STARK UNITS AND SPECIAL GAMMA VALUES
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ABSTRACT. In this paper we develop an effective procedure for expressing Stark units in real
quadratic extensions of totally real fields as values of the Barnes multiple Gamma function
at algebraic points. This procedure is used to explicitly generate non-abelian extensions of
Q by special Gamma values. As a main component of our work, we develop an algorithm
to compute Shintani sets in all dimensions.

1. INTRODUCTION

1.1. Overview. It is a fundamental problem in number theory to explicitly generate number
fields by values of transcendental functions at algebraic points. To give a basic example of
this, we recall how a real quadratic field can be generated over QQ by values of Euler’s Gamma
function

['(2) :/ t*“le7tdt, Re(z) >0
0

at rational numbers.

Let K be a real quadratic field of discriminant D > 0. Let xp(n) = (D/n) be the
Kronecker symbol and L(xp, s) be the Dirichlet L—function of xp. Further, let (D) be the
class number and ep > 1 be the fundamental unit. Then the Dirichlet class number formula
states that

h(D
2(x0.0) = "2 1og(ep). (1)
Now, the Hurwitz zeta function is defined by
=~ 1
((s,2) = nZ:O CE Re(s) > 1, Re(z) > 0.

It has a meromorphic continuation in s to the complex plane C with only a simple pole at
s = 1. We have the decomposition

L(xp,s) = D™ Y xp(k)((s,k/D). (1.2)

Moreover, Lerch [10] evaluated the second term in the Taylor expansion of ((s,z) at s =0

. (1), "

0
C/(()? Z) - %C(‘S? Z)

Differentiating (1.2) and substituting (1.3) yields

L' (xp,0) = = 0B(D)L(xp:0) + 3 xo (k) o (-2 ).
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Since xp is even, the functional equation implies that L(yp,0) = 0. Then using the orthog-
onality relations we get

(X, 0 ZXD )log(T(k/D)). (1.4)

Finally, by combining (1.1) and (1.4) we obtain the following identity for the fundamental
unit:
D
H F<k/D)2XD(k)/h(D)_ (1.5)
k=1
(k,D)=1

Since K/Q is quadratic, we have K = Q(ep) and thus K is generated over Q by products
of special Gamma values.

Example 1.1. The identity (1.5) can be illustrated as follows. Let K = Q(+/5). Then the
fundamental unit 5 equals the golden ratio

1++5
2 )

and a short calculation yields the elegant identity
1++v5  T(1/5)I (4/5)
2 T(2/5)T(3/5)

€y =

In particular,

k- (LUDLWD),

/5
['(2/5)T(3/5)

The primary objective of this paper is to extend the identity (1.5) to Stark units in
certain real quadratic extensions of totally real fields and to develop an effective procedure
for computing both sides of this identity. The quadratic extensions K/F we will consider
are determined by the following condition.

Condition 1.2. Assume that (K, F') is a pair of number fields such that:

e F' is a totally real number field of degree n over Q with real embeddings o; =
idF, 02,...,0p.

e K = F(v/A) is a quadratic extension of F' such that o;(A) > 0 and 0;(A) < 0 for
i =2,...,n. In other words, K has signature sig(K) = (2,n — 1).

Assume that (K, F') is a pair of number fields satisfying Condition 1.2.

Let xx/r be the quadratic Hecke character of conductor g, associated to K /F by class
field theory where D/ p is the relative discriminant of K/F. Let L(xx/r,s) be the Hecke
L-function of xx/p. Let h(K) be the class number of K and h(F) be the class number of
F.

Write Gal(K/F') = (o) where o is the embedding of K defined by

o VA — —VA.
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Let O be the ring of integers of F' and O be the group of units of F'. Define
. {1, if A € OF(F*)?

0, otherwise,
where OF(F*)? is the set units in F* which can be expressed as the product of a unit in
Of and a square in (F*)?. Choose any unit € € OF satisfying [Ox : (OF, €)] = 2% (see e.g.
Proposition 3.1). Then the Stark unit cx/ps in K is defined by

-1
€ €
= — |, |—= 1.
€K/F,S max{ 0‘(6) , 0’(6) } >
In [14, Theorem 2], Stark proved that

h(K

L'(xk/F,0) = 2”_2_”% log(ek/r,s)- (1.6)
In particular,

h(F

EK/F,S = €XP (22%_”%1/()(1{/% 0)) - (1.7)

The formula (1.6) is a generalization of the Dirichlet class number formula (1.1).

Remark 1.3. In analogy with cyclotomic fields and their maximal totally real subfields,
Stark [14] proved that K and I are generated over Q by ex/p s and ex/ps + S;{l/ .0 Tespec-
tively. Stark also remarked that the same holds for any nonzero integral power of ex/p g,
that is, for all nonzero integers ¢ € Z we have

K = Q(eﬁ/ﬂs) and F = @(6%/};75 +€I_{Z/F,S)' (1.8)
By (1.6) we have

ek/rs = exp (L' (xx/r,0))

where o := 2""27Yh(K)/h(F). Since the relative class number h(K)/h(F) is an integer (see
e.g. [17, Proposition 4.11]), if n > 3 then « is a nonzero integer. Hence it follows from (1.8)
that if n > 3, then

K = Q(exp (L' (xx/r,0))).

Starting with the identity (1.7), we need an algorithm to compute the Stark unit ex/p g
and an n-dimensional generalization of Lerch’s identity (1.4) for L'(xx/r,0) in which all
quantities involved can be effectively computed. We will develop an algorithm to compute
the Stark unit ex,pg. Now, Shintani [12] gave an effective generalization of Lerch’s identity
in dimension 2. He also [13] gave similar (but much more complicated) identities in dimension
n > 3, however, the quantities appearing in these identities are not effectively computable.
Roughly speaking, Shintani’s argument relies on the existence of a fundamental domain for
the action of the group of totally positive units of F' on RZ consisting of polyhedral cones of
varying dimensions, but there is no effective way to construct these cones. Diaz y Diaz and
Friedman [5], and Charollois, Dasgupta, and Greenberg [4] independently (and by different
methods) constructed a “signed” fundamental domain for this group action which is effective.
By building on the works [13, 5, 4], we will give an effective generalization of (1.5). We will
then develop an algorithm to compute the algebraic points at which the Barnes multiple
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Gamma function is evaluated in this identity. These sets of algebraic points, which we call
Shintani sets, have a rich structure which we investigate extensively. In particular, we will
show that there is a strong connection between the combinatorial geometry of these sets and
the algebraicity of special Gamma values.

1.2. The Barnes multiple Gamma function. In this section we define the Barnes mul-
tiple Gamma function [1, 2] and summarize some of its basic properties.

To motivate the definition of the Barnes multiple Gamma function, consider the identity
(1.3). We can reverse things and view (1.3) as defining Euler’'s Gamma function,

S_O). (1.9)

Since I'(z) has a simple pole at z = 0 with residue 1, (1.9) shows that

s:O)
has a simple pole at z = 0 with residue 1/v/27.
To define the Barnes multiple Gamma function, we require an n-dimensional generalization
of the Hurwitz zeta function defined by

[(2) = Vo exp (gas, )

0
exp (@C(S’ z)

1
n(s, 2z, W) = ,  Re(s) >n, Re(z) >0
G ) Z (z + rwy + rows + ... + rpwy,)* (5) (2)
(r1,r2,.mn)€ZY
for w = (wy,ws,...,w,) € RZ%,. This function has a meromorphic continuation in s to
the complex plane C with simple poles at s = 1,...,n. In particular, since (,(s, z, w) is
holomorphic at s = 0, the function
) (1.10)
s=0

is defined for Re(z) > 0.

The function (1.10) has a meromorphic continuation in z to the whole complex plane

with a simple pole at z = 0. Let p,(w)~! denote the residue of (1.10) at 2 = 0. Then the
n-dimensional Barnes multiple Gamma function is defined by
s:O) .

Observe that when n = 1 and w = (1) € R., the identity (1.9) shows that I'1(z, (1)) =
['(z). Hence, Euler’s Gamma function is a special case of the Barnes multiple Gamma
function.

0
exp <$Cn(5, Z, W)

Loz, W) = pu(W) exp (%w, 2 w)

1.3. Shintani sets. In this section we define the special sets of algebraic points at which
the Barnes multiple Gamma function will be evaluated in the identity for the Stark unit
ek/r,s- The following discussion is adapted from the setup in [5].

Let O3 denote the group of totally positive units of F. Since F has signature (n,0),
Dirichlet’s unit theorem implies that both O} and O7" have rank n — 1. Fix a choice of
generators ey, ..., €, 1 of Op™.
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Let ¢ : F < R"™ be the embedding of F' in R™ given by t(z) := (01(x),...,0n.(x)) € R for
any x € F'. For each 1 < i < n and any permutation 7 € S,,_1, define the totally positive
unit

@
|
—

fr,i =€ ()€r(2) T Er(i-1) = €r(y) € O;’+. (1.11)
J

Il
—

Note that for ¢ = 1 this gives the empty product, so f;1 = 1.
For any 7 € S,,_1, define the weight

(=1)""'sgn(r) - sign(det(i(fr,)))
sign(det(log|oi(e;)1))
Note that w, # 0 if and only if det(o;(f;;)) # 0. Thus w, # 0 if and only if the vectors

u(fr;) € RY, for j =1,...,n form a basis for R". In particular, if w, # 0, then we can write
the n-th standard basis vector in R" as

en = (0,0,...,1) = ciu(fr)
i=1

e {0,+1}.

Wy 1=

for some unique real numbers ¢; € R. Define the following intervals in terms of the sign of
Ci,
" 1(0,1]  otherwise.

Similarly, observe that if w, # 0, then the algebraic numbers {f;;}1, form a Q-basis
for F'. In particular, given a nonzero integral ideal §f of F, every element z € f~! can be
expressed as a linear combination of the form

n
Z = § tz,T,ifT,i
i=1
for some unique rational numbers ¢, ,; € Q. Let

tz,‘r = (tz,ﬂ',l: ce 7tZ,T,n) € Qn

be the coordinate vector of z with respect to the Q-basis { f;;}7;.
For 7 € S,,_; such that w, # 0 and for § a nonzero integral ideal of F', we define the
Shintani set associated to f by

RT(f) = RT(fa €1y -y En—l) = {Z € f_l ‘ tz,T € I’T,l X X IT,TL} .
Similarly, we define the restricted Shintani set associated to § by
%(f) = %(f, €lyenvy€n_1) i= {z eft ’ t.r €11 XX I, f(z) coprime to f} )
The Shintani set R7(f) is finite, and embeds via ¢ as a subset of the F-rational cone
Ch=Chler,. .. en) = {z €R" |z = tu(frs), t: >0} CRL,
i=1
Finally, we define the set of boundary points in the Shintani set by
IR’ (f) := {z € R"(f)| at least one entry of t., is 0 or 1}
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and the set of interior points in the Shintani set by
int (R7(f)) := R"(f) \ OR" ().
1.4. Identities for Stark units. Let
A = (a;5) € M,(Rsy)

be an n X n matrix with positive real entries. Then for any vector h = (hy,..., h,) € VA
and any pair of integers j,¢ € Z with 1 < 5, ¢ < n and j # {, define the constants

1/ n n B du
ChJ,g(A) = /O (H(ajt + aétu>ht_1 _ a?; 1) ;

t=1 t=1

and

Define the matrix
AT = (04(fr;)) € Ma(Rsg), T € Sps
and let
AZ— = (Ui(fT,l)a s 70-1'(.](‘7',”))

denote the i-th row of A™. Let Bi(z) € Q[z]| denote the k-th Bernoulli polynomial. Then
define the constant C’(K/F) =C(K/F;e1,...,€q-1) by

ciwm =LY Y e Y a2

TESn-1 2€0R™ (D, ) h=(§,l...,zn)ezgo i=1
i=1 ="
where
wrX/P(Di/r(2))R(F)
ck/pr(2) 1= 22K (1.13)

Remark 1.4. In Proposition 7.2 we show that the constants Cy(A™) appearing in (1.12)
can be explicitly evaluated when the degree [F': Q] = n is prime.

Finally, we define the product I'x/r,, of special Gamma values

I‘K/Rn:]-_‘K/F,n(ela”-»En 1) ‘= H H HF ZT,AT AZ—)CK/F’T(z) (]_]_4)

TS)S"O 1 ZGRT(QK/F)

where ( , ) denotes the standard inner product on R"™.

Theorem 1.5. Let (K, F) be a pair of number fields satisfying Condition 1.2 and assume
that D g/ is principal with a totally positive generator. Then the Stark unit ek s is given

by
ex/rs = exp (C(K/F)) - Tg/pn, (1.15)
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where C(K/F) is defined by (1.12) and Tk r, is defined by (1.14). Furthermore, z’f@ﬁ;(@;{/p) =
g, then

ex/rs = Uk/pn
and we have I'g/py, € Q and K = QT k/pn)-

1.5. An example. In this section we give an example which illustrates the type of explicit
identities for Stark units in terms of special Gamma values that the procedure developed in
this paper can yield (see Section 2 for the proof). In particular, this gives the first identity
of this type for a pair of number fields (K, F') satisfying Condition 1.2 with [K : Q] > 6.
Identities of this type for [K : Q] = 4 were given by Shintani in [12].

Let I's denote the Barnes triple Gamma function (see Section 1.2) and let {z} = 2 — [z]
denote the fractional part of x € R.

Theorem 1.6. (1) Let r be the root of the irreducible polynomial p(X) = X3 — X? —2X +1
which is approzimately equal to —1.2469.... Let F = Q(r) and K = F(v/A) where A :=
r? —2r —3 > 0. Then (K, F) is a pair of number fields satisfying Condition 1.2 where F is
a totally real abelian cubic field with discriminant dp = 49 and narrow class number 1.

(2) The Stark unit ek p,s is the root of the monic irreducible polynomial

X0 —2X%+2X* - 3X?+2X* - 2X +1 (1.16)
which is approximately equal to 1.6355....
(3) We have
ex/ps = Uk/ps = I‘}(/F,B ’ F%(/Fﬁ : F?(/F,?; : F%{/F,s,
where
3 13 c1(m)
29 1 3m — 2 2
Ti/ps = H H ['s ({3—(3”” 2)} + 3% { 39 }@, (1, 04, s >
o
3 13 3 — 9 9 e
I‘%(/F,B = H H I's ({ 39 } + gai { 3m - 2 }6@7 1 auﬁz )
3012 m
Tx/r3 3:HHF3 ({1—3}+Oéz‘+{ }517 (1 au@)
i=1 m=1
3012 m 9
Uy/ps = H I's ({1—3} + {1—3m} Bi, (1 %ﬁﬂ)
=1 m=1
with
—r?4r+3, i=1 (r+41)%, i=1 r? i=1
a; = —r+2, i=2 Bi= =3 +r+8, i=2 =LK -2r24r4+5 i=2

r2, i=3 2r2 —3r+1, i= (r—1)% i=3
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and

er(m) = I, me{l,24,6,89} ea(m) = 1, me{l,3,4,9,10,12}
W 21 me{3,7,10,11,12,13F 0 2T 1 =1, me {2,5,6,7,8,11}.

(4) We have T'/p3 € Q and K = QT k/r3)-

Remark 1.7. Part (2) of Theorem 1.6 highlights the fact that any Stark unit lying over a
totally real base field F' with [F': Q] > 2 satisfies a monic palindromic polynomial in Z[X].
Also, the only other real root of (1.16) is 5;{} rg» and the four non-real roots of (1.16) all

have absolute value equal to 1. See [15, p. 74].

Remark 1.8. In [18], Yamamoto expressed every Stark unit lying over a totally real field
as a finite product of special values of the multiple sine function.

1.6. Generating non-abelian extensions of Q by special Gamma values. Given a
pair of number fields (K, F') satisfying Condition 1.2 where D/ is principal with a totally
positive generator, it would be very desirable to know whether the extension K/Q can always
be generated by special Gamma values. As we have seen in Theorem 1.5, this is true if the set
of boundary points is empty (which forces the constant C'(K/F) to vanish). An important

feature of our work is an algorithm to compute the restricted Shintani set R (D g,r), which
in turn allows us to compute the constant C(K/F'). Based on our computation of C(K/F)
for many pairs (K, F'), we believe there is always a choice of generators €y, ..., €,_1 of (9;5’+
such that C(K/F) = 0. If true, then it is always possible to generate K/Q by special
Gamma values. We observe this theoretically in the proof of Theorem 1.6. In particular, for
the pair (K, F') in that example we construct a choice of generators €, €5 of O;’+ such that
OR™(Dk/r) # @ for all T € Sy, but C(K/F) =0 (see e.g. Proposition 2.1).

In Table 1 we display a few pairs of number fields (K, F') satisfying Condition 1.2 with
F = Q(r) cubic of narrow class number 1 and a corresponding choice of generators €;, €5 of
Oy such that C(K/F) = 0.

F r A dp dx €1 €2
23— 2% —2r+1| 1.8019... 4r — 3 49 | 98441 (r+1)? r(r+1)
23— 2% —2x+ 1| —1.2470... —4r —3 49 | 232897 (r+1)? r(r+1)
¥ —3x—1 | —0.3473... | =3r* +2r +5| 81 | 242757 | 2r* —3r — 1| —r+2
w3 —a? —2x+1|—-1.2470... | r*—4r—4 49271313 (r—1)? |r(r+1)
2 —3r —1 —1.5321... —4r — 3 81 347733 |22 —3r — 1| —r+2
23— 3z —1 1.8794... r2+2r—3 [ 81373977 |2r2 —3r —1| —r+2
23 —2?—2x+1| 1.8019... 5r — 12 49 | 472977 | (r—1)2 |r(r+1)

TABLE 1. List of pairs (K, F') satisfying Condition 1.2 with C(K/F) = 0.

1.7. The combinatorial geometry of Shintani sets. Theorem 1.5 and Section 1.6 re-
flect the strong connection between the combinatorial geometry of Shintani sets and the
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algebraicity of special Gamma values. Accordingly, one of our objectives is to undertake an
extensive study of these sets.

We first explain how the algebraic numbers in the restricted Shintani sets 73;(33 k/F) wWhich
determine the special Gamma values I'g/p,, in Theorem 1.5 are analogous to the rational
numbers

}%::{ﬁeiz‘ 1< k<D, ged(k D):l}
D D - ’
at which Euler’s Gamma function is evaluated in (1.5). This analogy can be understood
from the following group-theoretic perspective. The set of rational numbers defined by

k 1
=< — — < k<
Rp {DGDZ’I_IC_D}

is a complete set of coset representatives for the quotient group

1
—7 | Z
D /
inside the standard fundamental domain (0, 1] for the group R/Z. Similarly, in Proposition

4.1 we will show that the Shintani set R7(Dg/r) is a complete set of coset representatives
for the quotient group

G (9;{/F K/F @Zf‘rz

whose images under the embedding ¢ : F' < R" lie 1n81de the standard fundamental paral-
lelotope

PL = Pp(er, ... €p-1) i= {x e R"

r = ZtiL(f‘r,i)a tl € R, tl € [Tvi} C O};

=1

for the group

UG-(Dy)p)) = @Z (fri) -

Here we recall that the algebraic numbers f,; are the totally positive units in F' defined by
(1.11). After removing from the Shintani set R™(Dx/r) the numbers z for which

Xk/F(Dp/r(z) =0

by enforcing the condition that © g /p(2) be coprime to Dk, p, we see that %(@K/F) is

analogous to E];.
Now, observe that the size of the set Rp can be expressed geometrically as a ratio of
volumes,

vol(R/Z) ~ vol((0,1])
vol(Z) P(D) = Vdg

where ¢ is the Euler totient function.
We will prove the following generalization of (1.17) for the size of the restricted Shintani
set.

#Rp = o(D) (1.17)
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Theorem 1.9. Assume that D g/ is principal. Then

VOI(L(GT(:DI_(I/F)) vol(Pf) _ | det(AT)|

#%(QK/F) = VOl(L(OF)) 90( K/F> = \/% SO(QK/F) W@(gK/F)a
where
1
¢(Dk/r) = Nr/o(Dk/r) - H <1 - m)

PI® K/
is the generalized Euler totient function for number fields.

We will also prove the following orthogonality relations for ray class characters with respect
to Shintani sets. This result will be used in the proof of Theorem 1.5.

Theorem 1.10. Assume that D/ is principal and generated by a totally positive element
in F'. Let x be a narrow ray class character modulo ® g p. Then for any T € S,_1, we have

> 0, if X # 1,
X(Dxyr(z)) = q [det(AT)| |
A —F—p(® , ifx=1.
ZERT(QK/F) \/@ 90( K/F) fX
The proofs of Theorems 1.9 and 1.10 involve a blend of algebraic number theory and
discrete geometry. Roughly speaking, we first define a binary operation on R™(® k) which

makes the Shintani set into a finite abelian group. We then use this group structure to prove
that

#RT(Drr) = #(L(Pp) NZ")p(Dk/r),
where L is a certain linear transformation on R"™. Now, a remarkable theorem of Ehrhart
(see e.g. [3]) asserts that the number of lattice points in the ¢-dilation of an n-polytope P is
a polynomial
E(P,t) == #(tPNZ") = cot™ + cp1t" ' + -+ ¢y € Q[t]
of degree n with rational coefficients whose leading coefficient ¢, is given by
¢, = vol(P).
This polynomial is called the Ehrhart polynomial of P. In particular, the Ehrhart polynomial
of the n-parallelotope L(P}.) takes the form
E(L(PE),t) = vol(L(PE)" + dpyit" ™' + -+ -+ dy
for some rational numbers d; with i = 0,...,n — 1. On the other hand, we will make crucial
use of the structure of L(Pf) to prove that
E(L(Pg),t) = #(L(Pgp) N Z")t".
Hence, by comparing leading coefficients we will conclude that
vol(Pf)
Vidp

Remark 1.11. We emphasize that for computational purposes it is important to have a
formula for the size of the Shintani set. For example, since K/Q is non-abelian for n > 2,
the number of elements in the Shintani set will usually be very large. Our formula can be
used to choose K so as to control the size the corresponding Shintani set and thus make the
computations of examples like Theorem 1.6 more manageable.

#(L(Pp) NZ") = vol(L(Pr)) =
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2. PROOF OF THEOREM 1.6

All computations in this section were performed using SageMath [16].
Consider the irreducible polynomial

p(X)=X®— X2 —2X + 1€ Z[X].

The polynomial p(X) has three real roots. We choose the root r which is approximately
equal to —1.2469.... Then F' = Q(r) is a totally real cubic field with narrow class number 1.
Label the three real embeddings of F' by o1 = idp, 09, 03.

Next, define

A:=7r>—92r—3.

Then K := F(v/A) is a sextic number field such that o1(A) > 0 and o;(A) < 0 for i = 2, 3.
In particular, the pair of number fields (K, F') satisfies Condition 1.2.
By Theorem 1.5, we have

ex/rs = exp(C(K/F)) - Tk/r3.

Our objective is to explicitly compute both sides of this identity.

In Section 3 we develop an algorithm to compute the Stark unit ex/pg (see Algorithm
1). Applying this algorithm to the pair (K, F'), we find that ex/p g is the root of the monic
irreducible polynomial

X0 —2X% +2X4 —3X34+2X%2 -2X +1

which is approximately equal to 1.6355....

Next, for a particular choice of generators e;, e, of O5", we will prove that C(K/F) = 0
and compute I'g/p 3.

We have A ¢ OF(F*)?, and thus v = 0.

The class numbers of the two fields are h(K) = h(F) = 1, the discriminants are d = 31213
and dp = 49, the relative discriminant D/ p = <27’2 — 2r 4 1) is a prime ideal in Of lying
over 13 of norm 13, and ¢(D/r) = 12. Note that the generator 2r* — 2r + 1 of the ideal
Dk r is totally positive. Furthermore, we know that K is a ray class field since the narrow
ray class group modulo D Fp&)pg)pg) is a group of order 2, where p((f.) is the infinite prime
of F' corresponding to the embedding o;.

A set of generators for the group of totally positive units of F' is given by

OF T 2 (—r? 47 4+3) x (P +7) = {e1) x {ea).
Using the generators €1, €5, we compute the weight w, for 7 € Sy = {id, (12)} as
Wiq = w(12) = 1.
From the preceding data, we find that the constant (1.13) is given by

) = Xixyr(Orgyr(z)
. .

CK/F,T(Z
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Next, using the generators €y, €2, we compute the matrices

) 1 €1 €1€2 1 —7‘2 +r 4+ 3 (T’ + 1)2
AC:= |1 oa(er) oa(erer) | = |1 —-r+2  =3rf+r+8],

1 o3(e1) o3(eren) 1 r? 2r2 —3r+1
and

1 e €162 1 r?4r (r+1)?

AT = 1 oa(€2) oa(e1€2) | = | 1 224+ r+5 =3r2+1r+38

1 o3(e2) o3(€1€2) 1 (r—1)2 2 —3r+1

We have

det(A) =21 and det(A1?) = —7.
Then by Theorem 1.9, the sizes of the restricted Shintani sets are given by

— |det(AY)] 21
id = - — — . —
#RY(Dk/r) NG P(Oryp) = — - 12=36
and
—— det(A(12))| 7
) _ [det(AT)] T

In Section 5 we develop an algorithm to compute the restricted Shintani set (see Algorithm
2). Applying this algorithm to the field F', the fractional ideal ® g/p, the permutation 7 = id,
and the generators €1, €5 yields

int (Rid(i)K/F)> ={z=tra1-1+tia2 €1 +tia3 €162 | tsia € Qia}

and
6735(@1(/1?) ={z=t.ia1-14+tiia2 €1 +1ta3 €16 | tria € 0Qia},
where
(
3% B Gon) Grw Ghin 65
O | 3% @HH) H3e &3 Gihe G50
id - —
3w Gy Gk Grn) 6% G
 Go55) Gosom) G530 Go5om) Goo3om) (o 5o39)
and
20, (L) (5 bw (3LhB) (HLhs) (BLhs) (B L)
id =

—~
s~
\‘P—‘
T L
wl»—'
~—
—~
Gl
\t—‘
&l
~—
—~
el
\‘i—‘
sl
~—
—~
olo0
\‘P—‘
=
~—
—~
T L
col»—'
\’P—‘
Goloo
~—
—~
@l
“P—‘
el
~—
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Similarly, for the permutation 7 = (12) we compute

—_~— —_~—

RO (D p) = ORUD (D yp)
={z=t a2 L+t 92 €+t a3 ac|t.q2 € 0Quy},

where
50 (130 0. 13) (5.0, 53) (53 0. 53) (5.0, 55) (55 0. 53) (50, 13)
(12) - =
(13 0:13) (%:0.%) (55:0.53) (50, 55) (530 53) (530, 5)

Proposition 2.1. We have C(K/F) = 0.
Proof. Using (1.12) and (2.1) we can write

1

C(K/F) = 5 (Sia + Sa2) ,

where the finite sums Siq and S(19) are defined by
Sid 1= Z Z X/ (D ke (2))Cn( )H Y
Zeaﬁiﬁ(@mm h=(h1,h2,h3)€Z2 i=1 i

Z?:l h1:3

and
B, (t2,12).
San = 3 S @l Ca(a0?) [T 2,
2€OR(D) (D ¢/ ) =1 12 ha) €L i=1 "
1 hi=3
We will prove that Siq + S(12) = 0.
We first prove that
By(tsa,1)

Sia = 0(2,1,0)(Aid)31(1) Z XK/F(@K/F<Z>)

2€ORM (D p)
If h=(0,1,2),(0,2,1) or (1,1,1), then a direct calculation shows that
Clo.12)(A) = Clo21)(A) = Cy 11y (AY) = 0.
Now, using our explicit description of the boundary points, one can check that the map

o : 8@(@;(/1:) — 37}7&(91{/}“)

5 (2.2)

defined by
tridn -1+ 1-e1+tias-€ea— (1 —ta1) - 1+1-€e+ (1 —t.a3)- €16

is an involution. Moreover, this involution ¢ satisfies the following relation with respect to
certain values of the quadratic Hecke character xx/p.

Lemma 2.2. If z € Gk\ﬁ(@K/F), then
Xi/F(Dryr{9(2))) = Xr/r(Dr/r(2).
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Proof. Since K/F' is quadratic, the conductor-discriminant formula (see e.g.

[11, §VIL11,

(11.9)]) implies that x x,r has conductor ® g r. Also, since F is cubic we have xx/p((—2)) =

xx/r((z)) (see (6.5)). Therefore

Xk/F(Drp(0(2)) = Xx/r(Dk/p{l —tojan + e+ (1 —tha3) - €162))

= Xk/F(DK/F

= Xk/F(Dk/r(tzja1 + €1+ toiaz - €1€2))

( (
( (—t
= Xk/F(Dx/p(—(tzja1 + €1+ tojas - €162)))
( (
= Xx/F(DK/r(2)).

2id1 — €1 —toia3 - €1€2) + Dk /p)

O

Using the involution ¢, Lemma 2.2, and the relation By(1 — z) = (—1)*By(z), we have

3
Z Xi/r @K/F H z 1d z
2€ORE(D e/ p) =t
B, (1 —t.5a,1) By (tza.2) By (1 — 12 4,3)
— Z X/F(Dr/r(d(2)))— h1'2 hol hs! :
zeaﬁiﬁ(@mﬂ
3
B, (t.d,i)
= > xxr@r(2) - ()" Tl
ze@ﬁiﬁ(gk/F) = Z

Therefore, if h = (1,0,2),(2,0,1),(1,2,0),(0,0,3) or (3,0,0), so that hy + hs is odd, then

w

3
Z X/ F(DK/r(2)) H W = — Z X/ F(DK/r(2) H

zE@ﬁ(’DK/F) i=1 ZGa@(QK/F) i=1

which implies
3
B Zl Z
> xxr@igr(z) H d
zEB’E‘_a(@K/F) =1
If h=(0,3,0) and z € a@ﬁ(@K/F), then

By, (t244,2) = Bs(1) = 0.

Since By(z) = 1, by combining the preceding analysis we obtain (2.2).
The preceding argument can be repeated to show that

5(12) = C(2,1,0)<A(l2))31<0) Z XK/F(@K/F<Z>>

2
2€0R(12) (QK/F)

If h =(2,1,0), then a direct calculation shows that
Cla,1,0)(AY) = Ca1,0)(AM?).

By(t,12),1)

Zle
)

(2.3)
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Then because B(0) = —By(1), by (2.2) and (2.3) we have
Sia + Saz) = 0(2,1,0)(Aid)31(1) X

By(t24a,1) Bs(t.,12),1)
Z XK/F(QK/F<Z>)T - Z XK/F(QK/F<Z>)ﬁ
zeaﬁrd(@K/F) 2€OR(12) ®k/r)

Using our explicit description of the boundary points, one can check that the map

) OR(D ) — ORID(D e p)
defined by

toian-1+1-€ +15a3 - €i€ar——>tra1-1+0-€+1.5q3" €€
is a bijection. Then using the bijection ¢, we get
Bs(t, (12)1)
S X @rgp(z)

2
2€0R(12) (QK/F)

Bs(t,ia1)

- Z Xi/F(Dr/p(teiagn -1+ 0 €2 +t.ia3 - €1€2)) 5

2€0RM (D, p)
Now, arguing as in the proof of Lemma 2.2 we have
Xi/F(Dr/p(teian + 1€ +ta3-€1€2)) = Xk/p(Dk/p(tzian +tzias - €1€2) + Dk /p))
= Xk/P(Dk/p(teian + tzjas - €1€2))
= Xi/F(Dr/p(t. a1 +0- €+ 1. 123 €1€2)).
Then substituting this identity in the preceding sum yields

Z XK/F(;DK/F<Z>)M

& 2

zEBR(12>(DK/F)
By(t,;

= Z Xi/F(DK/pteian + 1€ + 13- €1€2>)%

zE@%(@K/F)

By (a1

= Y xr@e(ay P2l

ZG@@(@K/F)

We conclude that Siq + S(12) = 0, which completes the proof. O

We now have all of the information we need to compute the special Gamma value I'g/p3.
To express this value in a more compact form, we introduce the following notation. Let
{z} = x — [z] denote the fractional part of x € R. Then we can write

Qid =

Wt 2p a7 ) (U)o dmon2)) - rsmsis s}
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({3 ) 15w

Similarly, we can write

Qa2 = 0Q2) = {({%} , 0, {%m}) c1<m< 12}.

Then by computing the character values xx/p(Dk/r(2)) € {£1} for
z € ﬁ(@[(/p) U 7%(@]{/1:)

and pairing according to the values which are 1 and —1, we get

and

Uk/ps = F}(/F,B ) F%{/F,S ) I‘:;{/F,Z’) ) I‘Z}L{/F,?n
where

3
F}K/F,:s = H I's

50m =2} + gt + {2 b, (Loda).aaa))

ot

F%(/F,B = H H [

Nej

ca(m)
2

I‘:;(/F,S = H H I's

3
F%(/Fs = H I's

with

}+0¢(€1) {%m Uz’(ﬁlez)»(1702‘(61),02'(6162)))

co(m)
2

{

{52 sate + { e -2} aaa) 0o o)
{ )

{

13} + {%m} oi(€1€2), (1, 04(€2), Uz'(€1€2)))

e(m) = 1 m € {1,2,4,6,8,9}
BT 21, me {3,7,10,11,12,13}

ea(m) = 1, me{l,3,4910,12}
VT -1, me{2,5,6,7,8,11).

Finally, define «o; := o0;(€1), B; := oi(€1€2) and ; := o0;(€2) for i = 1,2,3. The values of
these real numbers in terms of 7 are given in the matrices A and A computed above.
In Figures 1 and 2 we display the embeddings of the restricted Shintani sets

%(QK/F> and 7%(@]{/1:)

) contained in the F-rational cones Cid and

into the fundamental parallelotopes P and PI(;12
C}m), respectively. The interior points are plotted in yellow and the boundary points are

plotted in red.
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Y

(A) The first view (B) The second view

FIGURE 1. The embedding of the restricted Shintani set 7/2\13(9 k/r) into the
parallelotope P4 C Cl4d.

Y
(A) The first view

T

(B) The second view

FIGURE 2. The embedding of the restricted Shintani set 7%(’9 x/r) into the
parallelotope P}m) C 01(712)'

3. AN ALGORITHM FOR COMPUTING THE STARK UNIT €g/pg

In this section we develop an algorithm to compute the Stark unit ex/pg.
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Recall that F' is a totally real field of degree m over Q with real embeddings o; :=
idp,09,...,0, and K = F(v/A) is a quadratic extension of F such that o;(A) > 0 and
oi(A)<0fori=2,...,n.

Write Gal(K/F') = (o), where o is the embedding of K defined by

o VA — —VA.

Our algorithm starts with the existence of a unit as in the following proposition.
Proposition 3.1. There exists a unit € € O such that

2 ifAe OIXF . (FX)Q,
1 otherwise.

Ok : (O, )] = {

In order to prove Proposition 3.1 we will need the following two lemmas.

Lemma 3.2. Define the subgroup
N :={ue€ Ok | Ngp(u) =1} < Ok.
Then
N -OF 27Z/27 x 7"
Proof. By Dirichlet’s unit theorem we have rank(Ox) = n. Also, since K C R we have
Tor(Of) = (£1). Hence O = Z/2Z x Z™. Therefore, to prove the lemma it suffices to

show that the subgroup N - O < Oy has rank n.
Define the map

1 O /(N - OF) — Ni/r(0%)/(OF)?
a(N - OF) — Nicjr(@)(OF)?.

A short calculation shows that ¢ is a well-defined group homomorphism. The map ¢ is
surjective by definition. To show that ¢ is injective, let o € O be such that a(N - Of) €
ker(¢). Then Nk r(a) € (OF)?, so there is a unit § € O such that Nk p(a) = 2. This
implies that Ng/r(o/B) = 1, and hence /3 € N, or equivalently, o« € N - Op. This proves
ker(¢) is trivial. Thus ¢ is an isomorphism.

From the isomorphism ¢ we have

[0k + N - Op] = [Ng/r(Og) : (05)%] < [0 (0F)?] < oo

It follows that rank(N - Of) = rank(O%) = n. O
Lemma 3.3. We have

N = 7/27 x 7.
Proof. The lemma is equivalent to the statement

N/{(£1) = Z.
Observe that
NNOf={ueOf: u* =1} = (£1).
Then by the Second Isomorphism Theorem, we have
N/(£1) = N/(N N OF) = (N - 03)/0F.
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Now, if G is a finitely generated abelian group with rank(G) = n and H < G is a subgroup
with rank(H) = m, then m < n and rank(G/H) = n —m (see e.g. [9, p. 82]). By Lemma
3.2, we have rank(N - O3 ) = n, and by Dirichlet’s unit theorem we have rank(Oy) =n — 1.
Hence rank((NV - OF)/Of) = 1, so that

N/(£1) = (N - OX) /0% 2 Z.

Proof of Proposition 3.1. Define the subgroup

Let ¢ : O — M be the map defined by ¢(u) = u/o(u) for u € Of. A short calculation
shows that ¢ is a surjective group homomorphism. Now, observe that

u60§}<N.

u € ker(p) <~ o = o(u) =u < ue Oj.

o(u)
Hence ker(yp) = Of, so that
O /Ox = M.
By Lemma 3.3 we have M < N = 7Z/27 x 7. Since M is infinite, it follows that M = Z if
—1¢ M and M = 7Z/27 x Z if —1 € M. We have shown that
7)27 X7 if —1€ M,
Z otherwise.

Ok /Of = {

Thus #Tor(O;/OF) =2 if —1 € M and #Tor(O/O5) = 1 otherwise.
Now, let € € O \ OF be a unit such that €O} generates the free part of O /OF, i.e.,
Ok/OF = Tor(Ok /O )(€OF).
Then by the Third Isomorphism Theorem we have
O /(05 €) = (05 /0F) | ((OF, €)/OF)
= Tor(O5 /O )(OF)/ ({OF. €)/OF)
= Tor(Ox /Op)(eOf) /(OF)
= Tor(O% /OF),
where we used that (OF,€)/Of = (OF). Hence
2 if—1e M,
1 otherwise.

Ok : (O, )] = {

Finally, it remains to prove the following
Claim. —1 € M if and only if A € OF - (F*)%
We will require the following two facts.
(1) =1 € M if and only if there exists u € O such that Trg,p(u) = 0.
(2) If A’ € F* satisfies K = F(y/A'), then there is a 3 € F* such that A = A’
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Fact (1) is true since

u

—1 € M <= there exists u € O such that =—1

o(u)
<= there exists u € O such that Trg,/p(u) = 0.

Fact (2) is true since K = F(v/A), and so A and A’ must differ by a square in F*.

We now prove the Claim. First, suppose that —1 € M. Then by (1), there is a unit
u € Oy such that Trg/p(u) = 0. On the other hand, any element a € K satisfies the
equation

o — Trg/p(a)o + Nigjp(a) = 0.
Hence u® + Ng/p(u) = 0, or equivalently, v = £/|Ng/r(u)|. Moreover, this unit is not in

F, hence
K = F(u) = F (1/INigr(w)] )

Define A’ := |Ng/r(u)| € OF. Then by (2), we have A € OF - (F*)?.

Next, suppose that A € OF - (F*)?. Then there are elements A’ € Oy and § € F* with
A = 32A’. Now, we have K = F(v/A’). Moreover, the minimal polynomial of /A’ over F
is 2 — A, and so Trg/r(VA’) = 0. Finally, we have

Nijo(VA') = Npjg(Ng/p(VA)) = Npjg(—A') = £1,

hence VA’ € Ok. We have produced a unit u := VA’ € O with Trg/p(u) = 0. Therefore,
by (1) we have —1 € M.
This completes the proof of the Claim, and hence the proposition. 0

We can now describe our algorithm to compute the Stark unit. Fix two sets of generators
Ok /Tor(Of) = (uy, ..., u,) and Op/Tor(OF) = (Nay..., M)
We will need the following result which can be deduced from [17, Lemma 4.15] and its proof.
Proposition 3.4. Let v € Oy be such that the units {u,n2,...,n,} are multiplicatively
independent in O. Write

(u) PPN ua’n(u)

a
u = tu;' o

— a1 as
772_:l:u1 unn

— an1l a
'r’n_:tul ...un”n

and define the matrix

ar(u) -+ an(u)
a DY a n

Aw) = | 7| e Mu(2).
Qn1 QApn

Then
| det(A(w))| = [OF : (OF, w)].
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Let € be a unit as in Proposition 3.1. Since
(0% : (OF, )] < o0,
the units {¢,72,...7,} are multiplicatively independent in Oy. Then applying Proposition
3.4 with u = € yields
| det(A(e))| = [Ok : (Op, €)] = 2.
Expanding the determinant along the first row, we have

n

| det(A(e))] = | > (=1)a;(e) det(Ay;)

J=1

where Ay; € M,,_1(Z) is the matrix obtained from A(e) by deleting the first row and the
j-th column. Define

b= (1Y det(Ay;) €Z for j=1,...,n.
Then |det(A(e))| = 2V if and only if
[brai(€) + - - 4 bpay(€)| = 2°.
In particular, this shows that the linear Diophantine equation
bixy + -+ bpx, =2 (3.1)

has a solution z(€) := +(ay(€),...,an(€)) € Z™.
Since there is at least one solution to (3.1), the Euclidean algorithm provides an effective

way of finding infinitely many solutions ¢ = (cq,...,¢,) € Z" to (3.1). Choose any solution
d=(d,...,c)

’n

to (3.1) constructed as above and define the unit

Write

My = :tulfnl R uann

and define the matrix

/ / /
cl C2 ) Cn
Q21 Qg2 -+ Q2p
A =
Anp1 Gp2 **+ Gpp

Since ¢ satisfies (3.1), the calculation with determinants above shows that

|det(A")| = |bic) + -+ + by, | = 2°.
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In particular, since det(A’) # 0, the units {n, 2, ...,n,} are multiplicatively independent in
Oj. Then applying Proposition 3.4 with u = n yields
| det(A")| = [0k : (OF. n)].

Hence

[Ok : (Op,m)] = 2"

We have now produced an effectively computable unit

n:ufl...uf;" € O
such that

[0k : (OF,m] =2".

Hence, we have effectively computed the Stark unit

Ui

a(n)

: 4
ol

We summarize the preceding discussion in the following algorithm.

€K/F,s ‘= INax {

Algorithm 1 Computing the Stark unit ex/p g

INPUT: A pair of number fields (K, F') satisfying Condition 1.2.
OUTPUT: The Stark unit ex/r .

1: Compute a set of generators {ui,...,u,} of O/Tor(Oj) and a set of generators

{n2,...,nn} of Of/Tor(OF).
2: Compute integers a;; € Z such that

a2n

— a21
Ny = Fu*t .. uy

— anl a
Mp = Fui™ .. u,™

and form the matrix M = (a;;) € Mn—1)xn(Z).
3: Compute the integers

bj = (—1)j+1det(A1j), jZ 1,...,n
where Ay; € M,,_1(Z) is the matrix obtained by deleting the j-th column of M.

4: Find a solution (¢},...,c,) € Z" to the linear Diophantine equation

rn
blﬂfl + -4 bnzn = 2",
5: Compute the unit
0=l s € OF.
6: Compute the Stark unit
Ul

a(n)

Ui

a(n)

Y

)

5K/F,S = max{
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4. THE COMBINATORIAL GEOMETRY OF SHINTANI SETS

In this section, we investigate the combinatorial geometry of Shintani sets. In particular,
we give an explicit formula for the size of Shintani sets, and use this formula to prove that
the narrow ray class characters satisfy certain orthogonality relations when evaluated on
Shintani sets.

First, we define a binary operation on Shintani sets which gives them the structure of
a finite abelian group (see Proposition 4.3). We then use this group structure to define
a group homomorphism which allows us to translate the problem of studying the size of
Shintani sets to a problem in discrete geometry. More precisely, we will be faced with the
problem of counting lattice points inside a lattice polytope in R™. This problem will be solved
by studying the Ehrhart polynomial of the polytope, allowing us (perhaps surprisingly) to
find a clean explicit formula for the size of Shintani sets (see Theorem 4.9).

For convenience, we recall the notation and assumptions of Section 1.3, which is adapted
from [5]. Let (’);”L denote the group of totally positive units of F'. Since F' has signature
(n,0), Dirichlet’s unit theorem implies that both O} and O;" have rank n— 1. Fix a choice
of generators €, ..., €, 1 of O™,

Let ¢ : F < R™ be the embedding of F' into R" given by «(z) := (o1(x),...,0,.(z)) € R"
for any x € I'. For each 1 <17 < n and any permutation 7 € S,,_1, define the totally positive
unit

i—1
Jri = € (€r(2)  Er(io1) = Hef(j) €Oy
j=1

Note that for ¢ = 1 this gives the empty product, so f;1 = 1.
For any 7 € 5,1, define the weight

(—1)""'sgn(r) - sign(det(0i(f,)))
sign(det(log [oi(€;))1<ij<n-1)
Observe that the matrix appearing in the numerator of w, is n x n, whereas the ma-

trix appearing in the denominator is (n — 1) x (n — 1). Note that w, # 0 if and only if

det(oi(fr;)) # 0. Thus w, # 0 if and only if the vectors ¢(f-;) € RZ, for j =1,...,n form

a basis for R". In particular, if w, # 0, then we can write the n-th standard basis vector in
R™ as

€ {0,+1}.

Wy =

en = (0,0,...,1) =Y cit(frs)
i=1

for some unique real numbers ¢; € R. Define the following intervals in terms of the sign of
Ci,

[ 0,1) if¢ >0

"71(0,1]  otherwise.

Similarly, observe that if w, # 0, then the algebraic numbers {f;}I, form a Q-basis
for F'. In particular, given a nonzero integral ideal § of F, every element z € f~! can be
expressed as a linear combination of the form

n
Z = § tz,T,if‘r,i
=1
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for some unique rational numbers ¢, ;; € Q. Let
tz,‘r = (tz,f,la cee 7tz,7',n) € Qn

be the coordinate vector of z with respect to the Q-basis { f;;}7;.
For 7 € S,,_1 such that w, # 0 and for §f a nonzero integral ideal of F', we define the
Shintani set associated to f by

RT(f) = ,R’T(fa €1y -y 6nfl) = {Z € f_l ‘ tz;,- S [7-71 X X ]‘r,n} .
Similarly, we define the restricted Shintani set associated to § by
7,2\,7(]() = @(f; €1y €pot) = {2 EF ’ t.. €11 X X I, f(z) coprime to f} .

We next introduce the following modified fractional part function for each interval I.;.
For x € R, let {z};, , be the unique element of I.; such that

r—{z};,, € L.

Thus when I.; = [0,1) we see that {x}; , is just the ordinary fractional part {z}. On the
other hand, when I, ; = (0, 1], we have

)z} ifxgZ
{ohe, = {1 if r € Z.

We begin with the following proposition which we will use to give the Shintani set the
structure of a finite abelian group.

Proposition 4.1. The Shintani set R7(f) is a complete set of coset representatives for the
quotient group

G (f) = G-(fie1, ... €nm1) == fl/@ Zfri .

Proof. 1t suffices to prove that the map
R7(f) — G- (})
z — [2]

is a bijection. Let z,Z € R7(f). Then

y = zn:tifm and z = Zn:i;fr,i
i=1 i=1

for some rational numbers ¢;,t; € I; N Q. If [2] = [Z], then

n

z2—Z= Z(tz - fi)fm' € ézfm’

=1

so that t; — f; € Z. Since —1 < t; — t; < 1, it follows that ¢; = t; for all i = 1,...,n, and
hence z = Z. Next, let [w] € G.(f). Since {f;;}i, is a Q-basis for F, then

n

w = Z Tifm'

i=1
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for some rational numbers r; € Q. Define

n
Zw = § tifT,i
=1

where t; := {r;};,, € I,; N Q. Then

n

2y —W = Z({m}[,—,i - ri)f‘r,i € @Zfr,i C f_l-
=1

i=1
It follows that z, € R7(f) and [z,] = [w]. O
Remark 4.2. By Proposition 4.1, the Shintani set R7(f) # @ since G, (f) # .
We can now define a binary operation
@ : R7(f) x R™(f) — R(F)

by letting z; @ 22 be the coset representative in R7(f) corresponding to the coset

n
21+ 29 + @ ZfTﬂ'.
=1

We immediately obtain the following proposition.
Proposition 4.3. The Shintani set R7(f) is a finite abelian group with respect to the binary

operation P.

Assumption. For the remaining part of this section, we assume that the nonzero integral
ideal | is principal with generator a.

Proposition 4.4. Define the map
Tar: RT(f) — Orp/f
z— az + .

Then m, . is a surjective group homomorphism. Moreover, for every coset w + § € Op/f we
have

k() = #er(ma,).
Proof. If 21,2z, € R7(f) then

n
21+ 20— 21D 2= g M fri
i=1

for some integers m; € Z. Hence

7'('04,7(21 D 22) = Oé(Zl & 22) +f

= oz + azg — aZmifm- + ¥
i=1
= (az1 +§) + (aze + )

= 7Ta,7'(z1) + 7TozT(Z2)
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where we used

ozZmifm' € aOp = f (41)
=1

1
Next, let w + f € Or/f. Since f! = —Op, then Ye f71. Let z € R7(f) be the coset
oY a

representative corresponding to the coset

% + @Z.ﬁ',z

Then there are integers n; € Z such that

w n
Z=—+ g i fri-
« ;
i=1

Hence
W o -
Tar(2) =az+f=a (a-’rznifr,i) +f:w+aznzfm‘+f:w+f
i=1 i=1

where we again used (4.1). Finally, by the First Isomorphism Theorem we have
R () ker(tar) = Op/f.
It follows immediately that
o (w+ ) = Hker(ma,r).
O

We now give an initial formula for the size of the Shintani set R”(f) and the restricted
Shintani set R7(f).

Proposition 4.5. We have
#R(f) = #ker(mar) - Npyo(f)

and

#R7(F) = #ker(ma.) - (),

where

X . — 1
(f) = #(Or/f)" = Nrjolf) lp_f[ (1 NF/@(P)>

is the generalized Euler totient function for number fields.
Proof. We can write the Shintani set R7(f) as a disjoint union of the fibers of 7, .,

R = || mar(w+9) (4.2)

w+feOF /f
Hence by (4.2) and Proposition 4.4 we have
#RT(f) = Y #mwrf)= Y #ker(mas) = #ker(tas) - Neja(h):

w+fEOR /f wH+feOF /f
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For the restricted Shintani set %(f), we simply replace Op /f with (O /f)* in the preceding
argument and observe that it is a classical result that

- . o
#(F) = #(Or/§)* = Nryol(f) lp_f[ <1 NF/@(P))'

For example, see Hecke’s book [8, §27], in particular the last sentence on p. 88 and Theorem
80 on p. 89. O

We now proceed to determine # ker(m, ,) by first expressing it as the number of lattice
points in a certain lattice parallelotope in R™ and then solving the resulting lattice point
counting problem by employing techniques from discrete geometry. As we will see, the
number # ker (7, ;) does not depend on «, but only depends on the totally real number field
F, on the permutation 7 € S,,_1, and on the choice of independent totally positive units
€1,...,€Ep—1-

First, we define

PL = Pi(€1,... €6,1) = {x eR"

r = Ztib<f77i>7 ti € R, ti € L-’Z'} .

=1

The set Pf is a fundamental parallelotope for the full rank lattice

é Z-u(fr;) CR™
=1

Observe that the volume of Pf is given by
vol(Pf) = | det(A7)],

where A” is the matrix defined by

AT = (0i(fr;)) € M,,(Rso).
Lemma 4.6. We have

ker(ma,r) = R7(f) N OF.

Therefore

#ker(ma,r) = #(Pp N 1(Op)).
Proof. First recall that f = aOp. Then note that an element z € R7(f) satisfies

zeker(m,,) <= az+f=f <= azef < azr€alp < z € Op.

Thus ker(m,.-) = R7(f) N Op. The second part of the lemma now follows immediately from
the definition of Pf and the identity just proved after taking the embedding ((R7(f)) C
R"™. O

In the proof of the following proposition we determine #(PjN¢(OF)) by using techniques
from discrete geometry and thus obtain the final formula for # ker(m, ;).
Proposition 4.7. We have
1( P, det(A”
en(m, ) YO _ | det(47)

Vdrp Vdp
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where
T\
vol(Pf) = /n xpr(7) dx
and X p; (x) denotes the characteristic function of Pf.
Proof. By Lemma 4.6 we have

#ker(mo,) = #(Pp N u(Or)).

Let L : R® — R™ be a linear transformation mapping the full rank lattice ¢«(Or) onto Z".
Since the vertices of the parallelotope P} all lie in ¢(Op), this implies that the transformed
parallelotope L(P}) is a lattice parallelotope in Z™, i.e., all the vertices of L(Pf) lie in Z™.
Moreover L(Pf) is a fundamental parallelotope for the lattice

A= @Z (¢(fri)) C R™

Since the linear transformation L maps interior (resp. boundary) points to interior (resp.
boundary) points, we see that

#(Pp N (OF)) = #(L(Pp) NZ").
Now, for a positive integer t € Z4, we let
tL(PL) ={tx |z € L(Pf)}
be the t-dilation of L(Pf). More explicitly, we have

x-Zsz t(fri)), si €R, s thm}.

tL(P}) = {x e R"

Then for each i = 1,...,n we can write
tlr; = |_| (mi + Ir.3),
m;EZL
0<m;<t—1
as shown in Figure 3.
IT,i 1+I7'z ¢ o o t_1+ITZ
0 1 2 t—1 t

FIGURE 3. The decomposition of ¢I,; into a disjoint union of integer translates
of L-J‘.

It follows that each s; € tI,; can be written uniquely as s; = m; +t; for some m; € Z with
0 <m; <t—1 and some ¢; € I.;. Hence every element

v = SLO(f)
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of the t-dilation tL(Pf) can be decomposed in a unique way as

x_zsz f’Tl Zmz f‘rz +ZtL sz (43)

where
zmz (e(fri)) GEBZ (e(fri))
and
S tLu(f0) € LOPE).
Let h

B™ =B"(e1,...,€n-1) :={L((frs)) | i=1,...,n}.
Then BT is a basis for R", so if we denote the coordinates of a vector x € R™ with respect
to the basis B™ by [z]s-, we find that

{ z:mZ t(fri)) '(ml,...,mn)EZ",OSmiSt—l}
{’YG@Z u(fri)

Therefore, combining the decomposition (4.3) with (4.4), we have

tL(PF) = || +Lrp), (4.5)
7669 Z-L(t(fr,s))

i=1
(vl €[0,t—1]"

s € [0, — 1]"}. (4.4)

where the union is disjoint because L(Pf) is a fundamental parallelotope for

@Z (t(fra))

and each set v + L(Pf) is just a translate of the fundamental parallelotope L(Pf) by an
element of the lattice.
Since

@Z - L(u(frq)) € 27,

it follows that for each

7€@Z (t(fra))

we have

#(L(Pp) NZ") = #((y + L(Pp)) N Z"). (4.6)
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Recalling that ¢ € Z>,, we find that

{76@2 W fri) | s E[O,t—l]”}:t“,

and thus by (4.5) and (4.6) we obtain that the number of lattice points in the ¢-dilation
tL(Pf) is given by

HOAL(PR)NZ") =t" - #(L(Pp) NZ"™). (4.7)
Finally, we consider the Ehrhart polynomial corresponding to the parallelotope L(PFf),
E(L(Pp),t) == #(tL(Pgp) N Z").

As mentioned in the introduction, Ehrhart proved that E(L(Pf),t) is a polynomial in ¢ of
degree n, and moreover, that the leading coefficient is the volume of L(P}) (see e.g. [3]),

E(L(P),t) = vol(L(PR))t" + ¢pat™ " + -+ + co.
Then after comparing leading coefficients with (4.7), we find that
#(L(PF) N Z") = vol(L(PF)).

If T : R™ — R"is an invertible linear transformation and X C R" is a Lebesgue-measurable
set, then

vol(T(X)) = | det T|vol(X)

(see e.g. [6, Theorem 2.44 b]). Applying this result to the linear transformation L : R" — R",
which satisfies L(¢(OF)) = Z™ and hence is invertible, we get

vol(L(PE)) _ vol(R"/L(t(OF))) _ vol(R™/Z"™) _ 1
vol(PF) vol(R"/.(OF)) vol(R"/u(OF))  vol(R"/u(OF))

Then using that vol(R"/i(Or)) = V/dr (see e.g. [11, §1.5, Proposition 5.2]), we conclude
that

vol(P )
vol(L( Py, ,
which completes the proof. [l
Remark 4.8. By Proposition 4.7 we have
vol(Pf)
ezt
Vdr

By combining Proposition 4.5 and Proposition 4.7, we obtain the following result which
immediately implies Theorem 1.9 from the introduction.

Theorem 4.9. We have

vol(Pf) | det(AT)]

#R'(f) = NG Nro(f) = WNF/QG)
and
S o VOI(PE) | det(AT)|
#R7(f) = NG @(f)—i\/% ().
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We next prove the following orthogonality relations for a narrow ray class character modulo
f, which immediately imply Theorem 1.10 from the introduction.

Theorem 4.10. Suppose that the generator a of § is totally positive, and let x be a narrow
ray class character modulo f. Then for any T € S,,_1, we have

0, if x # 1,

> x(f(=2) = Idet(AT)lw(f) iy =1

2€R7 () Vdr ’

Proof. Write f = (a) where o > 0 is totally positive. Since x is a narrow ray class character
modulo §, on nonzero principal integral ideals it factors as

X((B)) = x«(B)N <L (%) p>

where p := (p;) € Z" is called an admissible vector, N(x) := [[,z; for any vector x =
(r;) € R, xP := (a}*), and x; : (Op/f)* — S! is a character (see e.g. [11, Chapter 7]). In
particular, note that for any nonzero g € Op we have

() (e (3)) T

Moreover, since z € ﬁ(f), then the conditions defining 73;()“) imply that az +§ € (Op/f)*
and that az > 0. Therefore, for any z € R7(f) we have

X(12) = x((az)) = xe(az) [ [ sign(ou(az))”* = xi(a2),

where we used that sign(oy(az)) = 1 because az > 0. Hence, by Proposition 4.4, Proposition
4.5, Proposition 4.7, and the previous calculation, we get

doox(n= >, > xla)

2ERT () we(OF/H)* zeny:(w)

= Y #mw) xw)

we(OFr /f)*

= #ker(mar) Y xi(w)
we(Op /f)*
0, if X # 1,
= | det(A7)] :
—(f), ifx=1
iy
where the last equality follows from the orthogonality relations for characters of the group

(Or/§)". O

5. AN ALGORITHM TO COMPUTE SHINTANI SETS

In this section we give an algorithm to compute Shintani sets.
In order to compute the Shintani set

RT(f) = ’R’T(f; €1, - - "Enfl) = {Z S fil ‘ tz,‘r € Ir,l X X I‘r,n} )
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we must find those z € §~! whose coordinate vector t,, = [z]5, € Q" with respect to the
Q-basis {f-;}, for F lies in the half-open hypercube I, ; x -+ x I,,,. We now explain how
to translate this problem to the problem of solving an n x n system of linear inequalities.
This will then be summarized as Algorithm 2 below.

First note that f~! is a free Z-submodule of F of rank n. Let B, = {ai,...,a,} be a
Z-basis for §71. This Z-basis is also a Q-basis for F. Accordingly, let

C = (017 .. ,Cn) S GLn(Q)

be the change of basis matrix which changes coordinates from the basis B, to the basis By.
Explicitly, the columns CY,...,C, of C are given by

Ci = ol = (criy- - i) € Q"

fori=1,...,n. Then the equality [z]s, = C|z]s, holds for any z € F.
Now, write z € f~! as a linear combination of the form

n
AR E m;0o
=1

for some unique integers my, ..., m, € Z. Then to find all the elements z € ! which satisfy
[2]s, € Ir1 X --- X I, it is equivalent to find all vectors m = (my,...,m,) € Z" which
satisfy

CmT S I‘r,l X X IT,TL?
i.e., the set of all integral solutions m = (myq,...,m,) € Z" to the system of inequalities

ciymi+- -+ cipymy, € Iﬁ,-’l

Coymy+ -+ - + copymy, € 79

Cpima+ -+ + CppMy, € Irp.

This system of inequalities has a finite number of solutions, and each solution m = (my,...,m,) €
Z" corresponds to a unique point

n n n n
tm= > mia; =3 Y epmp | fri = terifri
i=1 7j=1 k=1 i=1

in the Shintani set R7(f).
We summarize this discussion in the following algorithm.
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Algorithm 2 Computing Shintani sets for totally real number fields

INPUT: A quadruple (F,f,7,{€1,...,€,-1}) consisting of a totally real number field F
of degree n, a nonzero integral ideal f C Op, a permutation 7 € S,,_; such that w, # 0,
and a system of generators {ej,..., €, 1} of (’);”L )

OUTPUT: The Shintani set R7(f) (resp. the restricted Shintani set %(f))

Compute the basis By = {fr1,..., frn}

Compute the weight w.,.

Determine the half open intervals I, ; = [0,1) or (0,1] fori=1,...,n

Compute a Z-basis {a,...,a,} for the fractional ideal §~.

Compute the change of basis matrix C' = (C4,...,C,) € GL,(Q) with columns given by
the coordinate vectors

CZ’ = [ai]Bf = <Cli7 cee 7cni)T c Qn
6: Find all integral solutions m = (my,...,m,) € Z" to the system of inequalities
ciimi+ -+ cipymy, € 1oy

Coymy+ -+ - + Copymy, € 79

Cn1m1+ st CpnMy, € IT,TL'

7: For each solution m = (my,...,m,) € Z" found in Step 6, compute the algebraic number
Zm = Z (Z cwm]> f7—7i c f_l.
i=1 \j=1

The set of all such numbers zy, is the Shintani set R7(f).
8: Discard every number zy,, such that f(z,) is not coprime to f. The remaining set of

numbers is the restricted Shintani set R7(¥).

6. PROOF OF THEOREM 1.5

In this section we prove Theorem 1.5. We refer the reader to the introduction for back-
ground and notation.

Given a matrix A = (a;;) € M,(Rso) and a non-zero vector x = (r1,...,2,) € RL,, the
n-dimensional Shintani zeta function is defined by

S
C(s,A,x) = Z H{ZG’J m; + ;) } . Re(s) > 1.
mi,...,mnp=0 i=1

The Shintani zeta function has a meromorphic continuation to C with at most simple poles
at s =1—1/n for | € Z>o and no poles at s = —k for k € Z>( (see e.g. Proposition 2.1 of
[7)-

Now, by [5, Corollary 3] we have
L(XK/F7 ) = QK/F Z Wr Z XK/F(,}DK/F<Z>)<(37ATatz,T)- (6-1)

TGS’”O ZG%(:DK/F)

wr
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Since K and F have signatures (2,n—1) and (n, 0), respectively, the Dedekind zeta functions
Ck(s) and (p(s) have zeros of order n and n—1 at s = 0, respectively. Hence the factorization
Cx(s) = L(xk/r,s)Cr(s) implies that L(xx/r,s) has a simple zero at s = 0. A calculation
using (6.1) now gives

XK/F7 Z Wr Z XK/F(QK/F<Z>>CI(O7ATth,T>° (62)
755;01 2€R™ (D /1)

On the other hand, by [13, Proposition 1] we have

znA > AT) (_1)71 & Bh-(tzTi)
¢'(0, A7t Zlog( - ) + Z C’h(AT)H#.
pn(A7) n h=(h1,ha,....hn) €L, i=1 hi
Siihi=n

(6.3)

We evaluate the left hand side of (6.2) using (1.6). We evaluate the right hand side of
(6.2) using (6.3) and apply the orthogonality relations in Theorem 4.10 to cancel the residue
pn(AT)~1. After exponentiating, we obtain the following identity for the Stark unit

€K/F,s = €XP (C(K/F)) - Lk /rmn;
where the constant C' (K /F) is defined by

LTS SEED SISO DI V) | )

TESn—1 ZERT(DK/F) h=(h1,....hn) €LY, i=1
>iq hi=n
with
_weXr/r(D/r(2))h(F)
CK/F>T(Z) T 2n_v_2h(K) )

and where the product of special Gamma values is defined by

roi= [T T1 [Tt AD. ATfn.

Sn T 1
TET#Ol 2ERT ®k/r) i=

We next show that only the boundary points 875;(’}3 k/r) contribute to the sum over z in
(6.4). To do this we will show that for any vector

h = (hy,...,h,) € ZY,
such that Y | h; = n, we have
> xer®@rr) ][] % = 0.
2€int(R7 (D) r) i=1 "
Since (K, F') is a pair of number fields satisfying Condition 1.2 and F' has degree n, we have
xx/r((=2) = (=1)"xrsr((2)). (6.5)
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Also, since Bk(l — 1) = (—=1)kBy(x) we have

Bh (1 z Tz) L hi Bh z, TZ n Bhl(l - tZ,T,i)
H T = H =(-1) H — (6.6)
i=1 =1
Next, observe that
e int(R"(Dgyr) <= 1—2z€int(R7(Dgr)), (6.7)
since
z = th,m-fm, 1—2= Z(l —tori) fris
i=1 i=1
and

t.ri € {0,1} foralli=1,....n <= 1—t,,.;¢{0,1}foralli=1,...,n
Then we get

n

Z XK/F QK/F H B z”

2€int(R7 (D)) i=1
1 - Bhi tz,ﬂ',z n —_ ZTl
=5 2 {XK/F(QK/MZ)) 11 % + Xre/r(Dryr(l = 2) H )}
! : Bhi <tz777i) . Bhi (tzmi)
=5 2 {XK/F@K/F<Z>> | BRI E |
2€int(R™ (D)) i=1 : paley i

=0

where the first equality follows from (6.7) and the second equality follows from (6.5), (6.6),
and the fact that xx/r has conductor D g /.

Finally, if 87/27(©K/F) = @ for all 7 € S,,_;, then by definition the constant C'(K/F') = 0.
Hence the second statement of the theorem follows immediately from (1.15) and (1.8).

7. EXPLICIT EVALUATION OF THE CONSTANT Cy (A7)

Shintani [13, Remark on p. 206] observed that under certain conditions on the matrix A,
the constant C,(A) can be computed in closed form.

Lemma 7.1. Let A = (a;;) € M,(Rso) and h = (hy, ..., h,) € ZZ, be a vector such that

Zh" =n.
i=1
Define the sets
P(h)={1<i<n|h; >1}
Py(h):={1<i<n|h; =0}.
o [f|Py(h)| =0, then
Ch(A) =0.
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o [f|Py(h)| =1 and p € Py(h), then

1 - |
Cu(A) = Z H (ajiae, — ajpan)"~*log <@> .

a;,Q Qa
1<j<t<n PP i pl(h) tp

o [f|Py(h)| > 2 and for all p,q € Ps(h) with p # q we have
H (agpajq — arqazp) # 0, (7.1)

1<j<t<n
then

X a;;a _a,aihi—l ‘
Ch(A) _ Z Z 1 HzEPl(h)( jillp Jjp Z) log <@> '

pePs(h) 1<j<t<n Lir%p [Loe o) preq (@iatep — jpaicq) Qep

Here we will use Lemma 7.1 to prove that if F//Q has prime degree, then Cy,(A™) can be
evaluated in closed form.

Proposition 7.2. Let h = (hy,..., h,) € ZZ,. If F has prime degree [F : Q] = n, then the
constant Cn(AT) is given as follows.

o [f|Py(h)| =0, then
Cu(A7) =0.
o [f|Py(h)| =1 and p € Py(h), then

1 i— oj(frp)
Cn(4) = f N~ (f ) 0i\J7i)0e\Jrp) — Oj\Jr,p)0e\Jr,i T <] m)'
M= 2 ety AL ) = aied e G
o [f|Py(h)| > 2, then
Cn(4) =
1 [Licp (@i (fri)oe(frp) = ai(frp)ae(fri)i™! | <0j(f7,p))
pg(m Z; 73 (Fr) o) o poiy a1 Fr) 96 () = 03(Fra)oeFra)) - \oelFr) )

Proposition 7.2 is an immediate consequence of Lemma 7.1 and the following result.

Lemma 7.3. Leth = (hy,..., h,) € Z%; be any vector such that Y ;| h; = n and |Py(h)| >
2. If F has prime degree [F' : Q] = n, then the matriv A™ = (0;(f-;)) € Mn(Rso) satisfies
condition (7.1) of Lemma 7.1 for each T € S,,_1.

Proof. To verify the condition (7.1) for A™, we must show that for all p, ¢ € P;(h) with p # q,
we have

I (oefrn)os(fra) = 0e(fra)os(frp)) # O (7.2)

1<j<t<n

where

i—1
Jri = €)€r2)  Er(im1) = Hef(j) e O™,
j=1
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Without loss of generality, we may suppose that p < g. Then (7.2) is equivalent to

[ (oeltrn)oi(fra) = oe(fra)oi(frp))

1<j<t<n

= [I oeclfrp)os(frp) (05(ery - Erig-1) = 0elerpy - - - €r(g-1)) # 0.

1<j<<n

Since o4(f-p)o;(frp) # 0 for each 7, ¢, it suffices to show that
[T (oilertr) - €rq=1)) = Telery) - - - (1)) # 0.

1<j<t<n

However, if

0i(€rp) - - €r(g-1)) = Oel€r(p) - - - €r(g-1)) = 0
for some j < /¢, then 0,0, are distinct embeddings of F' which are equal after restriction
to the subfield Q(e;(p) . . . €r(q—1y). It follows that Q(e,¢) - .. €-4—1)) is a proper subfield of F'.
However, since F'/Q has prime degree, we must have Q(e, ) . .. €;4-1)) = Q, a contradiction.
O
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