Q(
√
m)/Q), and let Hm := HQ(

√
m) be the

subgroup of GD which fixes Q(
√
m). Define the integers

M = Mm :=

{
|m| if m ≡ 1 (mod 4)

4|m| if m ≡ 2, 3 (mod 4).

Clearly, the primitive Dirichlet characters χm : (Z/MZ)× → {±1} induce 2`−1 Dirichlet characters
χ′m : (Z/DZ)× → {±1} by composing with the projections π : (Z/DZ)× → (Z/MZ)×. Thus to



24 ADRIAN BARQUERO-SANCHEZ AND RIAD MASRI

show χ′m ∈ XK , it suffices to show χ′m|HK ≡ 1. In fact, because HK ≤ Hm, it suffices to show
χ′m|Hm ≡ 1. We have the diagram

HK ≤ Hm ≤ GD (Z/DZ)×

GM (Z/MZ)×

Gm {±1}

sD

res π

χ′m

res

sM

χm

'

where res is the restriction map, and sD and sM are the canonical isomorphisms. We will prove
that

χ′m([sD(σ)]D) =
σ(
√
m)√
m

for all σ ∈ GD. (8.1)

Then (8.1) implies that χ′m|Hm ≡ 1, since

σ(
√
m)√
m

= 1 for all σ ∈ Hm.

That is, an automorphism σ ∈ Hm restricts to the identity in Gm. Because the following diagram
commutes (see [Ka, Proposition 5.14])

GM (Z/MZ)×

Gm {±1}

res

sM

χm

'

we have

χm([sM (σ)]M ) =
σ(
√
m)√
m

for σ ∈ GM .

Thus to prove (8.1), it suffices to show that

χ′m([sD(σ)]D) = χm([sM (res(σ))]M ) for σ ∈ GD.

Let σ ∈ GD. Then since χ′m = χm ◦π, we have χ′m([sD(σ)]D) = χm(π([sD(σ)]D)) = χm([sD(σ)]M ).
Thus it suffices to show [sD(σ)]M = [sM (res(σ))]M , or equivalently, sD(σ) ≡ sM (res(σ)) (mod M).

Since M |D, there is an integer k such that ζM = ζkD. Thus σ(ζM ) = σ(ζkD) = σ(ζD)k = ζ
ksD(σ)
D =

ζ
sD(σ)
M . On the other hand, σ(ζM ) = res(σ)(ζM ) = ζ

sM (res(σ))
M , thus sD(σ) ≡ sM (res(σ)) (mod M).

�

9. Proof of Theorem 1.4

In this section we prove Theorem 1.4. We first recall the setup in the theorem. Let d1, . . . , d`+1

be squarefree, pairwise relatively prime integers with di > 0 for i = 1, . . . , ` and d`+1 < 0, where
` = 1 or 2. Assume that F = Q(

√
d1, . . . ,

√
d`) has narrow class number 1, and let E = F (

√
d`+1).

Let χα (resp. χβ) be the Kronecker symbol associated to the quadratic field Q(
√
α) (resp. Q(

√
β)),

where α = de11 · · · d
e`
` d`+1 (resp. β = de11 · · · d

e`
` ) for (e1, . . . , e`) ∈ {0, 1}`. Now, the field F is totally
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real of degree n = 2` over Q, and E is a CM extension of F . We have F ⊂ E ⊂ Q(ζD) where
D = D1 · · ·D`+1 (see Section 8 for the notation). Then by Proposition 8.1,

XF = {χ1} ∪
{
χ′β ∈ ̂(Z/DZ)× : β = de11 · · · d

e`
` , (0, . . . , 0) 6= (e1, . . . , e`) ∈ {0, 1}`

}
and

XE = {χ1} ∪
{
χ′α ∈ ̂(Z/DZ)× : α = de11 · · · d

e`+1

`+1 , (0, . . . , 0) 6= (e1, . . . , e`+1) ∈ {0, 1}`+1
}
.

It follows that

XE \XF =
{
χ′α ∈ ̂(Z/DZ)× | α = de11 · · · d

e`
` d`+1, (e1, . . . , e`) ∈ {0, 1}`

}
.

Using the class number formulas

L(χα, 0) =
2hα
wα

and L(χβ, 1) =
2hβ log εβ√

cβ
,

along with the evaluation τ(χβ) =
√
cβ, we deduce Theorem 1.4 from Theorem 1.1. �

10. Proof of Theorem 1.6

In this section we prove Theorem 1.6, which amounts to using the assumptions in Theorem 1.6
to give an explicit version of the formula appearing in Theorem 1.4 for a particular choice of CM
point zOE . We first recall the setup in the theorem. Let p = 2 or p ≡ 1 mod 4 be a prime such
that F = Q(

√
p) has narrow class number 1. Let d < 0 be a squarefree integer relatively prime

to p such that E = Q(
√
p,
√
d) has class number 1. Let ∆p,∆d and ∆pd be the discriminants

of Q(
√
p),Q(

√
d) and Q(

√
pd), resp., and assume that ∆p and ∆d are relatively prime. The four

embeddings of E are given by

id :
√
p 7−→ √p,

√
d 7−→

√
d

σ :
√
p 7−→ −√p,

√
d 7−→

√
d

τ :
√
p 7−→ √p,

√
d 7−→ −

√
d

στ :
√
p 7−→ −√p,

√
d 7−→ −

√
d.

These embeddings occur in the complex conjugate pairs {id, τ} and {σ, στ}. Fix the choice of CM
type Φ = {id, σ}. We now determine a CM point of type (E,Φ) associated to the ideal class [OE ].
Define θp and θd by

θp :=


1 +
√
p

2
if p ≡ 1 (mod 4)

√
2 if p = 2

and θd :=

1 +
√
d

2
if d ≡ 1 (mod 4)

√
d if d ≡ 2, 3 (mod 4).

The integer rings OF = OQ(
√
p) and OQ(

√
d) have integral bases {1, θp} and {1, θd}, resp. Since

∆p and ∆d are relatively prime, and E = Q(
√
p,
√
d) is the compositum of Q(

√
p) and Q(

√
d),

it follows that OE has the integral basis {1, θp, θd, θpθd} and dE = ∆2
p∆

2
d (see [L2, Chapter 3,

Theorem 17]). Recall from Section 4 that to determine a CM point zOE of type (E,Φ) associated
to the ideal class [OE ], we need a decomposition OE = OFα + OFβ for some α, β ∈ OE with
β/α ∈ E× ∩H2 = {z ∈ E× : Φ(z) ∈ H2}. We have

OE = Z + θpZ + θdZ + θpθdZ = (Z + θpZ) + (Z + θpZ)θd = OF +OF θd.

Letting α = 1 and β = θd, we get a CM point zOE = β/α = θd, since Φ(θd) = (id(θd), σ(θd)) =
(θd, θd) ∈ H2. Then with our convention of identifying a CM point with its image under the CM
type Φ, we have

zOE = Φ(θd) =

{
(
√
d,
√
d), d ≡ 2, 3 (mod 4)(

1+
√
d

2 , 1+
√
d

2

)
, d ≡ 1 (mod 4).
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To determine the constant c1(E,F, 2), recall that dE = ∆2
p∆

2
d, dF = ∆p and hE = 1, thus

c1(E,F, 2) =

 ∆p

8π
√

∆2
p∆

2
d

 1
2

=
1

2
√

2π|∆d|
.

The groups of characters associated to the fields F and E are XF = {χ1, χp} and XE =

{χ1, χp, χd, χpd}, resp., so that XE \XF = {χd, χpd}. The character χp =
(

∆p

·

)
has conductor ∆p,

the character χd =
(

∆d
·

)
has conductor |∆d|, and the character χpd =

(
∆pd

·

)
has conductor |∆pd|.

The characters χp and χd generate XE . The following diagrams show the correspondence between
subfields and associated groups of characters:

E = Q(
√
p,
√
d)

F = Q(
√
p) Q(

√
d) Q(

√
pd)

Q

XE = 〈χp, χd〉

XF = 〈χp〉 〈χd〉 〈χpd〉

{χ1}

Since F = Q(
√
p) has narrow class number 1, we have hp = 1. Then recalling that εp denotes the

fundamental unit in F , the result follows by substituting the quantities determined in this section
into the identity in Theorem 1.4. �

11. Faltings Heights of CM Abelian Varieties

In this section we review Colmez’s conjecture and prove Theorem 1.7 and Proposition 1.8. We
first recall the definition of the Faltings height following [Col, p. 667, (II.2.12.1)]. Let E be a CM
extension of a totally real field F of degree n over Q. Let A be an abelian variety with complex
multiplication by E which is defined over Q. Let K ⊂ Q be a number field over which A is defined
and let ωA ∈ H0(A,Ωn

A) be a Néron differential. The Faltings height of A is defined by

hFal(A) := − 1

[K : Q]

 ∑
σ∈Hom(K,Q)

1

2
log

(∫
Aσ(C)

|ωσA ∧ ωσA|

)
−
∑
p<∞

∑
σ∈Hom(K,Q)

vp(ω
σ
A) log(p)

 ,

where vp(ω
σ
A) is a certain rational number defined using the p-adic valuation on Qp (see [Col, p.

659]).
Let Φ(E) be the set of CM types for E, and given a type Φ ∈ Φ(E), let AΦ be a CM abelian

variety of type (OE ,Φ) defined over Q. Colmez [Col, equation (3)] conjectured the following identity
for the average of the Faltings heights of the abelian varieties AΦ,

1

2n

∑
Φ∈Φ(E)

hFal(AΦ) = −1

2

{
L′(χE/F , 0)

L(χE/F , 0)
+

1

2
log(fχE/F ) + n log(2π)

}
, (11.1)

where fχE/F is the analytic Artin conductor of the quadratic character χE/F (here we have corrected

a minor typographical error in the statement of [Col, equation (3)]). When E/Q is abelian, Colmez
[Col, Théorème 5] proved the identity (11.1), up to addition by a possible rational multiple of
log(2). Obus [O] recently completed Colmez’s proof by eliminating this possible term.

We have the following result.
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Proposition 11.1. Let F/Q be a totally real field of degree n and E/F be a CM extension with
E/Q abelian. Given a CM type Φ ∈ Φ(E), let AΦ be a CM abelian variety of type (OE ,Φ) defined
over Q. Then

∏
Φ∈Φ(E)

exp(hFal(AΦ)) =

(2π)ndF
√

fχE/F

dE

−2n−1 ∏
χ∈XE\XF

cχ∏
k=1

Γ

(
k

cχ

)−2n−1χ(k)
L(χ,0)

.

Proof. From (11.1) and (6.5) we have

∑
Φ∈Φ(E)

hFal(AΦ) = −2n−1

log

(2π)ndF
√

fχE/F

dE

+
∑

χ∈XE\XF

cχ∑
k=1

χ(k)

L(χ, 0)
log Γ

(
k

cχ

) ,

where we used the conductor-discriminant formula (7.7) to write

−
∑

χ∈XE\XF

log(cχ) = log

(
dF
dE

)
.

The result follows by exponentiating. �

Proof of Proposition 1.8. This follows by combining Proposition 11.1 with an argument
similar to that in Section 9. �

Finally, we combine our results with (11.1) to prove Theorem 1.7, which evaluates the product
of CM values

∏
[a]H(za) in terms of Faltings heights. This provides a geometric interpretation of

the CM values by relating them to volumes of the complex manifolds AσΦ(C).

Proof of Theorem 1.7. From (11.1) we have

L′(χE/F , 0)

L(χE/F , 0)
= − 1

2n−1

∑
Φ∈Φ(E)

hFal(AΦ)− log
(

(2π)n
√

fχE/F

)
. (11.2)

On the other hand, by (5.4) and (7.6) we have

L′(χE/F , 0)

L(χE/F , 0)
=

2

hE

∑
[a]∈CL(E)

log(H(za))− log

( √
dE

2n+1πd2
F

)
−
∑
χ∈XF
χ 6=1

τ(χ)

cχ

cχ∑
k=1

χ(k)

L(χ, 1)
R

(
k

cχ

)
.

(11.3)

The result follows by equating (11.2) and (11.3), then exponentiating. �

12. Faltings heights and the Lang-Rohrlich conjecture

In this section we review the Koblitz-Ogus criterion and prove Theorem 1.10. Recall that the
Koblitz-Ogus criterion gives a sufficient condition for a product of gamma values at rational numbers
to be algebraic, modulo an explicit rational power of π. Let N be a positive integer and consider
the set 1

NZ. One can define an equivalence relation on 1
NZ by

a

N
∼ b

N
⇐⇒ a

N
− b

N
∈ Z.

Write the corresponding quotient space as

1

N
Z
/
∼ =

{[ a
N

]
: 0 ≤ a ≤ N − 1

}
.
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Let AN be the set of nonzero equivalence classes. The group UN = (Z/NZ)× acts on the set AN
by

ū ·
[ a
N

]
:=
[ua
N

]
, ū ∈ UN .

Given a function f : AN → C, define the function 〈f〉 : UN → C by

〈f〉(ū) :=
N−1∑
a=1

a

N
f
([ua
N

])
.

We can now state the Koblitz-Ogus criterion (see the Appendix to [De]).

Theorem 12.1 (Koblitz-Ogus). If f : AN → Q is a function such that 〈f〉 ≡ k ∈ Q is constant,
then

Γ(f) := π−k
N−1∏
a=1

Γ
( a
N

)f([ aN ])
∈ Q.

The converse of the Koblitz-Ogus theorem is the following conjecture of Lang and Rohrlich (see
e.g. [L, Appendix to Section 2, p. 66] and the introduction to [ABP]).

Conjecture 12.2 (Lang-Rohrlich). If f : AN → Q is a function such that 〈f〉 is not constant,
then

Γ(f) /∈ πkQ
for any k ∈ Q.

We may now prove Theorem 1.10.

Proof of Theorem 1.10. We first explain how to obtain an alternative version of the identity in
Proposition 1.8. Let χα be the Kronecker symbol associated to the quadratic subfield Q(

√
α), where

α = de11 · · · d
e`
` d`+1 for e = (e1, . . . , e`) ∈ {0, 1}`. From Section 8, we know that F ⊂ E ⊂ Q(ζD)

where D = D1 · · ·D`+1, and that each character χα induces a Dirichlet character χ′α modulo D.
We use the identity (6.7) (with N = D) instead of (6.5) in the proof of Proposition 11.1, then argue
as in the proof of Proposition 1.8 to obtain

∏
Φ∈Φ(E)

exp(hFal(AΦ)) =

(2π)2`
√
fχE/F

D2`

−22
`−1 ∏

e∈{0,1}`
α=d

e1
1 ···d

e`
` d`+1

D∏
a=1

Γ
( a
D

)−22
`−2χα(a)wα

hα .

Now, we have

∏
e∈{0,1}`

α=d
e1
1 ···d

e`
` d`+1

D∏
a=1

Γ
( a
D

)− 22
`−2χα(a)wα

hα =
D−1∏
a=1

Γ
( a
D

)−22
`−2

∑
e∈{0,1}`

α=d
e1
1 ···d

e`
` d`+1

χα(a)wα
hα

. (12.1)

Define a function f : AD → Q by

f
([ a
D

])
:= −22`−2

∑
e∈{0,1}`

α=d
e1
1 ···d

e`
` d`+1

χα(a)wα
hα

.
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Since χα is periodic modulo D, this function is well-defined. Write the product (12.1) as

Γ(f) :=

D−1∏
a=1

Γ
( a
D

)f([ aD ])
.

Then assuming the Lang-Rohrlich conjecture, to complete the proof it suffices to show that 〈f〉 :
UD → Q is not constant. We will do this by showing that 〈f〉(1̄) > 0 and 〈f〉(−1) < 0.

We calculate

〈f〉(ū) =
1

D

D−1∑
a=1

af
([ua
D

])
=
−22`−2

D

D−1∑
a=1

∑
e∈{0,1}`

α=d
e1
1 ···d

e`
` d`+1

aχα(u)χα(a)wα
hα

=
−22`−2

D

∑
e∈{0,1}`

α=d
e1
1 ···d

e`
` d`+1

χα(u)wα
hα

SD,α,

where

SD,α :=

D−1∑
a=1

aχα(a).

We now show that SD,α < 0 for each α. The absolute value of the discriminant of Q(
√
α) is given

by

Mα =

{
|α| if α ≡ 1 (mod 4)

4|α| if α ≡ 2, 3 (mod 4).

By the Dirichlet class number formula, we have

hα = − wα
2Mα

Mα∑
a=1

aχα(a).

Since Mα|D, we may write D = bαMα for some integer bα ≥ 1. Then using the decomposition

[1, D] =

bα−1⋃
j=0

[jMα + 1, (j + 1)Mα],

we get

SD,α =
D−1∑
a=1

aχα(a) =
D∑
a=1

aχα(a) =

bα−1∑
j=0

(j+1)Mα∑
a=jMα+1

aχα(a),

where we used that χα is a Dirichlet character modulo Mα. The orthogonality relations for group
characters yield

(j+1)Mα∑
a=jMα+1

aχα(a) =

Mα∑
a=1

(a+ jMα)χα(a+ jMα) =

Mα∑
a=1

(a+ jMα)χα(a) =

Mα∑
a=1

aχα(a).

Therefore, we get

SD,α = bα

Mα∑
a=1

aχα(a) = −2hα(bαMα)

wα
= −2hαD

wα
< 0.
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Finally, we have

〈f〉(1̄) = −22`−2

D

∑
e∈{0,1}`

α=d
e1
1 ···d

e`
` d`+1

wα
hα
SD,α > 0,

and since the characters χα are odd, we have χα(−1) = −1, so that

〈f〉(−1) =
22`−2

D

∑
e∈{0,1}`

α=d
e1
1 ···d

e`
` d`+1

wα
hα
SD,α < 0.

We conclude that 〈f〉 : UD → Q is not constant. �
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[F] A. Fröhlich, Central extensions, Galois groups, and ideal class groups of number fields. Contemporary Mathemat-
ics, 24. American Mathematical Society, Providence, RI, 1983. viii+86 pp.

[G] B. H. Gross, Arithmetic on elliptic curves with complex multiplication. With an appendix by B. Mazur. Lecture
Notes in Mathematics, 776. Springer, Berlin, 1980. iii+95 pp.

[GZ] B. H. Gross and D. B. Zagier, On singular moduli. J. Reine Angew. Math. 355 (1985), 191–220.
[Ka] K. Kato, N. Kurokawa, T. Saito, Number theory. 2. Introduction to class field theory. Translated from the
1998 Japanese original by Masato Kuwata and Katsumi Nomizu. Translations of Mathematical Monographs, 240.
Iwanami Series in Modern Mathematics. American Mathematical Society, Providence, RI, 2011. viii+240 pp.

[L] S. Lang, Cyclotomic Fields I and II. Graduate Texts in Mathematics 121, Springer- Verlag, New York 1990.
[L2] S. Lang, Algebraic number theory. Second edition. Graduate Texts in Mathematics, 110. Springer-Verlag, New
York, 1994. xiv+357 pp.

[Le] M. Lerch, Sur quelques formules relatives au nombre des classes. Bull. d. sci. math. (2) 21 (1897), 302–303.
[M] R. Masri, CM cycles and nonvanishing of class group L–functions. Math. Res. Lett. 17 (2010), 749–760.



THE CHOWLA-SELBERG FORMULA FOR ABELIAN CM FIELDS AND FALTINGS HEIGHTS 31

[Mo] C. J. Moreno, The Chowla-Selberg formula. J. Number Theory 17 (1983), 226–245.
[Mou] A. Mouhib, On the parity of the class number of multiquadratic number fields. J. Number Theory 129 (2009),
1205–1211.

[O] A. Obus, On Colmez’s product formula for periods of CM-abelian varieties. Math. Ann. 356 (2013), 401–418.
[Sh1] T. Shintani, On values at s=1 of certain L functions of totally real algebraic number fields. Algebraic num-
ber theory (Kyoto Internat. Sympos., Res. Inst. Math. Sci., Univ. Kyoto, Kyoto, 1976), pp. 201–212. Japan Soc.
Promotion Sci., Tokyo, 1977.

[Sh2] T. Shintani, On evaluation of zeta functions of totally real algebraic number fields at non-positive integers. J.
Fac. Sci. Univ. Tokyo Sect. IA Math. 23 (1976), 393–417.

[S] C. L. Siegel, Lectures on advanced analytic number theory . Notes by S. Raghavan. Tata Institute of Fundamental
Research Lectures on Mathematics, No. 23 Tata Institute of Fundamental Research, Bombay 1965 iii+331+iii pp.

[Si] J. H. Silverman, Heights and elliptic curves. Arithmetic geometry (Storrs, Conn., 1984), 253–265, Springer, New
York, 1986.

[vG] G. van der Geer, Hilbert modular surfaces. Ergebnisse der Mathematik und ihrer Grenzgebiete (3) [Results in
Mathematics and Related Areas (3)], 16. Springer-Verlag, Berlin, 1988. x+291 pp.

[W] A. Weil, Elliptic functions according to Eisenstein and Kronecker. Ergebnisse der Mathematik und ihrer Gren-
zgebiete, Band 88. Springer-Verlag, Berlin-New York, 1976. ii+93 pp.

[Ya] T. H. Yang, An arithmetic intersection formula on Hilbert modular surfaces. Amer. J. Math. 132 (2010), 1275–
1309.

[Ya2] T. H. Yang, The Chowla-Selberg formula and the Colmez conjecture. Canad. J. Math. 62 (2010), 456–472.
[Ya3] T. H. Yang, Arithmetic intersection on a Hilbert modular surface and the Faltings height. Asian J. Math. 17
(2013), 335–381.

[Y] H. Yoshida, On absolute CM-periods. Automorphic forms, automorphic representations, and arithmetic (Fort
Worth, TX, 1996), 221–278, Proc. Sympos. Pure Math., 66, Part 1, Amer. Math. Soc., Providence, RI, 1999.

[Z] D. Zagier, Elliptic modular forms and their applications. The 1-2-3 of modular forms, 1–103, Universitext,
Springer, Berlin, 2008.

Department of Mathematics, Mailstop 3368, Texas A&M University, College Station, TX 77843-
3368

E-mail address: adrianbs11@math.tamu.edu

E-mail address: masri@math.tamu.edu


